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Preface

The study of the behavior of the quark-gluon plasma in an external magnetic field
has recently attracted much interest. Equations describing the quark-gluon plasma
need modifications in the presence of the magnetic field. Some phenomenological
models have been quite successful in describing the quark-gluon plasma. It
is interesting to explore how these models can be modified to incorporate the
external magnetic field’s effects. We work within the quasiparticle description and
extend the so-called self-consistent quasiparticle model to describe magnetized
quark-gluon plasma. The thesis is organized as follows.

The purpose of Chapter 1 is to give a brief introduction to quark-gluon plasma.
We start with a historical introduction to quantum chromodynamics, the theory
of quarks and gluons, and give a brief description of the final theory. We then
see how a deconfined state of matter, the quark-gluon plasma, is predicted by
quantum chromodynamics.

Throughout this thesis, we work within the quasiparticle approach. The
system is considered an ideal gas of quasi-quark and quasi-gluons with mass
depending on temperature and possibly other variables relevant to the situation.
We are particularly interested in one of the successful quasiparticle models, the
self-consistent quasiparticle model. In chapter 2, we concern ourselves with this
model’s study with the details necessary for our work.

We notice that the self-consistent quasiparticle model is suitable and allows

an extension to incorporate the magnetic field’s effects. The extension involves



considering magnetized quark-gluon plasma as an ideal gas of quasiparticles with
thermomagnetic masses. The formulation and technical details of the extension
can be found in chapter 3.

In chapter 4, we apply our model to study the behavior of the magnetized
quark-gluon plasma. Using the extended model, we examine the energy density,
pressure, entropy density, and speed of sound of magnetized quark-gluon plasma,
shedding light on some of its exciting features.

The anisotropy due to the external magnetic field and the screening properties
of the magnetized quark-gluon plasma are the subject of study in chapter 5.

Chapter 6 deals with the further generalization of this model to include the
effects of chemical potential too. We apply the further-generalized model to study
the number density, number susceptibility, pressure difference, and the screening
properties of magnetized quark-gluon plasma at finite temperature and density.

Chapter 7 summarizes the conclusions and provides our outlook on the

potential avenues of research in the direction of this work.



Chapter 1

Quark-Gluon plasma

1.1 Introduction: The Standard model of
particle physics

The standard model of particle physics describes the fundamental particles, quarks,
and leptons, using quantum field theory. These are spin % particles that interact
through the four fundamental forces; gravity, weak, electromagnetic, and strong
interaction. However, the gravitational interaction among fundamental particles

is not included within the standard model.

The leptons interact via the electromagnetic and weak interaction but do not
participate in the strong interaction. Quarks are the elementary particles that
make up the hadrons. They participate in electromagnetic, weak, and strong
interactions.

The elementary particles come in three generations. The first generation
consists of the electron, electron neutrino, the up quark, the down quark, and
the corresponding antiparticles. The second generation has the muon, muon
neutrino, strange quark, charmed quark, and the corresponding antiparticles.

The third-generation includes the tau, the tau neutrino, the top quark, and the



bottom quarks along with the respective antiparticles.

The gauge principle and the principle of spontaneous symmetry breaking are
cornerstones of the standard model of particle physics. According to the gauge
principle, all the standard model interactions are described by the exchange of
gauge bosons. Bosons are particles with integer spins, and the gauge bosons of

the standard model all have spin 1.

Spontaneous symmetry breaking combined with the gauge principle led to the
unification of the electromagnetic and the weak interactions into one interaction
called the electroweak interaction. The principle of spontaneous symmetry
breaking also led to the theoretical discovery of a new field called the Higgs
field, which is believed to fill all space throughout the universe. According to the
standard model, the fundamental particle acquires mass by interacting with the
Higgs field. If the coupling between the Higgs field and the particle is strong,
so is the particle’s mass. Quantum of the Higgs field, the Higgs boson has been

recently found, completing the standard model.

The strength of an interaction is given by its coupling constant. This quantity
turns out not to be a constant but depends on the distance of the interacting
particles. At high energies ( 10°GeV), the coupling constants of weak, strong,
and electromagnetic interactions are expected to merge, opening up the possibility
of unifying all the fundamental forces. Electromagnetism and the weak force have
already been unified into a single theoretical framework called the electroweak
theory. Attempts to unify all three standard model forces known as Grand Unified
Theories (GUT).



1.2 Quantum chromodynamics

1.2.1 Historical survey

In our work, we focus on the properties of strongly interacting matter. The

corresponding gauge field theory is Quantum Chromodynamics [1].

In the late sixties, Gell-Mann and Zweig proposed the quark model to describe
the physics of hadrons [2, 3]. According to this model, all hadrons could be
understood as bound states of three fictitious constituents with fractional electric
charges. This model could provide a classification of hadrons, explain the hadron
mass spectra, and the hadronic interactions. The dynamics obeyed by the quark

system was yet to be developed.

Deep Inelastic Scattering (DIS) experiments provided the initial experimental
information of the structure of hadrons. In DIS, the hadrons are probed by
applying a beam of particles with no structure. A higher resolution could be
attained at higher energies and momentum transfers. SLAC (Stanford Linear
Accelerator Center), in the 1960s, initiated such experiments where electrons

were used to probe the interior of protons.

Bjorken in 1969 reported that the hadron structure functions exhibited a
scaling property where the momentum transferred square ¢ and energy transfer
v of electrons are very large with a fixed ratio ¢*/v [4]. This scaling property was
called Bjorken Scaling. It was claimed that the structure functions depended only
on the ratio ¢?/v rather than on ¢ and v separately. Experiments confirmed the

existence of Bjorken scaling [5].

The parton hypothesis explained the scaling behavior by assuming that
the hadrons consisted of pointlike particles, which are almost free [6, 7]. The
large momentum transfer squared ¢? in the DIS provided high spatial resolution

for observing the target nucleon. The Bjorken scaling thus implied that the



constituents of the nucleon are almost free and structureless particles called
Partons. These Partons were identified with quarks as experiments showed that

the Partons had the same charge and spin as quarks.

The success of the Parton model led to searches for a theory describing the
dynamics of quarks. The quarks of Gell-Mann and Zweig were supposed to be
firmly bound in mesons and Baryons so that they could not be isolated free
particles. At the time, it was not clear how a quantum field theory could describe
the interaction which gets weaker at short distances. All the known quantum field
theories at the time were shown not to enjoy the property of weaker interaction

at short distances [8].

Non-Abelian gauge theories were not initially considered as candidates for de-
scribing the dynamics of the quarks. These are gauge theories with a non-Abelian
gauge symmetry, and the generators of the symmetry group are noncommutative.
Such theories are called Yang-Mills theories, named after Yang and Mills, who

originally introduced them [9].

Examination of such theories by 't Hooft [10], Gross and Wilczek [11] and
Politzer [12] using the renormalization group method revealed that they satisfied
the desired property. This property of weak interaction at short distances and
high energies has come to be known as asymptotic freedom. It was soon shown
that only the non-Abelian gauge theories exhibited the property of asymptotic
freedom in four-Dimensional space-time [13]. The proof of asymptotic freedom
was achieved [14], and the quantization of non-Abelian gauge theories had already

been achieved.

Thus it became clear that the right candidate for describing the quark dynamics
was a non-Abelian gauge theory, necessitating the identification of an extra

symmetry among the quarks.

It had already been suggested that the quarks must have a new quantum



number so as to overcome some of the theoretical difficulties [15-18]. This new
quantum number was called Color by Gell-Mann. It was Fritzsch and Gell-
Mann who identified the additional symmetry needed for the theory with color
symmetry [19]. With this, all the difficulties were resolved, and the quantum
field theory describing the dynamics of quarks was established. The theory was
named quantum chromodynamics (QCD), the word “chromo” referring to the
quantum number color. QCD enjoys asymptotic freedom at short distances (high

energy) and possibly quark confinement at long distances or low energy.

The property of asymptotic freedom allows the use of perturbation theory for
sufficiently short distance reactions. This approach is referred to as perturba-
tive QCD. Application of QCD to deep inelastic scattering at the lowest-order
was found to reproduce Bjorken scaling behavior, thus reducing to the Parton
model. Moreover, it showed that Bjorken scaling holds only approximately and
provided higher-order corrections [20-22]. These corrections were confirmed in

deep inelastic muon-nucleon scatterings [23, 24].

Hagedorn [25] predicted the existence of a critical temperature even before
the formulation of QCD. The correct interpretation of this critical behavior was
given based on the property of asymptotic freedom of QCD by Cabibbo and
Parisi [26]. They proposed the existence of a phase transition from hadrons to the
underlying quark-gluon matter at sufficiently high temperatures. Shuryak coined
the term quark-gluon plasma (QGP) to describe this new state of matter [27].
The experiments at the large hadron collider (LHC) provided evidence for the
formation of the QGP. Initial expectations that the QGP would behave like a free
gas of deconfined quarks and gluons were shown to be wrong when experiments
carried out at the LHC and the relativistic heavy ion collider (RHIC) indicated
that the QGP formed remained strongly coupled, near-perfect liquid even at

significantly high energies [28-30].



1.2.2 QCD at zero temperature

The interactions of colored quarks are described by QCD, which is a non-abelian
gauge theory. The quarks belong to the fundamental representation of the gauge

group SU(3)c, meaning that each quark has three components in color space [31],

Uy
= Y, |- (1.1)
(&

The local gauge invariance with respect to the SU(3) rotations in color space
introduces 8 gauge bosons, the number of generators for group SU(3). Quarks
are spin % particles that belong to the fundamental representation of SU(3). The

gluons are spin 1 particles defined in the adjoint representation of SU(3).

The QCD lagrangian is given as,

1 -/
= (F V0 (1D~ m) (12)
<
“Za q
with,
Dy =~4"Dy,
D,ﬂﬂ = a,ﬂ/J - igAZFa¢7
Ff, = 0,A% — 0,A% + g fancALAS (1.3)

AF® are the eight gauge fields, the quanta of which are called gluons. F* are
the generators of SU(3) satisfying the commutation relations [F “©F b] = jfabefe,
fave are the group structure constants forming the adjoint representation of
SU(3), represented by 8 x 8 matrices under which the gluon field transforms.

F® transforms in this adjoint representation. The term i) Ipy) = ih@ + JHeA

8



describes the interactions of the gluons Af with the color current of the quarks
gha. jHe = gipyR F%) is the Noether Current corresponding to color symmetry
transformations. It is to be noted that the Lagrangian includes terms correspond-
ing to vertices with three gluons and four gluons due to the non-abelian character

of the theory.

Symmetries of ZHop

The classical QCD Lagrangian has a number of symmetries in the chiral limit,
mg — 0.
The symmetry group for classical QCD Lagrangian apart from the Poincaré

invariance is [32]

S[D%QCD]CI = SU(?))C & SU(Nf)L & SU(Nf)R & U(l)v X U(l)A ®C. (14)

The SU(3). local color symmetry determines the dynamics of the quark and
gluon fields. The global symmetry U(1)y leads to Baryon number conservation.
The axial U(1)4 symmetry is broken at the quantum level due to what is known
as the chiral anomaly.

C are global scale transformations in the Minkowski space. The corresponding
conserved quantity is dilaton current. This is also a broken symmetry due to the
introduction of a scale of Agep by Renormalization.

In the limit of vanishing quark masses, the classical QCD Lagrangian is
invariant under global vector and axial-vector transformations in the flavor space
of SU(3). We can decompose the quark fields into right-handed and left-handed
components g, = 5(1£75)¢ giving a global SU(3), ® SU(3)g chiral symmetry
in the flavor space. A consequence of this symmetry is that the associated
parameter, the condensate (Gq) should be zero.

However, the condensate is not zero [33]. With m, = 5MeV and my =

9



7TMeV, the quark condensate has value (uu) = (dd) ~ —(250MeV)3. Thus
SU(3), ® SU(3)g is spontaneously broken. QCD explains the existence of
Goldstone bosons (pions, kaons, and eta mesons) and their interaction cross-
sections by predicting the spontaneous breaking of chiral symmetry. At high

energies, the symmetry should be restored.

Quantization of QCD

The quantization can be carried out starting from the Faddeev-Popov La-

grangian [34],

1 a
gFP = _Z(F;w)2

1

% (0" AS)? + (i) — m)ep + (=" Die) ", (1.5)

where, the anticommuting Lorentz scalars ¢ and ¢ are called the Faddeev-Popov
ghosts and Faddeev-Popov antighosts respectively. The Feynman rules can be
obtained from this Lagrangian [35].

The gauge-fixed Lagrangian is no more gauge invariant. However, it has a
new symmetry called the BRST invariance [36, 37]. BRST invariance is essential

in proving the renormalizability of non-abelian gauge theories.

1.2.3 Asymptotic freedom

At high energies the running coupling constant in Yang-Mills theories approaches
zero. This property is known as asymptotic freedom. The expression for running

coupling constant at the one-loop order in QCD is [38],

2y _ a(p?) 2 2
09D e v - ey T )

(1.6)

10



where, NN, is the number of colors and N; the number of flavors which are 3
and 6 respectively, in the standard model. p is a parameter that is sufficiently
large so that ay(u?) < 1. It can be seen that the coupling constant decreases
with increasing | ¢ | (or small distances). This property is known as asymptotic
freedom and leads to Bjorken scaling. This is how the successful parton model
could be reconciled with the very strong binding forces between quarks.

The behavior of QCD at low energies or large distances is still not clear. This
property is called ‘infrared slavery’ [39] and is not understood as rigorously as the
property of asymptotic freedom. In these circumstances, the collective behavior

may be easier to understand than the dynamics of the individual particles.

1.2.4 Lattice QCD

The property of asymptotic freedom allows perturbative QCD calculations for
high energy processes. However, QCD should explain many other phenomena
where perturbative calculations cannot be carried out. There are fundamental
questions about the QCD vacuum structure, hadron masses, hadron structure,
and nuclear properties, which ultimately should be explained by the underlying
theory, QCD. The difficulty in applying perturbative calculations in the relevant
energy domains calls for non-perturbative techniques. Many effective models
have been developed to investigate the domain of hadronic and nuclear physics
theoretically.

The lattice method for non-Abelian gauge theories is the most successful
non-perturbative technique used to solve QCD equations. Lattice simulations
are carried out by replacing space-time with a Euclidean lattice, which allows for
theoretical understanding and computational analysis. It has become a standard
tool used in particle physics. Lattice QCD calculations are carried out using the

following steps [40].

11



1. The continuous space-time is replaced by a 4D Euclidean lattice with a
lattice constant a. The Lattice constant has the physical dimension of length,
and it serves as the ultraviolet regulator necessary to make expressions

finite.
2. The spinors for quarks and antiquarks are defined at the lattice points only.

3. The gauge fields are introduced through link variables in order to make the
fermionic action invariant under the local SU(3).. transformations. The link

variables live on the link which connects the lattice sites.

4. The discrete action has all the relevant symmetries. It also satisfies the
condition that it should reduce to the continuum action when the lattice

spacing is taken to be zero (continuum limit).

5. All the measurable quantities associated with the strong force can be
extracted from this action. The path integrals can be evaluated using

Monte Carlo Methods.

1.2.5 QCD at finite temperature

QCD is formalized at zero temperature. However, the verification of consistency
between theory and experiment may require studying field theories at finite
temperature. A useful theoretical framework for that is known as thermal field
theory [41].

All thermodynamic information of a system is incorporated in the the partition

function, connectd to the statistical density matrix by,
Z(T,V)=Trlp] = Trle ™ =3 (n| e |n), (1.7)

where, 5 =1/T and H is the Hamiltonian operator. The trace is calculated by
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choosing a complete set of physical eigenstates as basis. The statistical average

of an operator is then,
1
(0)5 = ZTrlp0). (1.8)

The statistical density operator p = exp(—fH) is similar to the time evolution
operator in imaginary time in the interval [0,]. This identification allows
expressing the partition function for the field in terms of a Fuclidean path
integral. In the case of the scalar field ¢ with lagrangian Z[¢], the partition

function can be represented as,

Z(T,V) = /p ey (— /0 " /V d3x$E[qb(T,i:’)]), (1.9)

where ¢ satisfies the periodic condition ¢(0,Z) = ¢(8,Z). Spinors for fermionic
fields obey anti-periodic boundary conditions. Lg is the Euclidean version of
L[¢]. Field theory at finite temperature thus becomes a Euclidean field theory in
four dimensinal space-time where the time component is compactified on a ring
with circumference § = 1/T. The expection value of an operator can be found

from

(05 = % /p Dy Ol ey (— /O " /V B Llo(r, f)]). (1.10)

The formal similarity of this expression to the generating functional allows both

perturbative and lattice techniques to evaluate the expectation values.
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For QCD, the partition function may be expressed as,

Z(T,V,mg, p) = ]{ DAHD&DW:EP[_ /Oﬁ " /V d3x( 76
+ L5 (mg) — w*w)] : (1.11)

where f, the chemical potential, and m, the bare quark mass are introduced as

additional parameters.

1.3 The transition to QGP

In the nuclear matter at low energies, quarks and gluons are confined inside the
nucleons. The energy density in these conditions is € = 0.15GeV/ fm? [42]. If the
energy density increases beyond 1GeV/ fm?, the interaction between quarks and
gluons becomes weaker due to the property of asymptotic freedom. Eventually,
the quarks and gluons are deconfined, and the state of matter is called the QGP.

Such high energy densities are attained at increased temperature or density.
QGP is believed to have existed at the early stages of the universe, up to a few
microseconds after the Big Bang. The QGP state can occur in dense astrophysical
objects such as neutron stars. Extreme conditions of density and temperature
can be reproduced in high energy collisions happening in accelerators.

The paradigm of confinement has not yet been understood completely. Un-
derstanding of confinement requires dealing with non-perturbative physics, and

the best available tool for that is Lattice QCD.

1.3.1 QCD phase diagram

There has been a lot of progress over the last 30 years in describing the QCD

phase diagram. The complete description has yet to be developed. In Figure. 1.1
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Figure 1.1: Sketch of the QCD phase diagram in the plane of temperature and
baryon density.

we show a sketch of the contemporary version of the QCD phase diagram in
the (up,T) plane!. At low temperatures and low values of the Baryon-chemical
potential, the system is in the hadronic phase. QCD matter enters in the phase
described by color superconductivity as up is increased at low temperatures [44].
The quarks and gluons are in a deconfined plasma phase at high temperatures,

but low values of up and the chiral symmetry is restored [45].

1.4 Phenomenological models for the QGP

The QGP, in principle, can be seen as a gas of quarks and gluons. However, a
perturbative calculation with these degrees of freedom does not work well at all
temperatures, due to the bad convergence properties of the perturbative series

caused by infra-red sensitive contributions. The QCD lattice calculation is the

IFigure taken from Ref. [43].
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only systematic and fully non-perturbative method available. Hence, various
QCD-motivated models are used for describing the thermodynamics of deconfined
hadronic matter and its equation of state (EoS). Phenomenological models of the
QGP are theoretical models inspired by the behavior of the fundamental theory
of strong interactions.

The MIT Bag model incorporates confinement and asymptotic freedom into a
simple phenomenological model. The hadrons are considered as bags embedded
into a non-perturbative QCD vacuum. The quarks are confined to the bags but
can move about freely in the interior [46, 47].

The Cornell potential model [48-50] considers the QGP as consisting of quarks
and gluons which interact via the Cornell potential.

The strongly coupled QGP model (SCQGP) [51, 52] is based on the Strongly
Coupled Plasma (SCP) in QED. SCQGP model is a generalization of SCP with
modifications to include color degrees of freedom and running coupling constant
and provides a reasonably good fit to lattice results.

Quasiparticle models consider the QGP as a collection of ideal quasiparticles
with effective mass [53]. Quasiparticle models include Nambu-Jona-Lasinio and
PNJL based quasiparticle models [54-58] or those that include effective mass with
the Polyakov loop [59-61]. There are also quasiparticle models based on Gribov-
Zwanziger quantization [62]. Yet another class of quasiparticle models incorporates
the medium-effects by considering quasiparticles with effective fugacities. Such

models have been quite successful in describing the lattice QCD results [63, 64].

1.5 Magnetized QGP

High energy collisions have succeeded in recreating the state of matter called the
QGP, which is believed to have existed shortly after the big bang. It has been

observed that the QGP produced in high energy collisions behave very much like
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a nearly perfect fluid [65-68].

These collisions mostly occur with a finite impact parameter. During off central
collisions, the charged ions thus can produce a very large magnetic field reaching
up to eB = (1—15)m?2 [66, 69]. The magnetic field may exist only for a short time,
but depending on the transport coefficients, they may reach their maximum value
and be stationary during this time [70-73]. The magnetic field can cause different
phenomena, such as magnetic catalysis [74-77], chiral magnetic effect [78-80],
etc., in the QGP. The equation of state is important for studying the particle
spectra created in heavy-ion collisions. Strong magnetic fields are estimated
to have existed right after the big bang [81]. Effects of an external magnetic
field is relevant in the context of strongly magnetised neutron stars too [82-86].
Therefore, it is important to investigate the behavior of the QGP under the
magnetic field, particularly the effect on the QCD thermodynamics [87, 88]. The
theoretical tools used to study the QGP need modifications to incorporate effects
of the external magnetic field, and there has been a flurry of research activity
in this area [76, 77, 89-108]. Measurements at the LHC [109] are capable of
providing new insights that can constrain the theoretical modeling. The equation

of state has a significant impact on the evolution of the QGP [110].

1.6 Summary

According to the standard model of particle physics, quarks and leptons are the
fundamental building blocks of the visible universe. Bosons carry the interaction
between the primary constituents of matter. The theory of quarks and gluons is
QCD. QCD predicts the existence of a deconfined state of matter, the QGP.
QCD is not easy to solve. Lattice QCD is one of the successful non-perturbative
methods for studying QCD. Phenomenological models are useful in understanding

the underlying physics of the QGP better. There are different phenomenological
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models with varying success.

The QGP is produced during high energy collisions and relevant to the study
of cosmology and dense stars. It has been noticed that strong magnetic fields
can exist in these contexts. The efforts to modify the existing theory to include
the effects of the external magnetic field have attracted huge interest. There has

been a lot of research activity in the area.
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Chapter 2

Quasiparticle description of QCD

at finite temperature

2.1 Introduction

Quasiparticles models are phenomenological models, widely used to describe
the QGP. In quasiparticle descriptions, the system is considered as a collection
of effective degrees of freedom called quasiparticles. The thermal properties of
interacting particles are modeled by noninteracting quasiparticles. The early
development of the quasiprticle description to the QCD plasma can be traced
back to the works of Biré [111], and Golovizin and Satz [112]. Subsequently,
Peshier et al. [113] proposed a quasiparticle model to explain the equation of
state of the QGP as obtained in Lattice Gauge Theory simulations of QCD.

It was Gorenstein and Yang [114] who pointed out that the naive quasiparticle
model which considers QGP as an ideal gas of quasiparticles, with effective-masses,
is thermodynamically inconsistent. They showed that the inconsistency could
be remedied by introducing a temperature-dependent term called the vacuum
energy. This method has been used in many quasiparticle models to ensure

thermodynamic consistency [114-118].
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Bannur, in a series of papers [119-124], showed how a thermodynamically
consistent quasiparticle model could be constructed, without introducing ad-hoc
terms like the vacuum energy. These works demonstrated that all thermodynamic
quantities could be derived consistently, starting with the expressions for energy
density and number density, and following standard statistical mechanics. The
premise of this class of models is that total thermal energy is used to excite
the quasiparticles. Such models have been able to obtain good results in good
agreement with the lattice data.

Gardim and Steffens [125, 126] found a generalized formalism for quasiparticle
description. They showed that there are many ways to render the thermodynamics
of the system consistent and that the formulation due to Gorenstein and Bannur
are special cases of this general formalism.

The quasiparticle models have generally been quite successful in describing

the lattice data.

2.2 The self-consistent quasiparticle model

In quasiparticle models, the thermal properties of interacting real particles are
modeled by non-interacting quasiparticles. The quasiparticles have an effective
mass, determined by the collective properties of the medium [112, 113].

In the self-consistent quasiparticle model, QGP consists of non-interacting
quasiparticles. The quasiparticles have effective masses that depend on ther-
modynamic quantities and encodes all medium interactions [119, 123]. The
thermodynamic quantities depend on the thermal mass and the thermal mass
depends on the thermodynamic quantitites. So, the whole problem is solved
self-consistently. See appendix A for detailed calculations.

In the self-consistent model, following standard thermodynamics, all ther-

modynamic quantities are derived from the expressions for energy density and
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number density. The expression for energy density is,

gf * Wi
€= —/0 dk kQTTk$17 (2.1)
q/g

o2

where gy is the degeneracy and F refers to bosons and fermions. z is the fugacity.

The expression for number density is,

gr /oo 2 1
Nglg = —— dk bk ————. 2.2
9 972 zq/leTk F1 22)

g

The single particle energy wy is approximated to a simple form,

wr = 1/k* +m2, (2.3)

and

wr = 1/k* +m2, (2.4)

for gluons and quarks respectively. This approximation is valid at high tempera-

tures only.

It is known that quasiparticles acquire “thermal mass” of order g7 at one
loop order [115, 127, 128]. In the model that we study here, the thermal mass is

defined as proportional to the plasma frequencies as,

3
m? = 5%2, and m? = Zm?, (2.5)

@

for massless particles. For massive quarks mg is written as,

m? = (mg +myg)* +m7. (2.6)
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At zero chemical potential the plasma frequency can be calculated using the

density dependent expressions,

2 2 2l 2 27l
Wy = g9 +agg T (2.7)
for gluons and,
n
m?c = bggQ—q, (2.8)

T

for quarks. Here n, is the quark number density and n, is is the gluon number
density. ¢* = 4ma, is the QCD running coupling constant. The coefficients a,
aq, by are determined by demanding that as 1" — oo, w, and m; both go to the
corresponding perturbative results (see A.3). The motivation for choosing such an
expression for plasma frequency is that the plasma frequency for electron-positron
plasma is known to be proportional to n/T" in the relativistic limit [129, 130].
Since the thermal masses appear in the expression for the density, we need to
solve the density equation self-consistently to obtain the thermal mass, which may
be used to evaluate the thermodynamic quantities of interest. The result obtained

have shown a good fit with lattice data even at temperatures near T, [124].

The thermodynamic potential in the self-consistent quasiparticle model has

the expression,

o * &Pk
—=-P=4T ——In(1Fe P
v |y G

iy -
n T OT (27)3 €, (ePer F 1)

, (2.9)

where, + is for gluons and quarks respectively. Eq. (2.9) is different from the

corresponding expression for ideal gas. The second term ensures thermodynamic
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consistency so that the relation,

)
e=Tor—P, (2.10)

is satisfied.
The quark plasma frequency mj at non-zero chemical potential may be

generalized to [123],

b2g2 n n-
2 _ et (e a) 211
Py <T+T> (2.11)

Accordingly, the gluon plasma frequency becomes,

2 2 2Ty 2 ol (nq nri)
w,=a,9 = +ta,¢g=(—=+—=]). 2.12
P 99 T ag9 o\ + T (2.12)
As before, by, a, and a, can be obained by demanding that at high temperatures
the plasma frequencies are equal to the perturbative results.

The self-consistent quasiparticle model has its own ansatz for the thermal
masses, and this makes the model easily generalizable, as we shall see in later

chapters.

2.3 Thermodynamic consistency problem

We have seen that the simple application of the quasiparticle description leads
to thermodynamic inconsistencies. There are many ways in which a quasipar-
ticle model can be made thermodynamically consistent. Gorenstein and Yang
suggested reformulating statistical mechanics to make the quasiparticle models
thermodynamically consistent. They introduced an ad-hoc term denoted as B(T)
so that the thermodynamic relations were satisfied. The physical interpretation

of B(T) is somewhat ambiguous. Different authors interpret it differently. They

23



call it the vacuum energy, the background field, or bag pressure.

Bannur, on the other hand, has shown that thermodynamic consistency can
be ensured without any reformulation of statistical mechanics. The self-consistent
quasiparticle model described above is an example of a thermodynamically
consistent quasiparticle model with standard statistical mechanics. It requires no
artificial manipulation of standard statistical mechanics to ensure consistency.

There is no consensus among the community in the solution to the thermody-
namic consistency problem in effective mass quasiparticle models. However, we
lean towards the solution by Bannur due to its simplicity and the need for no new
terms with ambiguous physical interpretation. It requires fewer assumptions than
other solutions and hence has the edge over them by the criterion of Occam’s

razor [131].

2.4 Summary

Quasiparticle models have been quite successful as phenomenological models in the
study of the QGP. The simple application of the quasiparticle picture introduces
thermodynamic inconsistencies and has to be modified. There are different
classes of quasiparticle models which remedy the thermodynamic inconsistency
problem in different ways. There exists a class of models that do not require
the introduction of additional terms like vacuum energy. One such model, due
to Bannur, is straightforward and has fewer assumptions than the models with
reformulated statistical mechanics. They are preferable by the Occam’s razor
principle. The self-consistent quasiparticle model has been quite successful in
describing QGP. In the self-consistent model, the quasiparticle masses are defined
to be proportional to the number densities. So the only external ingredient needed
for this model is the running coupling. The definition of quasiparticle masses in

terms of number densities allows for natural generalization to different situations.
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Chapter 3

The extended self-consistent

quasiparticle model

3.1 Introduction

In the last chapter, we gave a brief outline of the self-consistent quasiparticle
model. In this chapter, we present the theoretical formalism of what we call
the extended self-consistent quasiparticle model. We modify the self-consistent
quasiparticle model to study the effect of the external magnetic field on the
equation of state of the QGP. We incorporate the magnetic field by altering the
thermal mass using the relativistic Landau levels. Such modified masses in the
magnetic field can be used to calculate thermodynamic quantities like energy

density, pressure, and entropy density.
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3.2 Extension of the self-consistent model in the

presence of the magnetic field

The self-consistent quasiparticle model has to be modified to incorporate the
effects of the magnetic field. The energy eigenvalues of fermions change in the
presence of the magnetic field. Besides, the magnetic field’s application makes
the momentum of fermions quantized in the transverse direction. We must take
both these factors into account. We proceed as follows.

The quantization of fermionic theory in the presence of the uniform magnetic
field gives the energy eigenvalues as Landau Levels [132]. In the Landau gauge,

A, = B, so that B = BZ and the energy eigen values are obtained as,

Ej=\/m? + K2 +2j | qpeB . (3.1)

Here, gye is the charge of the fermion and j = 0,1, 2, ... are the Landau energy

levels.

The quantization of the momentum in the transverse plane can be incorporated

by modifying the integrals over the phase space as [133-137],
/ d3k
(@n)

where, (2 — dy;) is the degeneracy of the j Landau level [138].

5o;) (3.2)

Making these modifications in the self-consistent quasiparticle model allows us
to define the quasiparticle mass, which depends on temperature and the magnetic
field. We call it the thermomagnetic mass.

We focus primarily on the qualitative thermomagnetic behavior of magnetized
QGP. So, the inclusion of the effects of dynamically generated anomalous magnetic

moments(AMM) [139], as done in Refs. [87, 140] is out of the scope of our work.

26



Moreover, it has been demonstrated in Ref. [141], that the effect of AMM is
not significant when it comes to the calculation of thermodynamic quantities of
charged fermions. In the self-consistent quasiparticle model, the thermomagnetic
mass is obtained from the density-dependent expression for plasma frequency. It
follows that the contribution from AMM to the thermomagnetic mass is negligible.
Since all quantities in this work are expressed in terms of the thermomagnetic
mass, it is safe to say that AMM'’s exclusion does not affect our results in any

significant manner.

3.3 Thermomagnetic mass for quarks

We have seen that the quasiparticle masses in the self-consistent quasiparticle
model are defined as proportional to the number density. The expression for
number density in the presence of the magnetic field can be obtained for a system

at zero chemical potential by using Eqs. (3.1) and (3.2).

gqueB
ny = — 5yy) / k. (3.3)
o 2 ﬁ )
where, we have assigned for simplicity,
m?]j = m; + 2j|qreB. (3.4)

Defining k. /T = = and making the substitution, z = % sinht, in Eq. (3.3),

B 1
ng = 9r9s° (2 — dgj)m, /dtcosht o
e

(27’(’)2 oo L —cosht+1
9r4reB - S LTI
= W Z 2 — 603 Z My, /dt cosh te =t ht] . (35)
=0 L =1
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The integral can now be simplified by using the integral representation for the

modified Bessel function,

K,(z2) = / e~ cosh(vt)dt. (3.6)
0
We get
TgsqreB - My, My,
qzﬁz —d0)) S (~1)¢ qK(ljf) (3.7)
=0 =1
We now define, for later convenience,
2 — ﬂﬁ. (3.8)
29¢lqreB| T?
Now Eq. (3.7) can be written as,
TR =02 =0) Y (-D) IR K, ( %) . (3.9)
=0 =1

For massive quarks, m, can be obtained from Eq. (2.6), with m calculated just

as in [123],

n
mj = 0292?‘1 (3.10)

Or,

= F? (3.11)
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where,

B|
— 22 2—gf|qf€ . 3.12

Combining Egs. (2.6), (3.4), and (3.11), we can write,

|qf€B|

N2
(Z4) =2+ aqu} + &R+ 2 (3.13)
Using (3.13) in Eq. (3.9), and simplifying the Kronecker ¢ we get,
o oo B
PR =Y (-1 [22 \/[% + Equ g EF? + 2 |q§f |
I=1 =0
m eB
K <l\/[?° +5qu] +2F2+2j |qu2 |)
Mo | - > o Mo | - > o
- [? + chq} +eFE Ky |1 [? + chq} +e2F? ) |, (3.14)

We calculate the thermomagnetic mass by solving Eq. (3.14) and then substi-
tuting it back in Eq. (3.13). We can now consider the system as a collection of
non-interacting quasiparticles with mass depending on both temperature and the

magnetic field, allowing us to study thermodynamics.

3.4 Thermomagnetic mass for gluons

The density-dependent expression for plasma frequency for gluons is given by
Eq. (2.7). The expression for gluon number density n, remains unchanged because
gluons have no electric charge and are not directly affected by the magnetic field.
However, they are indirectly affected by their coupling to the electrically charged
quarks. Thus the term n, changes as explained, and so the gluons also acquire a

thermomagnetic mass.
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For gluons,

n n
w2 = aggQTg + aggQTq, (3.15)
3
2 2
My = 5Wp» (3.16)
So,
3 9 9Ng 3 5 oMy
mg = §agg ? + §aqg ? (317)

Since gluons are chargeless and are not affected by the magnetic field, we have

for the number density,

9 [T 2 1
ng = o3 /0 dkk o (3.18)
9g > 2 1
= == dkk , 3.19
212 Jo eT VR H5a2g? T+ 3a2g? T (3.19)
where,

wp = \/k? +m2. (3.20)

Put z = K/T); i.e, dk = Tdxz,

9g > 2 1
= == dxx . 3.21
g 272 0 e\/az2+%a§gz%+ga3g2% 1 ( )
Now we define,
21% ny 9
—— = f2. 3.22
gy T3 Ty ( )
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So,

Ng _ Y9 r2
T3 2n2'9’
3 5 9Ny 3 9999 ;o 20
or, 5049 s = 509 5 3/ = gl
where,
_2 2 9
Uy = —59q0,9".

42
We already have, from equation (3.8),

ny _ FggslareB|

3 (27)2
So,

3 99mg 3, 2Fq29f|qfeB| 2 2

§aqg ﬁ = §aq —<27T)2 = quq.
where,

3 a2g?
42 = - Bl.
q 2 (271_)2gf’qf€ ‘

Combining Egs. (3.22), (3.23) and (3.26) with (3.21) we can write,

o 1
f;_/ dxe 2122121 22 ’
0 eV @ tagfg+daFd _ 1

L9 (2240 | T2y o2
We make the substitution 2° = (a; f; + d;F,;)sinh”t. Then,
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(3.25)

(3.26)

(3.27)
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dr = dt(al f7 + cngQQ)% cosht. So,

1

- T )
e(agfg2+d§Fq2)2 cosht _ |

fy =@ f; +£§F§)3/ dt cosh t sinh® ¢
0
= (@f2 + d2F2): / dt coshtsinh%ze—l<ﬁ§f3+cf§F3>%cosht
0 =1

oo o0 ~ 1
= (a2 f2 + @Fi)% Z / dt cosh t[cosh® t — 1)e @S+ A2 cosht,
=1 70

Let us use the notation Fy, = a2f? 4+ d2F?2, for simplicity. Thus,

q

2 3/2 — [ —IFX? cosht 3, —IFY?cosht
[, = F, E dt (| —coshte "9 + cosh” te "9
0
=1

o0

4

1 3
KUY + SRR + SRR

([ Ks[IFyY] Ky[IF]
_ 13/2 3ll7gq | D1itlgg
F E ( 1 1 .Or,

(mW@ﬁ+%ﬁWﬂ
— Ki[l(@f2 + @Fj)lﬂ]) .
Using the relation

Koa(2) = Ko (o) = ~ 2K, (x),

32

_ 32 (_Kl LEY?] 4 /°° i (cosh 3t + 3005ht> LFA? COSM)
0

(3.29)
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we may further have,

2= (éﬁfﬁ +d2F2)3/2 - Kall(a 2f2 +c72F2)1/2]
g 4 a2f2+d2F2)1/2 97 q ’
=1
or,
= L
f2=(a f+d.F)) Z 7K (@ f? + d2F)"]. (3.31)

F, is obtained as a solution to (3.14). Now, solving Eq. (3.31) for f, using the

above, we obtain the thermo-magnetic mass using,
mg\2 _
() = a2+ @F?. (3.32)

The coefficients ¢,, a4 and d, are determined by demanding that as 7" — oo the

expression for frequency approaches the corresponding perturbative QCD results.

3.5 QCD Thermodynamics in uniform magnetic

field

In this section, we shall obtain the general expressions for energy density, thermo-
dynamic pressure, thermodynamic potential, and entropy density for magnetized
QGP within the self-consistent quasiparticle model. These expressions will be

used later to make numerical calculations of thermodynamic quantities.

3.5.1 Energy density

We start by calculating the expression for energy density of the magnetized QGP.
The quark/antiquark contribution to the energy density get modified in the

presence of the magnetic field. Using Egs. (2.1), (3.1) and (3.2) the contribution
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to the energy density from quarks becomes,

12nq|qfeB| W,
= S ~o0) [ty

12n,|qreB
_ al4r |Z2 So;) 1,

272
[ee] Wk
]q — /0 dkz wkZJ/T + 1

where,

= \/m2+ k2 + 2jlgpeB
= ,/mgj + k2.

The integration in Eq. (3.34) can be simplified as follows.

[q:/ dk, w+
0 i/ T 41
S|
I=1 0
—1)l‘1/oodk; WSR2 4 m e WY
/ daT/x?T? + mZe e+ ()

—l /T
dk’zwkzje wkZJ/

I
tﬂg I

=1

8

. ]2 711]' 2
:TQZ(—l)ll/O dry|z? + <%) e :
=1

where we have made the substitution ’% = 7.
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(3.36)

(3.37)

(3.38)



Now, further substituting #? = (m,/T)?sinh’t,

[eS)
7J
1/ dtCOSthG l cosht
0

S sk
M

cosht

/°° dtcosth +1 10

1 0

) 1/°°d cosh 2te” (mfj)COSht+e—l(%)Cosht]
0

T
—<—> R TCO R

Now, making use of the recurrence relation, Eq. (3.30), we can write,

Ks(x) — Ko(x) = %Kl(a:) (3.40)
= Ky(z) + Ko(x) = ;Kl(x) + 2Ky(x). (3.41)
Thus,
=) S [ () o )
= ) s () w2 () e ()]

Thus we have, for quarks,

,/m + k2
1_/ dk, &

\/W—{—l (3.43)
—1)D T my Mqj Mgj\? Mgj
:T22< 122 {(z ) K (129) + (129) Ko (lTﬂ (3.44)

=0
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With this, and 1/T = 3, Eq. (3.33) becomes,

12n,|qreB| T? <= (=1)7Y | &
€q = (;T?ZZ—Q > (2 dy)

=0 Jj=0

X [ (Bmg,l) K1 (Bmgl) + (Bmg,)* Ko (Bmg,!) ] . (3.45)

The expression for the energy density of gluons remains unchanged as they are
chargeless. The energy density is indirectly affected by the interaction with

quarks, included through the thermomagnetic mass of gluons.

o0

_ggT4 1

e, = —
9 o2 4
=1

[(ﬁmng’ Ky (Bmgl) + 3 (Bmyl)” Ky (5m95)] . (3.46)

The contribution to energy density from quarks and gluons is obtained as
S (3.47)
q

3.5.2 Thermodynamic pressure

Here we concern ourselves with the calculation of the thermodynamic pressure
or longitudinal pressure. It is the contribution to the total pressure from quarks
and gluons. We denote this as P. We shall discuss the pressure anisotropy and
the Maxwell contribution to the pressure in the next chapter. The expression for

pressure in the self-consistent quasiparticle model is [120],

Fyyq gf * 3 _
—— = F == d’k1n (1 By
T ™ 813 Jo t ( T )
gy dm [ 1
dp B=—-m— k————— 3.48
+/ 6687T3md6 0 wg (eBor 1) (3.48)

where F for bosons and fermions respectively. The contribution to the thermody-

namic pressure from quarks can be obtained by changing the integral and energy
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eigenvalues according to Eqgs. (3.2) and (3.1). Making these changes, we have,

P, _grqseB - om
TP am 2,070 Bt [ 4
where,

I = /OOO dk, In (1 n e*ﬁ%) ,

o 1
12:/ dk., 5 )

With w, - from Eq. (3.35),

e -1 -1 _ o
- E L fa
=1

(3.49)

(3.50)

(3.51)

(3.52)

We have used the relation, In(1+ z) = >°,(=1)""'2!/l. Now, using = k./T

and making the substitution z? = (m,/T)?sinh*¢,

I = Z ( l ) mg, /dt cosh teAlma; cosht

=Y (_11) Mg, K1 (Bmg,l).

We have made use of Eq. (3.6).

(3.53)

Making use of the binomial expansion, (14 z)~' = "2 (—1)'2! and the same

substitutions in the calculation of Iy, we get,

I
WE

I (_1)(1) / dte*ﬁmqj coshtef,b’lmqj cosht
0

=0

[
WE

(_1)(1—1) /OO die—Pima; cosht7
0

=1
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which, using Eq. (3.6) gives,

L =) (—1)""Ky(Blmy,). (3.55)

=1

Using Eqgs. (3.53) and Eq. (3.55) in Eq. (3.49) gives,

/BPq :Qf’(IfeB| i (_1l)l_1 i(Q . 50]')

1=1 §=0

By D (B ) + [ a8 S G )R | (356)

The contribution to the pressure from gluons can be obtained by replacing
the thermal mass by thermo-magnetic mass. From Eq. (3.48), we can write the
contribution from gluons as,

P o0
B b oo

/ a2 88”;9 S (B K (). (3.57)

3.5.3 Entropy Density

Another important quantity is the entropy density. It can be calculated from
the relations for energy density and pressure using the following thermodynamic

relation,

_5+P

(3.58)
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Using Egs. (3.45) and (3.56) we get for quarks,

l1OO

grlareB| <
S = 93 Z (2 = do;)
=0

[; (/qujl)Kl (qu]l) + (6mqjl>2KO (/qu]l)

5 [ 525 ) ()| (3.59)

The expression for entropy density for gluons can be found using Eqs. (3.58),
(3.46), and (3.58).

Sg = 277'263 Z [ ﬁmg K2 (ﬁmgl) + (ﬁmgl)3K1<ﬂmgl)

5 / a8 88”;9 S Bm K BmyD) | (360)

3.5.4 Grand canonical potential

The grand canonical potential for magnetized QGP within the self-consistent

quasiparticle model for quarks is,

@, gqu|eB| l 1 - T my,l mg,l
v o e Z ;) — o) | g K\
d om, 1
+/ O g, 28 g, (mq] )] (3.61)
T T or T

The contribution from gluons is,

%__p__Tg_fool[Ti% m_l2K Mgt
vVof Topiup T T

o~

3
N Td_T 7_38mg mgl 1% mgl ] (3 62)
T, Mg or T "\ ’ ’



Here, Ty is some reference temperature, suitably chosen. We have considered a
system with zero chemical potential ( ;1 = 0). Note that in the self-consistent
quasiparticle model, the relationship between the grand canonical potential and

the grand partition function is more complicated. The relation,
®=—-KTlog2Z, (3.63)

between the grand canonical potential and the grand partition function Z does
not hold. There is an additional term due to the temperature dependence of the

masses, ensuring thermodynamic consistency, as shown in Ref. [120].

3.5.5 Speed of sound

The velocity of sound is a fundamental quantity that is used in the description of
hot QCD medium. The velocity of sound square ¢? is given by,

, _OP _ dP/dT

=1 .64
“7 e de/dT’ (3:64)

where, ¢ is the energy density which can be found using Eq. (3.45). Alternatively,

it can be obtained from the pressure using the thermodynamic relation,

op
e=Tor P (3.65)

The speed of sound in magnetized QGP medium can be calculated using these

equations.
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3.6 Energy scale hierarchy

The lowest Landau level (LLL) approximation can be used in the strong magnetic
field limit, 7" < 4/|greB|. For a more realistic regime ¢7" < 4/|qreB| the higher
Landau level (HLL) are significant and have to be included in the calculations

[94].

3.7 Thermodynamic consistency of the extended
self-consistent quasiparticle model

It remains to be shown that the self-consistent quasiparticle model, when extended
to include the effects of the external magnetic field, stays thermodynamically
consistent. The gluon case is straightforward as the expressions for energy density
and pressure are the same as those in the self-consistent quasiparticle model. We
need to show that the expressions for energy density and pressure for quarks obey

the thermodynamic consistency relation,

oP
0
= —%(5]3) (3.67)

We start by differentiating Eq. (3.56) with respect to £,

A(BP,)  grlareB| = (1) &
o o Z ;0@ = 00;) [Dr + Do, (3.68)
where,
D=2 K l
L= % [mqj 1(Bmy, )] ;

(3.69)
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and

om,.
D= [ [ 8 2 Gmy D Bm, )| (3.70)

We simplify the derivative D; using the relation,

0K, (z)
0z

= VK(2) ~ Ko (), (3.71)

to get,

8mq;‘

op

D1 = K1 (ﬁmq]l)

m2l  Bmgl0m,
- o, |5+ Pt

21 10m,,
— Ky(Bmy, 1) [m"f + 2 m%]

2 2 0p
omy,
:Kl(ﬂmqjl) aﬁj
2] oL Omy
_ [mQJ Bﬂ; C;nﬁ]] [Ko(Bmg,l) + K2(Bmg,1))] .

Making use of Eq. (3.41),

om,.
D1 = Kl(ﬂmqu %

op
mgjl ﬁmqjl amqj 2
We also have,
7 amqj HE ! 3.73
2 BR (/quj ) O(quj ) ( ' )
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Substituting Eqgs. (3.72) and (3.73) in Eq. (3.68), and simplifying, we get,

0 _gf|Qf€B|T2 = (=)D [ &
_%(BP)—TTZZIZ—Q jzo(z_(soj)

x| (Bmg,l) Ky (Bmg,l) + (Bmag,l)” Ko (8mg,l) ] , (3.74)

which is exactly the expression for energy density in Eq. (3.45). Thus, we have
shown that the extended self-consistent quasiparticle model is thermodynamically
consistent. So, the thermodynamic pressure can also be obtained from the energy

density. Solving Eq. (3.66),
P PR T
P_R, / ar = (3.75)

Here, Py and Tj are pressure and temperature at some reference points [121].

3.8 Summary

The extended self-consistent quasiparticle model is a modification of the self-
consistent quasiparticle model to incorporate the magnetic field’s effects. In
the modified model, the quasiparticle mass becomes a function of both tem-
perature and the magnetic field. Landau level quantization, together with the
modification of phase space integrals in the magnetic field, allows for calculating
the thermomagnetic mass and the various thermodynamic quantities. The ex-
tended self-consistent quasiparticle model satisfies the thermodynamic consistency

relation.
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Chapter 4

Thermodynamics of 2 and (2 + 1)

flavor magnetized QGP

4.1 Introduction

In this chapter, we use the formalism developed in Ch. 3 to study the thermo-
dynamic behavior of the magnetized QGP. We will study the energy density,
pressure, entropy density, and speed of sound and examine how the thermody-
namics are affected by the external magnetic field. The only external ingredient
we need to obtain the thermodynamics using our model is the thermomagnetic
coupling. We shall make use of two of different parametrizations available in the
literature.

We organize this chapter as follows. Sec. 4.2 gives the different parametriza-
tions of the thermomagnetic coupling that we use. Sec. 4.3 we study the thermo-
dynamic behavior of the magnetize QGP. We begin with studying the thermo-
dynamics of a 2flavor magnetized QGP in Sec. 4.3.1 by looking at the behavior
of energy density, pressure, and entropy density. We also look at how the differ-
ence between these quantities with the corresponding zero-magnetic field results

evolve. In Sec. 4.3.2 we go on to study the thermodynamics of a magnetized,
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(24 1) flavor, QGP. We study thermodynamics by examining the behavior of the
thermodynamic pressure, entropy density, and speed of sound. We summarize

the chapter in Sec. 4.4.

4.2 The thermomagnetic Coupling

The thermomagnetic coupling is a coupling that depends on both temperature
and the magnetic field. It has been well known that the coupling constant is
affected by the magnetic field [142, 143]. Different ansatzes for the dependence
of coupling constant on the magnetic field, in the presence of the magnetic field,
have been proposed [104, 144-146]. We use two parametrizations for the running
coupling constant available in the literature to study the thermodynamic behavior

of the 2 and (2 + 1) flavor magnetized QGP.

4.2.1 Thermomagnetic Coupling 1

In Ref. [146] the coupling constant depending on both temperature and the
magnetic field was introduced in the SU(2) Nambu-Jona-Lasinio (NJL) models

as,

G(B,T) = ¢(B) |1 +s(B), (4.1)

T 1§ BBT(B)T]

where, the four parameters ¢, 3, T,, and s were obtained by fitting the lattice data.
This parametrization does not show the functional dependence of the coupling
on the magnetic field. The parameters have to be chosen differently for different

strengths of the magnetic field.
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4.2.2 Thermomagnetic coupling 2

For studying the thermodynamics of the magnetized (2 + 1) flavor QGP we make
use of a different thermomagnetic coupling from Ref. [143]. The coupling that

evolves with both momentum transfer and the magnetic field is,

as(A?)

2 _
as(A% | eB|) = 5 - )
1 + byas(A?) log RTHeB|

(4.2)

The one-loop running coupling in the absence of a magnetic field at the renor-

malization scale is given by,

2) . 1
by log(A2/A2 )’

as(A (4.3)

where, by = (11N, — 2Ny)/12r and following Ref. [89], MS = .176GeV at
a,(1.5GeV) = 0.326, for N; = 3.

It is to be noted that the above thermomagnetic coupling has been obtained
using the LLL approximation suitable in a strong magnetic field limit (e B > T?).
In this limit, the coupling is split into terms dependent on the momentum parallel
and perpendicular to the magnetic field separately [142]. The coupling dependent
on the transverse momentum does not depend on the magnetic field at all. We
are interested in how the system responds to the magnetic field, and so we make
use of the longitudinal part of the coupling constant. The coupling is obtained in
the one-loop order, and so this may be appropriate only at high temperatures.
We use this coupling as an approximation, and so our results are bound to be
qualitative. A two-loop thermomagnetic coupling, which includes the contribution

from HLLs, is expected to give quantitatively reliable results.
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Figure 4.1: Energy density for different strengths of the magnetic field as a function
of temperature.
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Figure 4.2: Pressure for different strengths of the magnetic field as a function of
temperature.
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Figure 4.3: Entropy density for different strengths of the magnetic field as a function
of temperature.

4.3 The thermodynamics of magnetized QGP

Using the formalism developed in the previous chapter, we study thermodynamics
for the 2 flavor, and (2+1) flavor system at zero chemical potential in the presence
the magnetic field. We calculate the thermomagnetic mass as explained in Secs.

3.3 and 3.4 using a suitable parametrization of the thermomagnetic coupling.

4.3.1 2 flavor magnetized QGP

We make use of the thermomagnetic coupling in Eq. (4.1) for the study of the
magnetized 2 flavor QGP.

We have shown the temperature dependence of different thermodynamic
quantities at different strengths of the magnetic field in Figures 4.1 - 4.3. We use
Egs. (3.45) and (3.46) to find the total energydensity. Figure 4.1 shows that the
energy density increases, at a given temperature, as the magnetic field increases.

This is expected as, in the presence of magnetic field the total energy density
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Figure 4.4: Ac/T* for two different strengths of the magnetic field, plotted as a
function of temperature.
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Figure 4.5: AP/T* for two different strengths of the magnetic field, plotted as a
function of temperature.
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Figure 4.6: As/T? for two different strengths of the magnetic field, plotted as a
function of temperature.

goes as €y = € + qM - B, where M is the magnetization [147]. We notice that

the plots show correct qualitative behavior.

Calculation of quarks and gluons’ contribution to the thermodynamic pressure
using Eqs. (3.56) and (3.57), requires a value of P at some fixed temperature
of Ty. If lattice data is available, Py can be chosen as the value of pressure at
transition temperature 7.. Here we have chosen the value of thermodynamic
pressure at T, from Ref. [146]. We can make use of the relation in Eq. 3.58
to plot the variation of entropy density. The quark/gluon contribution to the
thermodynamic pressure, energy density, and entropy density increase with the
increase in eB. This behavior is consistent with that obtained using lattice QCD
simulations [148] and [98]. The same behavior has been obtained using an effective
fugacity quasiparticle model [147], within the SU(2) NJL model [146], and using
the Bag Model [133]. The QCD equation of state in the presence of the magnetic
field has been studied numerically [149, 150]. The effect of the magnetic field

on QCD thermodynamics has been studied using the hard-thermal-loop (HTL)
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perturbation theory both at strong [151] and in weak [152] magnetic field.

Ace is the difference between energy density in the presence of the magnetic
field with that in the absence of any magnetic field. This depicts the increment of
energy density in the presence of the magnetic field. The temperature dependence
of Ae/T has been plotted in Figure 4.4. In addition, we have plotted AP/T* and
As/T? as functions of temperature, in Figure 4.5 and, Figure 4.6, respectively.

As expected, the higher the magnetic field, the higher their values are too.

4.3.2 (2+1) flavor magnetized QGP

In this section, we shall examine the thermodynamic behavior of the (24 1) flavor
QGP in the presence of an external magnetic field. We use the thermomagnetic
coupling in Eq. (4.2). For all calculations, we have taken the physical masses of

1 .
5515 times the strange

strange quarks as .15GeV and those of the light quarks as
quark mass [124].

We have plotted the variation of longitudinal pressure with temperature, for
different strengths of the magnetic field in Figure 4.7. Figure 4.8 shows the
variation of pressure with the magnetic field for different temperatures. The
increase in pressure with a magnetic field at a given temperature, as seen in our
equation of state, is consistent with lattice QCD results [148], perturbative QCD
results [89] and other works [147]. At this point, we do not make a quantitative
comparison with the lattice data because the coupling constant used here is
calculated in the LLL approximation. The one-loop thermomagnetic coupling we
used may be reliable at high temperatures only. In Figure 4.9, using Eq. (3.64),
we have plotted C? as a function of temperature, for different magnetic field
strengths. The speed of sound is seen to reach the Stefan-Boltzmann limit of 1/3,

asymptotically. This behavior is consistent with the behavior of P/e in lattice

QCD results [148] and with the behavior of sound velocity using an effective

52



0.12—— - - -
-------- - eB = 0.4 GeV? pll
0.10} 5 £
-—-—-¢eB =0.3 GeV 7
o
< 0.08f ol
@ s
& 57
= 0.06] P
o
A e
0.04} 2
Z=
002} o=
0.20 0.25 0.30 0.35
T (GeV)

Figure 4.7: Thermodynamic Pressure as a function of temperature for different
strengths of the magnetic field.
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Figure 4.9: Velocity of sound as a function of temperature for different strengths of
the magnetic field

fugacity quasiparticle model [147].

The qualitative behavior of our results is consistent with the results using an
effective-fugacity quasiparticle model [147]. We show this in Figure 4.10 where
we plotted our results for the energy density with the corresponding results
from Ref. [147]. The results do not match exactly. To show the qualitative
comparison, we have multiplied our result by a factor of 1.37. The plot shows
that the predicted behavior of energy density in the presence of the magnetic
field as obtained by these two different models is similar. We denote our model

by “eqqgp” and the effective-fugacity model as “eqpm”.

4.4 Summary

When applied to the study of the 2 and (2+1) flavor magnetized QGP, the extended
self-consistent quasiparticle model shows that the thermodynamic quantities are

enhanced in the presence of the magnetic field. The qualitative comparison of
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Figure 4.10: Energy density in our model (eqqgp) (x1.37) plotted with the result
from effective fugacity quasiparticle model (eqpm)

our results with other results in the area underlines the effectiveness of using
a quasiparticle description to study the magnetized QGP. The self-consistent
quasiparticle model, in particular, allows a natural extension to include the effects
of the magnetic field and proves to be successful in predicting the qualitative

behavior of the magnetized QGP.
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Chapter 5

Pressure anisotropy and Debye

screening mass for the

magnetized QGP

5.1 Introduction

In this chapter, we make use of the extended self-consistent quasiparticle model
(Ch. 3) to study the pressure anisotropy and the Debye Screening mass for
magnetized (2 + 1) flavor QGP. We start by examining the magnetic response of
QGP by finding the magnetization and showing that it exhibits paramagnetic
behavior. Using the calculated magnetization, we study the anisotropy between
longitudinal and transverse pressures caused by the magnetization acquired by
the system along the field direction. We bring out the dependence of transverse
pressure on temperature and the magnetic field. We study the total longitudinal
and transverse pressure behavior, including the pure field or Maxwell contributions.
Finally, we look at the screening properties of magnetized QGP in the longitudinal
direction by calculating the Debye screening mass. As a consistency check, we

compare the Debye mass obtained within our formalism with a similar result
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using perturbation techniques and examine how well they agree, especially at

high temperatures.

We organize this chapter as follows. In Sec. 5.2 we study the magnetic
response of the system by calculating the magnetization. Sec. 5.3 focuses on
the pressure anisotropy in the system caused by the magnetization. In Sec. 5.4,
we include the pure field contributions and see how the pure field contributions
modify the transverse and longitudinal pressures. Sec. 5.5 is the study of screening
properties of magnetized QGP. We discuss our results in Sec. 5.6 and summarize

in Sec. 5.7.

5.2 Magnetization

Magnetization quantifies the magnetic response of the system. We can calculate

magnetization from the grand canonical potential ®.

1 9%
M= =050 (5.1)

We confine our calculation to the region where eB is greater than zero. Note
that the equation for magnetization in the self-consistent quasiparticle model
is not related to the partition function as given in Ref. [148]. This is because
of the additional terms in Eqgs. (3.61) and (3.62), which ensure thermodynamic

consistency.
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From Egs. (3.61), and (5.1), we get, for quarks,
~Tysq = T (mg;l Mgl
Sl [f () ()
=1 J
dr amq my.l
]K J
+/To i (%)
Z mqjl K mqjl 0 mqjl
2\ T \'T JaEeB)\ T
0 dr omy, mg,l
3(cE) </ T i ("2 ) } >

In the above calculation we have made use of Eq. (3.71) and the relation,

0K()(Z)
0z

= —Ki(2). (5.3)

In a similar manner, we obtain the expression for magnetization of gluons from

Eq. (3.62) as

_ Ty T dr 30mg (myl s mgl
E . N e’ I N i i
My = 22 — T, Mg > T U

g

By obtaining the magnetization using the above equations, we can go on to study

(5.4)

the pressure anisotropy of QGP in the presence of the magnetic field.

5.3 Pressure anisotropy

It has been known that the presence of the magnetic field breaks the O(3)
rotational symmetry resulting in a pressure anisotropy [138, 153-155]. There
have also been arguments suggesting that the total pressure is indeed isotropic

and the issue has been subject to some debate [156-158]. The scheme dependence
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of pressure anisotropy has been discussed [148, 159], where the authors have
distinguished between two schemes. The B—scheme, which corresponds to a
setup in which the magnetic field B is kept constant during the compression,
and the ®-scheme corresponding to a setup in which the magnetic flux is kept
constant during the compression. They showed that pressure anisotropy appears
only in the ®-scheme, i.e., PiB) = P®) and be) + P® where P and P denote
the transverse and longitudinal pressure respectively. They also showed that the
longitudinal pressure is scheme independent. Thus, P(®) = P() In the ® scheme

the longitudinal and transverse pressures were found to be related by,
Pr=P—eB- M. (5.5)

Using Egs. (3.61) and (5.2) the transverse pressure becomes,

(P?q _ngI;EZB) ;(—1)12]}2 — 0o;)

0 Tdr dmy, mg,l
‘mdﬂ(éf?m%arm%:r>>l .
for quarks, and

2
Pr), 3 mgl
B Sl () ()
Tdr ,0m, <m_gl>3 K, (m_l>
T, My or T T
0 Tdr ,0m, (myl\® mygl
Bmw)%ETaTGT>&CT>

() () ()

for gluons.
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5.4 Pure field contributions

So far we concentrated only on the contributions to the thermodynamic quantities
from quarks and gluons. The total pressure of magnetized QGP involves one
another contribution namely the pure field or Maxwell contribution [153, 158, 160
162]. These contributions are again different in the parallel and perpendicular
directions as the magnetic field breaks rotational symmetry. The total pressure

in the transverse direction is,

P%otal — PT 4 (PT)m
B2

The total pressure in the longitudinal direction is given by,

Ptotal — P+Pm
B2
=P- (5.9)

where, (Pr),, and P,, are the pure field contributions in the transverse and
longitudinal directions, respectively. Using these we can calculate the total

longitudinal and transverse pressures.

5.5 Longitudinal Debye screening mass

At the leading order, Debye screening mass parameterizes the dynamically gen-
erated screening of chromo-electric fields, due to the strong interactions of hot
QCD [163]. The ability of QGP to shield out the chromoelectric potential can
be measured in terms of the Debye screening length, which is the inverse of

the Debye mass (mp). Calculations of the higher-order contributions to the
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Debye screening [164, 165] are beyond the scope of this work. The presence of an
external magnetic field causes an anisotropy, and we study the Debye mass in

the longitudinal direction.

The conventional definition for Debye mass can be obtained either from the
small momentum limit of the gluon self energy [27, 166-169] or the semiclassical

transport theory [147, 170, 171].

5.5.1 Debye mass at zero magnetic field

In the zero magnetic field case, the Debye mass can be defined as [97, 147, 167],

k0
mp = —gn92/ Tf(wk), (5.10)

where f(wy) are the quasi-gluon, quasi-quark/antiquark distribution functions

with,

we = V/m(T)? + k2, (5.11)

and g, the degeneracy factor. In the self-consistent quasiparticle model, all the
medium effects are captured by the thermal masses of the quasiparticles m(T).

The distribution functions (in zero chemical potential) are,

1

— 5.12
el 1 (5.12)

1
folwr) = —55—» and, folwi) =

for gluons and quark/antiquark flavor f, respectively. Hereafter we shall drop the

flavor index on the quasiparticle mass and energies of quarks, to avoid cluttering.

The gluonic contribution to the Debye mass can be calculated using Eqs. (5.10),
(5.11), the first relation in Eq. (5.12), and g,, = 2N...
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We have,

D (0
Owy, F © Owg \ePor — 1

o~ B/ K2 +m3

_ (1 — k2+m3>2, (5.13)
Using Eq. (5.13) in Eq. (5.10),
Nc 2 o0 —ﬁ,/kQ—&-mg
m, = WfT /0 dk:k:2< ‘ (5.14)

1— e—ﬁ\/mf

Defining = K/T and making the substitution, z = m, /T sinh¢, and binomially

expanding the denominator, the above integral yields,

1 lmg 2 lmg
> (T) K <T)

=1

N.g*T?
m2Dg = 9—2 (5.15)

/0

The calculations are very similar to what we did in the last chapter and so we do

not repeat all the steps here.

At zero magnetic field, Eq. (5.10), with the quark distribution function in

Eq. (5.12), can also be written as,

mhy = n [ gyl ) L= )] (5.16)

With g, = 2 x 2 x N.(quark-antiquark, spin and color), and for a single quark

flavor,

4Nc 2 d3]€ —Bw/k2+mg
2 =2 /( ‘ (5.17)

m .
P T 27T)3 <1 + 65\/k2+m3.>2

The integral can be simplified by making the same substitutions as in the previous
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case and also expanding the denominator binomially. The algebra is straightfor-
ward and we get,

INLG2T? o (—1) [Imy\? !
m3, = —< Z( ) (mq) Kg(ﬂ). (5.18)

2 [2 T
=1

5.5.2 Debye mass at non-zero magnetic field

The gluon Debye mass is associated with the gluon and ghost loops contribution
to the gluon self-energy. In the presence of the magnetic field, the expression of
Debye mass for gluons remains the same as the magnetic field does not change
the ghost and gluon loops [89]. The expression for gluon Debye mass in the self-
consistent quasiparticle model also remains the same as Eq. (5.15). However, the
thermomagnetic mass of gluons, 'm,’, depends on the magnetic field through the
quark contribution to the gluon plasma frequency. The gluon plasma frequency
in Eq. (2.7) is defined in such a way that it approaches the corresponding values
in perturbative QCD (pQCD) at high temperatures, ensuring consistency. So
we can consider the dependence of the gluon Debye mass on the magnetic field,
through the quark plasma frequency, as a correction to the perturbative result

due to medium-effects caused by the strong interaction.

The debye mass for quarks is associated with the quark loop contribution
to the gluon self-energy. This changes in the presence of an external magnetic
field. The expression of Debye mass for quarks in the presence of the magnetic
field can be obtained by replacing the thermal masses by thermomagnetic masses,
changing the dispersion relation in accordance with Eq. (3.1) and modifying the

momentum integration according to Eq. (3.2) in Eq. (5.16). This gives [167],

eB | ¢* & > dk, < ~
b (eB) = LUZLE S g, [Tl (1= ). (519
=0
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where,

fowi,) = (5.20)

and,

wiz = /K2 +mg, (5.21)

where g; in Eq. (5.19) is the degeneracy of the j™ Landau level and is dependent
on the Landau level index j. Along with these and adding up the contributions

from all flavors, we get from Eq. (5.19),

0o — 24m?2.
) | greB | ¢ * dk, ¢ PV
Mpy = Z )2 Zgj T 2"
f j=0 70 (1 A w)

With g; = 2N, x (2 — dp;) [167], Eq. (5.22) simplifies to,

mp,(eB) = ch|qfeB|Z 112 (2 = do;)
=1 7=0

(“"Tq) K, <“”TQ> , (5.23)

5.6 Results and discussions

For all the calculations we make use of the thermomagnetic coupling Eq. (4.2).

The variation of magnetization with temperature for different strengths of
the magnetic field is plotted in Figure 5.1. We see that the magnetization has a
positive value for all values of temperature above T.. This shows that QGP has a

paramagnetic nature.

In Figure 5.2, we have plotted the variation of magnetization with the magnetic
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Figure 5.1: Magnetization for different strengths of the magnetic field as a function
of temperature.
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Figure 5.2: Magnetization for different temperatures as a function of the magnetic
field.
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field for different temperatures. It is seen that the magnetization increases with
the magnetic field. The behavior of magnetization of QGP, as seen in our work,
is qualitatively consistent with lattice QCD results [172] and with results from
HTL perturbation theory [89]. We have included HLLs, whereas, in [89] the LLL

approximation has been used.

In Figure 5.3, we have plotted the variation of transverse pressure with
temperature for different strengths of the magnetic field. In Figure 5.4, we
show the variation of transverse pressure with the magnetic field for different
temperatures. Since magnetization increases with temperature, the transverse
pressure tends to decrease with an increase in the magnetic field. This behavior,
too, is qualitatively consistent with the pQCD results [89], and the lattice QCD

results [148, 172].

Including the Maxwell contribution to the total pressure, we see that the
parallel or longitudinal pressure decreases and the transverse pressure increases
with increase in the magnetic field strength. The behavior of the total longitudinal
and transverse pressure is plotted in Figures 5.5 - 5.8. Figure 5.5 shows that for
a given magnetic field, the total longitudinal pressure increases with temperature.
Toward the lower values of temperature the value of total longitudinal pressure
is negative. Figure 5.6 shows that the total longitudinal pressure decreases and
becomes negative as the magnetic field strength is increased. The negative value
of total longitudinal pressure can produce instabilities to the system and this
aspect deserves to be studied carefully. The total transverse pressure ( Figure 5.8)

increases with increase in magnetic field and remains positive.

We study the screening effect in magnetized QGP using our model by calcu-
lating the Debye mass. At B = 0, the Debye mass increases with temperature.
We have plotted the variation of Debye mass with temperature for different

strengths of the magnetic field in Figure 5.9. The Debye screening mass variation

67



0.10
eB = 0.20 GeV?
~ V08 B =0.45 GeV?
>
[<P]
S 0.06
~
A
0.04}
0.02 : : : :
024 026 028 030 032 034

T (GeV)
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Figure 5.4: Transverse pressure for different temperatures as a function of magnetic
field.
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Figure 5.11: Contribution of quarks to the Debye mass plotted against the magnetic
field compared with pQCD result.

with the magnetic field is plotted for different temperatures in Figure 5.10. The
enhancement of Debye screening mass in the presence of external magnetic field
agrees with the findings using Lattice QCD simulations [165], and the results
using perturbative calculations [95, 101, 173]. Similar results are also obtained in

Ref. [147] and Ref. [167].

In Figure 5.11, we plot our result for the contribution of quarks to the Debye
mass along with the corresponding result from pQCD. The expression for the
debye mass of quarks obtained from the gluon self-energy tensor in the strong

magnetic field limit and with massless quarks [151, 152, 174], is,

2
mp

2
g
yoo Z | greB | . (5.24)
f

We have corrected for a factor of 2 overlooked in Ref. [151] as pointed out in [152].
We plot the quark Debye mass of Eq. (5.24) in Figure 5.11, after including the

appropriate degeneracy factor g, = 2N, [167]. We have used ¢ = 4ma,, with
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the thermomagnetic coupling «; given in Eq. (4.2). The plots are denoted as

pQCD’.

Along with the pQCD results in Figure 5.11, we have plotted the quark Debye
mass calculated using Eq. (5.23) in the LLL approximation and neglecting the
physical quark masses (mg = 0). The quasiparticles, however, are still massive

with masses depending on temperature and the magnetic field.

At T = 0.2GeV our results deviate from the pQCD results. The deviation is
expected because QGP is strongly interacting at these temperatures, and pQCD
may not be suitable. In our model, the strong interaction is taken into account
through the temperature and magnetic field dependence of the quasiparticle

masses.

The results from these different approaches match reasonably well at a higher
temperature of T' = 0.4GeV, as shown in the plot. The agreement shows that
our results approach the results obtained through a perturbative calculation
at high temperatures. The proportionality constants in Eq. (2.7) and (2.8) are
obtained by demanding that the expressions for plasma frequency approach the
corresponding pQCD results at high temperature. So the comparison plot shows

that our approach is consistent.

The expression for Debye mass of massive quarks in Ref. [151], after correcting

for the missing factor of 2 and multiplying by the degeneracy factor is,

BV k2+mg
2
1+ ePv kg*’"g)

N.g? > dk

2 c z
mh = S5 Y e |5 ( (5.25)
where, mg is the physical quark mass (we have dropped the flavor index for
convenience.) We note that Eq. (5.22), obtained from the self-consistent quasi-
particle model, reduces to Eq. (5.25) in the LLL approximation and when quarks

and gluons are considered as non-interacting (mg, = myg). Interacting quarks
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and gluons acquire thermomagnetic mass and stronger the interaction, more

significant the deviation from the ideal gas result.

5.7 Summary

QGP has a paramagnetic nature. The existence of a positive magnetization
causes anisotropy in pressure. The full QGP pressure (thermodynamic+ pure
field) shows that there may be an instability in the system at specific strengths
of the magnetic field and temperatures. This area deserves more study. The
study of screening properties of magnetized QGP reveals that the screening mass
increases in the presence of the magnetic field. The results from the extended
self-consistent quasiparticle model compare well with the corresponding pQCD

results at high temperatures.
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Chapter 6

The extended self-consistent
quasiparticle model at finite

chemical potential

6.1 Introduction

In the previous chapters, we studied the magnetized QGP at zero chemical
potential. We successfully extended the self-consistent quasiparticle model to
incorporate the magnetic field’s effect and studied both 2 flavor and (2+ 1) flavor
QGP using the extended model. In this chapter, we intend to generalize the
model further to include the effects of the chemical potential. The generalization
of the extended quasiparticle model to include the effects of chemical potential
will make it suitable in the context of strongly magnetized neutron stars and
magnetars [82-86]. The presence of magnetic field breaks the rotational symmetry.
The thermodynamic quantities we calculate are hence generally different in the
longitudinal and transverse directions. In this chapter we shall focus solely on

the longitudinal quantities without explicitly stating so.
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6.2 Thermomagnetic mass at finite chemical po-

tential

We can generalize the expression for plasma frequencies in the previous chapters
to introduce thermomagnetic mass that depends on chemical potential. Using

Egs. (3.2) and (3.1) n, and n; become in the presence of the magnetic field,

grqreB = o 1
Ng = (2 —50A)/ dk, — : (6.1)
(@) ; e G
and,
gf qf ¢B § |26 / " dk !
. 0; . — , (6.2)
=0 Y 2eVUFPH R g

where z = e°* is the fugacity.

The expression for plasma frequencies at non-zero chemical potentials was

given in Eq. (2.11). From Egs. (6.1) and (6.2) we get,

1 nq—an - 2ngf€B >
2( T )_ (27)2 Z

(2 — doy)

= ST 2 e, (6.3)
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where,

P _ 2039°9; | greB |

= 6.5

q (2m)? (6.5)
Using Eq. (6.4) with Eq. (2.6), we get,
e\t _ (Mo g\ e

(F2) = (5 +baFa) +BFE. (6.6)

Eq. (6.6) can now be substituted in Eq. (6.3) and solved for F, to obtain the

thermomagnetic mass at finite chemical potential using Eq. (6.6).

6.3 The QCD coupling

An essential ingredient to our model is the thermomagnetic coupling at finite
chemical potential. We use the one-loop running coupling constant that evolves

with both the momentum transfer and the magnetic field [143] as,

as(A?)

(A%, | eB |) = : —
1+ blOés(A )ln (m)

(6.7)

The one-loop running coupling in the absence of a magnetic field at the renor-

malization scale is given by,

1
T b In(A%/AZ )

as(A?) (6.8)

where, b = (11N, — 2N;) /127, and M S = .176GeV at a,(1.5GeV) = 0.326 for
N; =3.
For non-zero chemical potential, following [152] we need to choose different

renormalization scales for gluons, A = A,, and quarks A = A,. We choose
Ay =27T and A, = 27+\/T? + p?/m2.
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6.4 Number density and susceptibility

The net quark flavor number density is,

gr | greB | | QfeB kS Z 1 1
Nq 2 50] dk Wj (kz> - Wj (kz) 1 )
; +

zlem Tt 4+1 ze T

(6.9)

where, w;(k.)? = k2 + mgj. After some algebra, we have,

P = e a0 () () s (). 6

The number suceptibility is the measure of fluctuations in N, and can be obtained

from N,.

Xq = a_uq lu=0 - (6.11)

6.5 Energy density

The quark-contribution to the energy density of magnetized QGP at finite chemical

potential is given by,

_ grlareB| > Wi

3=0 B

The contribution from antiquarks is,

B |
_ dilage |Zz 50]/ R (6.13)

472 # ek 41
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The contribution from the quarks and antiquarks of a particular flavor can be

obtained by adding (6.12) and (6.13) to get,

29¢lqreB| T? <~ (=D | &
Ef:2—7r272l—2 2(2_50]')

1=0 §=0

(Bma,l) K1 (Bmg,l) + (Bmg,)” Ko (5mqu)] cosh (115) } (6.14)

The expression for the contribution from gluons remains the same as Eq. (3.46)
because gluons have chemical potential zero. The gluon energy density depends
on the quark chemical potential through the thermomagnetic mass of gluons,

which depends on the quark chemical potential.

6.6 Pressure

Following [123], we can find the pressure from the energy density by the relation,

P(T, B P(T,, B T — uN
( ) mu) (07 7:“)_+_/ dTS 1% q'

- 2
T, T

6.15
T T, (6.15)

The difference between the pressures at non-zero chemical potential and zero

chemical potential for quarks can be obtained by the relation,

I
AP = P(T, B, ) — P(T, B,0) / N,dp. (6.16)
0

6.7 Debye mass

The distribution function of quasiparticles in Eq. (5.20) becomes,

(6.17)
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for quarks, and

1
zePor 4+ 17

falwr) = (6.18)

for antiquarks. These expressions along with Eq. (5.16) gives the quark-antiquark

contribution, for B = 0,

m2, = 2Neg"T” i (D™ (lmq) Ks (lm ) cosh< ﬁ) . (6.19)

2 2 T T T
=1

In the presence of an external magnetic field, the distribution functions for quarks

and antiquarks become,

- 1
fq(wiz) = J ) (6.20)
zlePh 11

and

A 1
k) = —— (6.21)
zeP%%k: 41

Using these distribution functions in Eq. (5.19) and adding the contributions

from quarks and antiquarks, we get,

2 _ Cg Z|qfeB|Z llz 2_60j
=1 7=0
<ln;qj) K (h;qj) cosh (l%) : (6.22)
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Figure 6.1: The variation of scaled quark number density with temperature for
different combinations of y and eB
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Figure 6.2: The variation of scaled quark number density with magnetic field for
different chemical potentials.

81



20 N ---eB=0.5GeV?, u = 0.02GeV
N eeee (eB, p) = (0.3, 0.02)
1.5} *, \
RN (eB, p) = (0.5, 0.01)
SlTef S — (eB, ) =(0.3,001)
\\\\
0.5'\.".-...\\\~~
0.0 - - - —
020 022 024 026 028 030
T(GeV)

Figure 6.3: Variation of AP/T* with temperature for different strengths of the
magnetic field and chemical potentials

6.8 Results and discussions

For simplicity, we confine our calculations to the LLL approximation applicable
to the strong magnetic field ( 7' < /|qreB|). The expressions we have obtained,
however, are general and include the HLL effects too. Besides, the running

coupling we use is valid only in the LLL approximation.

We plot the scaled net Baryon number density, Eq. (6.10), in Figures 6.1 and
6.2. We see that the number-density increases with both the magnetic field and

chemical potential.

In Figures 6.3 and 6.4 we see the behavior of AP/T* as a function of the
temperature strength of the magnetic field respectively. As expected, the pressure
difference is enhanced as the chemical potential increases. The pressure also
increases with the magnetic field, which are in accordance with our previous

chapters’ results.

The quark number susceptibility is enhanced in the presence of both chemical
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potential and the magnetic field, as seen from Figures 6.5 and 6.6. The behavior of
the susceptibility obtained using our model is consistent with the results obtained
using holographic QCD [175].

From Figures 6.7 and 6.8, we see that the quark Debye mass increases with
both magnetic field and chemical potential. The change in the Debye mass with

chemical potential is small.

6.9 Summary

The generalization of the extended quasiparticle model facilitates the study of
magnetized QGP at finite densities. Such generalization allows us to calculate the
net baryon density, quark number susceptibility, and the pressure difference and
examine the variation of these quantities with the magnetic field and temperature.
The quark contribution to the Debye mass shows a small increase as the chemical

potential increases.
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Chapter 7

Conclusions and future plans

QGP, the state of matter believed to have existed shortly after the big bang,
has been successfully created in high energy collisions. It is known that a large
magnetic field is produced during off-central collisions involving charged particles.
A strong magnetic field is estimated to have existed right after the big bang
and in the interior of strongly magnetized neutron stars. The investigation of
the behavior of magnetized QGP is, therefore, of importance. The theoretical
tools used to study the QGP need modifications to incorporate the effects of the
external magnetic field, and much research has been going on in this area.

In this work, we have constructed a phenomenological model to study the
effect of the magnetic field on the QGP behavior. We adopted the quasiparticle
approach and considered magnetized QGP as a system of quasiparticles with
mass depending on both temperature and the magnetic field. Along with the
modification of thermal mass under the external magnetic field, we took into
account the quantization of momentum perpendicular to the magnetic field
direction. We found that the so-called self-consistent quasiparticle model is
particularly suitable to be generalized to incorporate the external magnetic field.
So, in chapter 2, we studied the self-consistent quasiparticle model with the

necessary details.
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In chapter 3, we have extended the self-consistent quasiparticle model for
hot QCD in the presence of the magnetic field to understand the behavior of
magnetized quark matter. The definition of thermal mass in the self-consistent
model can be modified to define the thermomagnetic mass of quasiparticles.
The thermodynamic quantities are evaluated by starting with the modified
momentum distributions and the energy dispersion relations. The modification
of these quantities has been brought about by incorporating relativistic Landau

levels.

In chapter 4 we studied the thermodynamics of both 2 and (2 + 1) flavor
magnetized QGP using the modified quasiparticle model. We examined the
behavior of energy density, pressure, entropy density and speed of sound in the
temperature range 170-400 MeV. To this end, we made use of two separate
parametrizations of the coupling constant that depends both on temperature
and the magnetic field. We found that the energy density, pressure, and entropy
density increase in the presence of the magnetic field as expected. Our results
are qualitatively consistent with the results obtained using other approaches,

including lattice QCD simulations.

The correct behavior of the equation of state shows that the self-consistent
quasiparticle model allows an extension to study the thermodynamics of QGP in

the presence of the magnetic field.

In chapter 5, we used the extended self-consistent quasiparticle model to study
the magnetic response, pressure anistropy, and screening properties of (2 + 1)-
flavor QGP. The magnetic response of QGP was investigated by our model, and
the variation of magnetization with temperature and the magnetic field examined.
We found that QGP has a paramagnetic nature. It has a small but positive
magnetization at all temperatures above the transition temperature. We also

noted that magnetization makes the system anisotropic, causing different pressures
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in directions parallel and perpendicular to the magnetic field. We evaluated the
transverse pressure and plotted its variation with both the magnetic field and
temperature. The equation of state and anisotropic pressure calculated here
can be used as an input for magnetohydrodynamic calculations and analysis of
the elliptic flow of QGP formed in heavy-ion collisions. We see that the total
longitudinal pressure (thermodynamic + pure field) becomes negative, indicating
instability in the system in this region. The full transverse pressure remains
positive and increases with the magnetic field in the range of the magnetic field
and temperatures considered in this work. Finally, we studied the screening
properties of magnetized QGP by examining the behavior of Debye screening
mass in the longitudinal direction. We saw that the screening mass increases with
the magnetic field. Our results showed the same qualitative behavior as those
obtained from Lattice QCD calculations and HTL perturbation theory approach
and those obtained using other phenomenological models. The quark contribution
to Debye mass as calculated and plotted using our model agrees reasonably well

with the corresponding results from perturbative QCD at high temperatures.

In Chapter 6, we further generalized our model to finite chemical potentials.
We studied the net quark-number density (n,), the pressure difference (AP), and
the number susceptibility (y,) at different temperatures, different values of the
magnetic field, and chemical potentials. We also examined the behavior of the
quark Debye mass using our generalized model. Our results are qualitatively

consistent with corresponding results obtained in other works.

We have seen that the extension of the self-consistent quasiparticle model
to include the effects of the magnetic field is quite successful. It provides a
phenomenological description of magnetized QGP and allows the study of the
thermodynamic and thermomagnetic properties of the de-confined QCD matter

in the presence of the magnetic field. The model is simple and is capable of
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incorporating the HLLs without any modification. The only missing ingredient is
a more reliable thermomagnetic coupling, which includes the effects of HLLs.
Our next interest is to predict results that can be quantitatively compared with
Lattice QCD and experimental results. The present results could be improved
and made quantitatively reliable with a two-loop order thermomagnetic coupling,
which also includes the contributions from HLLs. We like to apply our model to
study the transport coefficients of magnetized QGP with the equation of state
obtained using the extended self-consistent quasiparticle model. Yet another
potential area of investigation is the application of our model to the study of

strongly magnetized neutron stars and magnetars.
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Appendix A

The self-consistent quasiparticle

model

A.1 Calculation of quark thermal masses

Here we write down a general method to obtain the quark thermal masses, which

can be used for both massive and massless quarks. We start with the ansatz,

9y 0o ) 1
dkk* ————
T2 0 z‘lewk/T—}— 1’

where,

wy, = \/k? +m2.

113

(A.1)

(A.2)

(A.3)



Thus,

SR B

ny = S (A.4)
Tow fy M e

We need to remember that m, is dependent on n, and hence we have to solve

the above equation self consistently. The exact dependence of m, on ny, we will

substitute in the end. For now we continue with m,. with z = %, equation (A.4)
becomes, (z = 1 case)
2= 20y _ /00 dxx? ! (A.5)
T g T8y Vo (5
Now, put
2
r? = <%) sinh*t = do = % cosh tdt. (A.6)
Then,
> 2 m 1
2= [ (Z) sinb? 2 cosht—m——
/s /0 T ) sin T cos T
© 3 o0 TILq
= Z(—l)l_1 (%> / dt cosh tcosh® t — 1]~ cosht
=1 T 0
. 8 [ h3t —cosht] _;mg
_ Z(_1>l—1 <%) /0 dt |:COS 7 Cos :| e—chosht' (A7>
=1

Making use of the well known integral representation for the modified Bessell

function,

K,(2) :/o e~ cosh(vt)dt, (A.8)
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=y () B BT, (A9)

=1

This can be further simplified using the relation,

Ky (2) — Kyir(2) = — 2 K, (2), (A.10)

?q
Y () Ry, (A1)

A.1.1 Thermal mass for massless quarks

For massless quarks,

m? = 2m7, (A.12)
2 39 9Ny
ms = b.g T (A.13)
2 612 27y
my = 20,9" - (A.14)
With,
f2 B o2 ng
q gy T3’
Mg\2 2 2 G 4o
(F) =25
o722
o qufq
72 9f ;2 2
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So the thermal mass can be determined by solving the following equation self

consistently.

i )72 (20, f,)” Ks(120, 1) (A.16)

=1
A.1.2 Thermal mass for massive quarks

For massive quarks,

m = (mg +my)* +m} (A.17)
() - () ) w

The ansatz for my is,

n
mj = b(?QQTq. (A.19)

We have already defined,

27r Ng

= A2
fq gf T3 ( O)
g 272
= A.21
T 27T2f ( )
Novvm—bQngfT2
2=
my 2 e gf 2
(F) =tid 55,
72
:bqfq, (A.22)
where,
=9y A2
272 1 (A.23)
mg\? _ [mo 2 .
= (7)) = |7 +bqfq} +B2f2. (A.24)
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Substituting (A.24) in equation (A.11), the equation to be solved self consistently

in order to obtain quark mass becomes,
=S ([ ] i)

=1 2 o
K, (z{[%wqfq} +B§f§} ) (A.25)

A.2 Thermal mass for gluons

For Gluons we have,

2 27q
w = agg ? +ayg T
3
m2 = §w12,, (A.26)

So,

m —agg —= +

2= Say" (A.27)

wr = /k* +m2. (A.28)

Thus, the number density for gluons,

23 2Ty 32”_
9%d T

_ 99 [T e 1
ng_w/o Ak — 7 —

9 [ .0 1
= == dkk . A.29
21 Jo eT VK HGagg? f+3a2g? ( )

Now we redefine,

27?2 2°ng 5 Mg g

2 22”61_322992 a2 2
gg T3 —Jg T3_ f - f gfg' <A30)

g 2ggT3 29g22
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where,

3

=2 2 2
CLg 47T2ggagg ’

We already have, from equation (A.21),

g _ 9fF roq2

75~ glal
So,

3 5 9Ny 3229f22 —22

§aqgﬁ:2q922fT qa’
where

39

2 __ 2 9f

¢~ 992 qg
Thus,

o 1
ng :/ dr? .
0 eVoitagfi+agfi 4

Let’s make the substitution 2* = (@’ f; + a_ f7) sinh?®¢. Then,

de = (a2 f; + agfq?)% cosh tdt. So,

1

(A.31)

(A.32)

(A.33)

(A.34)

(A.35)

f= (C_szg2+c_b§f5)g/ dt cosh t sinh? ¢
0

1
6(&3;”34—&3,*3) 2 cosht

1

o0 e 1
= (a2 f2 + agf(?)g/ dt CoshtsinthZ:e_l(‘igfs?*aﬁfg)2 cosht
0

=1

= (a2 f2 + difj)% Z/ dt cosh t[cosh? t — 1]x
=170

e
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—l(&gfg—&-dgfg)? cosht‘

(A.36)



We shall use the notation fg, = a2 f2 + d2F?2, for simplicity. Thus,

qaq’

f2 3/22/ dt — coshte™ lfgq cosht_'_cosh?)te lfgq cosht)

o0

_ g ( L+ SR+ kfﬂf“ﬂ)

=1
Ksllfyd)]  Killfeq')
3/2 31°J9q
= f3 ;( T | Or,
(@5 fs + a2 f7)" &
4

o (Kg[l(a?,f§ e

=1

— Ky[l(af? + aflfj)l/Q]) . (A.37)

Solving this equation by using already obtained solution for f,, we can obtain f,

and hence my(T).

(o) =@ var (A.38)
A.3 Evaluation of a,,b,,q,

aq, by and a, are evaluated by demanding that the density dependent expressions
for wy,, ms approach the perturbative QCD result as T" — oco. The perturbative

QCD results are,

2T2

2_ 4
= A.
Wy, 13 (6+nf), (A.39)
and,
22
g°T
mj = 6 (A.40)
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where g is the QCD running coupling constant and ny is the number of flavors

with the same mass.

We have, for gluons,

1
e —1

fo(T — o0) = /000 dzz? = 2((3), (A.41)

where, x = k/T. We have used the integral representation for Riemann Zeta

function,

((x) = F(lx) /000 ;:m_ 1du, (A.42)

Similarly as T — oo we have for quarks,

fo(T — o0) = /000 dxz? 1 2n(3) = =((3). (A.43)

Here we have used the integral representation for eta function

n(s) = F(ls) /000 ef:__ 1dx, (A.44)

and the relation n(s) = (1 — 2079)((s). Thus, n(3) = 3((3).

Now, from equation (A.38) we have,

we = aggQT2 Jg ~fo+alg’T? 2gq2 Z, (A.45)

and from equation (A.22),
m} = 0T gq 12, (A.46)

Now, taking the limit 7" — oo in (A.46) and equating to the pQCD result in
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equation (A.40), we have,

3 g*T?
227 9q ° _ A4
T () = L (A.47)
or,
272
b2 = . A48
I 99q<(3) ( )
Thus
272
B¥=p=—"___ A4
9% 12¢(3) (A.49)
272
2
= —. A.
R NE) (4.50)

where we have used g, = 6ny. ny is the number of flavors with the same mass.

Similarly, equating the high temperature limit of equation (A.45) with equation

(A.39), we get,

§*T? 9 22 9q_ 3 _ g°T?
or, equating the contributions separately,
2T2
2 P18 99 o _9 A.52
I 20(3) = Lo, (4.52)
12 3 g*T?
2 22 _
Wugag 15355 (3) = 5 (A.53)
6 3 g*T?
2T2 = : A.54

121



From equation (A.52),(A.53) and (A.54) with g, = 16, we get,

2

N
7T2
s
a? = S1C03)" (A.57)

Thus, ag has the same value for all three quarks.

A.4 General expression for energy density using
quasi-particle model

The energy density can be written as,

g 2 127’Lf
= =L dkk A.58
cT o / ew /T 27r2 / /T + 1 ( )

-~

I

[~ 2 Wk
11_/0 AWK
W

— - 2
_/0 dkk ewr/T [1 — e=wi/T]

= Z/ dkk2wke’lw7ke’%k
1=0 70

=Y /0 dkkwie T (A.59)
=1

With wy, = \/k* + m2, we get,

& 00 /k2+m3
I = Z / dkk®\[k? +m2e T (A.60)
1=1 70
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Substituting = = k/T — dk = T'dx,

L=T" Z /OO dra®\] 22 + <%)2elv‘”2+("}g)2. (A.61)
=170

Put 2% = (%)2 sinh? ¢ then,

4 X [ mg
L=T" (%) Z/o dt cosh? ¢ sinh? e (77" cosht, (A.62)
I=1

Using the relation cosh ¢ sinh ¢ = sinh 2¢/2,

4 o o0 3 2 mg
L (%) Z/ " (smh2t> e_l(T)cosht
0 2
=1
mg>4 o0 Ood cosh4t — 1 ~1("24) cosht
t— T
(F)Y )

()" S5 [ e )] g
=1

~

S|

T4
4
T4
8

S|

We can now make use of the integral representation for modified Bessel function,
K,(z) = / e~ cosh(vt)dt, (A.64)
0

and I; becomes,

n= T ) S ) o (2)] o

=1

This can be further simplified using the recurrence relation,

K,(z) — K, (x) = 2:C—VK1,(:U). (A.66)
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Thus,

Kilz) — Ko(z) = gKg(:c)
= Ky(x) = gKg(l') + Ks(x)
= Ki(z) — Ko(x) = gxg(x) + Ky(z) — Ko(x)

We may further use the relation,

Kg(l‘) — Kl(l') = —KQ(CL’)

NSNS

= K3(z) = EKZ(SU) + Ky (z).
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(A.67)

(A.68)

(A.69)

(A.70)

(A.T1)



Thus the contribution to the total energy density from gluons

Now,

Following the same steps as in the previous case we end up with,

=S O ) () () (1)

=1

12n
g(T) = 27T2q12
C2n T SN (1)
92 Z 14

(5 ) 25" (5]

Thus the total energy density can be obtained as,

e(T) = &y(T) + eu(T) + a(T) + es(T).
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(A.72)

(A.73)

(A.74)

(A.75)

(A.76)

(A.77)



