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Part B

SECTION A

Answer all the questions.
Each question carries weightage 1.

Describe the general problem of mathematical programming.

Define convex and concave functions. Give examples for convex functions and concave functions.
Define the dual of a linear programming problem. Prove that dual of the dual is the primal problem.
Write the general form of a transportation problem.

Define cutting planes in integer programming.

Explain sensitivity analysis in linear programming.

For any feasible flow {x;},i=1,2, ..., m, in the graph, prove that the flow x,in the return arc is not
greater than the capacity of any cut in the graph.

Describe the various characteristics by which games can be classified.
(8 x 1 = 8 weightage)
SecTION B

Answer any two questions from each unit.
Each question carries weightage 2.

UnitI

Let K c E, be a convex set, X e K, and f(X) a convex function. If f(X) has a relative minimum,

then prove that it is also a global minimum.
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10. Let X eE, and let £ (X) = X'AX be a quadratic form. If f (X) is positive semidefinite, prove that

f X) is a convex function.
11. Solve graphically the linear programming problem :
Minimize z = x; + 3x,
subject to x; + x4 > 3
- xl + x2 <2
Xy — 2x2 <2
X > 0, X9 >0.

Unit 11

12. If the primal problem is feasible, prove that it has an unbounded optimum if and only if the dual

has no feasible solution, and vice versa.
13. Solve the following problem using dual simplex method:
Minimize 2x; + 3x,
subject to 2x; + 3x, < 30

X1 + 2x2 >10

x, 20,29 20.

14. Prove that the transportation problem has a triangular basis.

Unir 111
15. By cutting plane method :
Minimize 4x; + 5x,
subject to 3x; + x5 > 2

X +4x2 >5
3x1 +2x2 >7

%,, X, being non negative integers.

16. Describe the branch and bound methodin integer programming.

17. Describe the notion of dominance in game theory.

(6 x 2 = 12 weightage)
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SectiON C

Answer any two questions.
Each question carries weightage 5.

18. (a) Letf(X) be a convex differentible function defined in a convex domain K c E,. Then prove
that f (X,), X, €K, is a global minimum if and only if (X — X, ) V£ (Xo)20 forall XeK.
(b) Use simplex method to :
Maximize : 5x; — 3x, + 4xg

subject to constraints x; —xy <1

—3x; +2x9 +2x3 <1

4x; —x9 =1

Xg Xg > 0

and x,, unrestricted in sign.

19. (a) A caterer needs clean tablecovers every day for six days to meet a contract according to the

following schedule.
Days 1 2 3 4 5 6
Number of covers 50 60 80 70 90 100

The cost of a new cover is Rs 20 while washing charges are Re 1 for return on the fourth day
or later. Rs. 2 for return on the third day and Rs. 3 for the next day. Find the minimum cost
schedule for the purchase and washing of table covers, assuming that after the end of the
contract the covers are rejected.

(b) Solve the transportation problem for minimum cost starting with the degenerate solution
%9 = 30, 29; = 40, x39 = 20, x,53 = 60.

D, D, D

01 4 5 2 30

0, 4 1 3 40

0, 3 6 2 20

0, 2 3 7 60
40 50 60

Turn over
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20. (a) Solve the following integer linear programming problem :
Maximize ¢ (X)=3x; + 4x,
subject to 2x; + 4x, <13
—2x; +x9<2
22 +2x9 21
6x; —4xy <15
X, %9 > 0

x, and x, are integers.

(b) Define spanning tree of a graph. Describe an algorithm for finding the spanning tree of
minimum length of a graph.

21. (a) Letf(X,Y) be such that both max y miny f (X, Y) and miny maxy f {X, Y) exist. Then prove
that maxy miny f (X, Y) < minymaxy f (X, Y).

(b) Solve the game where the pay-off matrix is:

27

(2 x 5 = 10 weightage)
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MTH 2C 10—OPERATIONS RESEARCH
Part A
Multiple Choice Questions :

1. InaLinear Programming Problem, the constraints are :
(A) Linear. (B) Quadratic.
(C) Cubic. (D) Constants.

2. An e-nbdof x5 eR! is:
@A) {0} (B) (xg—€ %9 +€).

(C) (xo + €, Xo — E). (D) (— €, E).
3. The solution of maximize z = 2x + 3x,

subject to the constraints :
x +2x9 <10
X +x95 6
xl < 4
X, %9 > 0is
A 2,4. (B) 2,3.
) 2,5. (D) 2,9.

4. If Aisthe constraint co-efficient matrix associated with primal and B is the constraint co-efficient
matrix.associated with dual, then :

(A) B=AT. (B) B=A.
(C) B=AL (D) A=BL
5. The dual of dual problem is :
(A) The unsymmetric dual problem. (B) The unsymmetric primal problem.
(C) The dual problem. (D) The primal problem.
6. Atransportation problem is :
(A) Notan L.P.P. (B) AnL.P.P.
(C) A dual problem only (D) A primal problem only.



10.

11.

12.

13.

14.

3 C 84016

A system of n linear equtions Ax = b is called a triangular system if the matrix A is :

(A) Unit matrix. (B) Zero matrix.

(C) Diagonal matrix. (D) Triangular matrix.
The column co-efficients of the dual constraints are :
(A)  The co-efficients of the primal objective function.
(B)  The column co-efficients of the primal constraints.
(C) The row co-efficients of the primal constraints.
(D) None of the above.
An initial feasible solution to a T.P. is obtained by :
(A) Method of penalties. (B) North-west corner rule.
(C) Two-phase simplex method. (D) Big M method.

In the iteration of simplex method, if there are more than one negative Zj - Cj, then we may
choose.

(A) The most negative of them. (B) The largest of them.
(C) Any one of them. (D) ~None of the above.
If for every pair of vertices, there is a chain connecting the two, then the graph is said to be :
(A) Tree. (B) Arborescence.
(C) Cycle. (D) Connected .
Ifv o 1S a vertex of a graph, then the set formed by v, and all other vertices which are connected to
v, by chains, and the set of arcs connecting them, forms a ———— of the graph.
(A) Circuit. (B) Arborescence.
(C) Component. (D) Centre.

subset S c E,, in said to be convex if :

(A) For each pair of points x, y € S, the line segment joining «, y belongs to S.
(B) Sisclosed.
(C) Sisopen.
(D) Sisbounded
For any two points x and y in E , the set {A+(1-21)y0<2< 1} is called :
(A) The circle through x and y. (B) A parabola through x and y.
(C) A halfspace containing x andy. (D) Line segment joining the points x and y.

Turn over
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20.

In R3, {(x}, %y, x5) € R3, 12 + 252 + 232 < 1} is:

(A) Convex.
(C) A half space.

4

(B)
(D)

Concave.

Unbounded.

The intersection of a finite number of convex sets is :

(A) Concave.
(B) Convex.

(C) Sometimes concave and sometimes convex.

(D) Always unbounded.

Iff g2 < fg 2y < f©, 2y for all (y, z) in the neighborhood of (y,, z,), then the function
f(, 2) is said to have a ——— point at (y,, z,).

(A) Extreme.
(C) Boundary.
The function x2 + y2is :
(A) Negative definite.
(C) Always constant.
Spanning tree of a graph is :
(A) Unique.
(C) Notatree.
Cutting plane method is applied in :

(A) Transportation problem.

(C) Integer linear programming.

(B)
(D)

(B)
(D)

(B)
(D)

(B)
(D)

Accumulation.

Saddle.

Negative semidefinite.

Positive definite.

Infinite.

Not unique.

Game theory.

Flow problems.
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Part B

SEcCTION A

Answer all questions.
Each question carries 1 weightage.

1. Verify that the equation y" +y’ — xy =0 has a three-term recursion formula.

2. Find the general solution of the equation ( 2x? + 2x) ¥"+(1+5x) y'+ y =0 near its singular point
x=0.

3. If p,(x) denotes the n'* degree Legendre polynomial, then show that

P2n(0) = (~1)" 1-3..(2n-1)

2" . n!

4. Define gamma function and show that ]n +1=n! where n is a non-negative integer.

d
5. Show that —— [2d1 (x)]=x o (%)

6. Find the critical points of the system :

7. State Picard’s theorem.

Turn over
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8. Find the normal form of Bessel’s equation :

10.

11.

12.

13.

x? y”+xy'+(x2—p2)y=0.

(8 x 1 = 8 weightage)
SEcTION B

Answer any two questions from each of the following 3 units.
Each question carries 2 weightage.

UnitI
Show that tan x=x +%x3 + %xs +.... by solving the equation y! =1+ y%; y (0) = 0 in two

ways.

Determine the nature of the point x = for Bessel’s equation xy"+xy + (x2 - P2) y=0.

1
Show that I Pm (%) Pn(x)dx=0 if m=n, where p (n) denotes the nth degree Legendre
-1

Polynomial.
Unit I1
1, 0<x</? A
x é I (?"
If f(x)= /2 , x=% show that f (x)= Z m Jo (A,x), where the A,s are
n=1Apd1 \Np
0 y<xs1
’ 2 )

the positive zeros of Jj (x).

-2t

Show that (x et y= e4t) and (x =e “,y=-e" Zt) are two linearly independent solutions of

the system :

dx dy
—_—= 3 y ——=3 + v.
dr OV g Ty
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Determine the nature and stability properties of the system :

dx dy
—:4 —2 —_— = .
i x Y, o 5x +2y

Unir IIT

Show that if ¢ (x) <0, and u(x) in a non-trivial solution of " +¢q (x)u =0, then u (x) has at

most one zero.

Using the method of Lagrange multipliers, find the point on the plane ax + by +cz=d that is

nearest the origin.

Show that the solution of the initial value problem y'=f (x,y),y(xg)=y, are precisely the

x
continuous solutions of the integral equation ¥ (x) =Y + I f |:t, y(t)] dt.

%o

(6 x 2 = 12 weightage)
Section C

Answer any two questions.
Each question carries 5 weightage.

(a) Show that the equation Xy +ay'+ (x2 - 1) ¥ =0 has only one Frobenius series solution.

Then find it.

(b) Show that the solutions of the Legendre’s equation (1 - x2) y"—2xy'+n(n+1)y=0, where

n is a non-negative integer, bounded near x =1 are precisely constant multiples of the
polynomial F [- n,n+11, % (1- x):|

(a) State and prove Liapunov’s theorem.

(b) - Verify whether the origin (0, 0) is a stable critical point for the system :

dx 3 dy 2, .5
—=2xy+x°,—=—x"+9y".
ar Ty Y

Turn over
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Describe Picard’s method of successive approximations for solving the initial value problem

Y =f (%), 5(x)=2-

Apply Picard’s method to solve the initial value problem :

dy _ _
it y(0)=1.
&y, 2(0)=0.

Obtain Euler’s differential equation for an extremal.

Find the curve joining the points (x;, ¥;) and (xg, ¥2) that yields a surface of revolution of

minimum area when revolved about the x-axis.

(2 x 5 = 10 weightage)
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MTH 2C 09—ODE AND CALCULUS OF VARIATIONS

Part A
Multiple Choice Questions :

1. Which of the following are two independent solutions of the differential equation y! +y = 0.

(A) Cosx,sinx.
(C) Singx,e*.
2. Which of the following forms a basis of solutions

(A)  «2,43. B)

(C) x~ Y2 32

(D)

(B) Cosux,e*.
(D) e*, e™*.

of the differential equation y11 + 2yl +y = 0.

x V2 92

X

e*,sin x.

3. Which of the following pair of functions are linearly independent ?

(A) O, tanx (|x|< n/4).

2

(C) SinZ, sinx

(B) Inx, In x4

(D) Cosx,4cosx.

4. The general solution of the differential equation 4y!! + 4y -3y = O is :

(A)  y=Ae¥2 4+ Be™¥/2, (B)
(C) y=Ae** +Be ™. (D)
© n
5. The radius of convergence of the series n;();!' i
A) O. (B)
< 1. (D)

o0

y=Ae* +Be™*.

y=Asin x + B cos x.

S:

@,

1/nl.

n .
6. The radius of convergence of the series Zox is:

(A)
©

w-

Ya.
7. Solution of the differential equation y' = yis:

(A) y=sinx.

(C) y=tanlx.

B) O.
(D) 1.

(B) y=cosx.
D) y=¢€-.
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= P .
¥ =(1+x)" is a solution of the differential equation.

Ay + 2y, (B)
1__Dy
(0 4 1+ %)’ (D)
xF (1/2, Ve, %,xz) equals :
A (1+x)P. (B)
(C) e~ (D)
lim F d .
R _)1m°0 (a, b, a, b) equals:
A (1 +x)p . (B)
(C) Log (1+x). (D)
lim F|a,a, %, 5 equals.
2> 4a
A (1 +x)p . (B)
(C) Cosx. (D)
The nth Legendre polynomial is obtained from :
l-x
(A) F[— n,n,1, -~ ) (B)
1-x
©c) F (— n,n,0, —2—) (D)
The function E (x, y) = —18x8 — 12y*is :
(A) Positive definite. B)
(C) Positive semi definite. (D)

Two solutions of the equation y! +y =0 are :
(A) Sinzx, 2 sin x. (B)
(C) e* log x. (D)

y1+y=1.

yL+1+y2

Sin™" x.

Log (1+x).

Sin~ 1.

Sin x.

Sin-1x.

F (n, n,1, I—_xj
2

None of the these.

Negative definite.
None of these.

Sin x, e*.
e, 2e*.
Turn over
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15. Ify,(x) andy,(x) are two independent solutions of y!! + P (x) y' + Q (x) y = 0, then the zeros of these
functions are :

(A) Distinct and occur alternately. (B) Notdistinct.
(C) Orthogonal (D) None of the above.
16. Ifq (x) <0, and if U (x) is a nontrivial solution of u!! + q (x) u = 0, then,
(A) U (x) has exactly one zero. (B) U (x) has atleast one zero.
(C) U (x) has atmost one zero. (D) None of the above.
17. The equation in which an unknown function occurs under the integral sign is called :
(A) Differential equation. (B) Integral equation.
(C) Euler’s equation. (D) Reciprocal equation.
18. First approximation to the solution of the initial value problem y*= 2x (1 +y) withy (0) =0is:
(A) y,=1 B) y;=1+x.
(C) y,=x% D) y;=1+x%

19. Necessary conditions required for Picard’s theorem are :

@A f (x, y ) and % are continuous. (B) Only f (x, y) need to be continuous.

of

(c) Only 5 need to be continuous. (D) f (x,y) and % are piecewise continuous.

20. If‘y’ is missing from the function f (x, ¥ yl), then the Euler’s equation reduce to :

d(ef)_ alo |
(A) E{JJ—O. (B) dy[ayl) 0.

d (o) i(i)z
(C) —d—x(éﬂ_o' (D) e\ 22 0.
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MTH 2C 08—TOPOLOGY

Part A
Multiple Choice Questions :

1. If t; and t, are two topologies on non-empty set X, then is topological space.
(A) T N Tg. (B) T () Tg.-
(C) T \ Tg.

2. An indiscrete topology has only elements.
(A) 1. (B) 2.
) 3.

3. Which of the following is true for discrete topology on X ?
(A) The topology coincides with the power set P (X).
(B) Is stronger than usual topology on X.
(C) Neither of (A) and (B).
4. Suppose X is a finite set, then the coinfinite topology on X coincides with :
(A) Indiscrete topology. (B) Discrete topology.
(C) Neither of (A) and (B).

5. Let X be a set with cofinite topology and x, be a sequence in X. Then x, is convergent in X if and
only if :

(A) There is atmost one term in x, that repeats infinitely.
(B) x, only has finitely many distinct terms.
(C) x,is eventually constant.
6. A topological space is said to be second countable if :
(A) It has a countable base. (B) It has countable elements.
(C) It has a finite base.
7. Let X be a set and S is a family of subset of X and / be a topology on X generated by S. Then :

(A) Sis the base for/. (B) Sis the sub-base for /.

(C) Neither (A) nor (B) is true.
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A space is said to be second countable if and only if :
(A) It has countable elements. (B) It has countable sub-base.
(C) Either (A) or (B).

C 84014

Let X and Y be topological spaces. Under which condition a function f:X —Y is said to be

continuous :
(A) It and only if preimages of open sets are open.
(B) If open sets in X are mapped to open sets in Y.
(C) Ifclosed sets in X are mapped to closed sets in Y.
Which of the following about boundary of a set is true ?
(A) Boundary of a set is always closed.
(B) Boundary of the set is same as boundary of its complement.
(C) Both (A) and (B).
Let A be a subset of a space X. Then the boundary of A is defined as :

(A) AnXVA. (B) - An(X\A).

C) x\&.

Which of the following statements about continuous functions are true ?
(A) Inverse of continuous function is always continuous.
(B) Continuous functions is always one-one.
(C) Composition of continuous functions are continuous.

Which of the following statements about continuous functions are false ?
(A) Any function from a discrete space is continuous.
(B) Any function into an discrete space is continuous.
(C) Any function into an indiscrete space is continuous.

A subset A of a space X is said to be a Lindeloff subset of X if :
(A) Every cover of A by open subsets of X has a countable subcover.
(B) Every cover of A by open subsets of X has a finite subcover.

(C) There exists cover of A by open subsets of X which has countable subcover.

Turn over
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15. If f:X > Yis one-to-one and continuous and Y is Hausdorff, then X is necessarily Hausdorff ?
(A) True. (B) False.
(C) Need not be.
16. Which the following statements are True ?
(A) InaT, space, limits of sequences are unique.
(B) Every T,space is metrisable.
(C) The real line with the semi-open interval topology is T,.
17. A space X is said to be regular if :

(A) Every two mutually disjoint closed subsets can be separated from each other by disjoint
open sets.

(B) Every point can be separated from every closed subset not containing it by disjoint open
sets.

(C) Every distinct points can be separated from each other by disjoint open sets.

18. Let/be the topology on R whose members are ¢, R and ail sets of the form (a, oo) fora e R. Then
(R,)/1is:
(A) Regular but not normal. (B) Normal but not regular.
(C) Both regular and normal.
19. Which of the following statement is False ?
(A) Normality imply complete regularity.
(B) T, space is Tychonoff.

(C) Every completely regular space is regular.

20. If finitely many points (more than one) are moved from the set S= {(x, y):x2+y?t=1, } then the
resulting set is connected :
(A) True. (B) False.

(C) Cant say.
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Part B
SECTION A

Answer all the questions.
Each question has weightage 1.

Prove that for the usual metric on the real line, an open r-ball is an open interval of length 2r.
Define base for a topology. Can the same topology have more than one base ? Justify your claim.

Define closure of a subset of a topological space. Prove that closure of a set of a topological space is
a closed subset of the topological space.

When do we say that a topological property is divisible ? Prove that the property of being a descrete
space is divisible.

Define Lebesgue number. State the result which guarantees the existence of such a number for
an open cover for a compact metric space.

If the topological space X is connected, then prove that X cannot be written as the disjoint union of
two non-empty closed sets.

Suppose y is an accumulation point of a subset A of a T; space X. Then prove that every
neighbourhood of y contains infinitely many points of A.

Define pointwise convergence and uniform convergence of sequence of functions on a topological
space. Show that uniform convergence implies pointwise convergence.

(8 x 1 = 8 weightage)
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SeEcTIiON B

Answer any two questions from each unit.
Each question has weightage 2.

Unit I

Define semi open interval topology on the set of real numbers. Show that semi open interval
topology is stronger than the usual topology on the set of real numbers.

Prove that if a space is second countable, then eyery open cover of it has a countable subcover.

Define derived set of a subset of a topological space. If for any set A, A and A’ denote respectively

the closure and derived sets of A, then prove that A=A UA’.

Unit IT

Prove that every open surjective map is a quotient map.
Prove that every second countable space is separable.
Prove that every quotient space of a locally connected space is locally connected.

Unit IT1
Prove that in a Hausdorff space, limits of sequences are unique.
Prove that every compact Hausdorff space is T,.
Prove that all T, spaces are Tychonoff.

(6 x 2 = 12 weightage)
SectioN C

Answer any two questions.
Each question has weightage 5.

(a) Prove that metrisability is a hereditary property.
(b) Let (X, ) be a topological space and & — t. Then prove that B is a base for t if and only if for
any x € X and any open set G containing x, there exists Be & such that x e Band B G.

(a) Prove that every continuous real valued function on a compact space is bounded and attains

its extrema.

(b) Prove that every closed and bounded interval is compact.
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(a) Let X be a completely regular space . Suppose F is a compact subset of X, C is a closed subset
of X and F N C =¢. Then prove that there exists a continuous function from X into the unit

interval which takes the value 0 at all points of F and the value 1 at all points of C.

(b) Suppose P is a decomposition of a space X each of whose members is compact and suppose the
projection p:X — 2 is closed. Prove that the quotient space 2 is Hausdorff or regular according

as X is Hausdorff or regular.

Abe a closed subset of a normal space X and suppose f : A — [~ 1, 1] is a continuous function. Then

prove that there exists a continuous function F:X —[-1,1]such that F (x)=f (x) for all x € A.

(2 x 5 = 10 weightage)
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MTH 2C 07—REAL ANALYSIS—II

Part A
Multiple Choice Questions :

1. IfXis aset, which one of the following is the smallest o-algebra of sub-sets of X ?
4 {8,X]}. B) {6}.
©) {X}. (D) None of the above options.

2. IfXisasetand .4 isan algebra of subsets of X, then which one of the following is true ?
A) P(X) cAc{e,X}. (B) Ac?P(X)c {6,X}

(C) Ac{6,X}cP(X). (D) {8, X}c AcP(X).
3. Which one of the following statements is true ?

(A) Outer measure of a singleton set is 1.

(B) Outer measure of a singleton set is 0.

(C) Outer measure of a countable set is .

(D) Outer measure of a finite set is the number of elements in the set.
4. AsetE is said to be measurable if

(A) For eachset A, m*(A)=m* (A N E) + m*(A N EC).

(B) For each set A, m*(A) > m* (A N E) + m*(A n EC),

(C) For each set A, m*(A) <m* (A N E) + m*(A n EC),

(D) m*A)=m* (A N E)+m*A 0 EC) for some A.
5. Which one of the following is true ?

(A) The empty set is not measurable.

(B) The set of real numbers is not measurable.

(C) IfasetA is measurable then its complement AC is not measurable.

(D) IfasetA is measurable then its complement AC is measurable.
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6. Let Abe any set, and {E, ....... E,} be a disjoint collection of measurable sets. Then

(A) m*(An[ULl D Y m*(ANEy).
(B) m*(Am[U:=1EkD>Z'L=1m*(AmEk).
(

(C) m*

AnlU;_ E D Y m*(ANE,).

(D) m*(Aﬁ[ULlEkD Y m*(ANE,).

7. If A is ac-algebra of subsets of R, then which one of the following is not true ?
(A) ReA.
(B) A isclosed with respect to the formation of complements.

(C) A isclosed with respect to the formation of countable intersections.

(D) A is not closed with respect to the formation of countable unions.

8. Let {F,, }i _1 be a descending countable collection of non-empty closed sets of real numbers for

which F; is bounded. Then ———

(A) r_]an=F1- (B) ﬂan={0}-
© [1Fn=0 @ [(F.?8

Turn over
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9. An extended real valued function f defined on a set E is said to be Lebesgue measurable
if —

(A) Provided its domain E is measurable and if for each extended real number c, the set

{xeE:f (x)=c} has measure 0.

(B) Provided its domain E is measurable and if for each extended real number c, the set

{xeE:f (x)=c} is measurable.

(C) Provided its domain E is measurable and if for each extended real number c, the set

{x eE:f(x)= c} has measure 1.

(D) None of the above options.

b
10. Iflower Riemann integral of fover [a, b] is denoted by (R) I f’ and upper Riemann integral of
—-a

-b
fover [a, b] is denoted by (R) J‘ f then which one of the following is true ?
a b

@ (B[ F=(R) f; f. ®) (R) f f2(R) f f
© ®[r<®) ], o ®F>®) ], f

11. For the step function V¥ defined on [a. b], corresponding to the partition P= {x, x; .... x,} of [a, b]
and numbers ¢, .... ¢, such that for 1<i<n.
\Il(x)=ci ifxi_1<x<xi,

the upper Darboux sum for ¥ with respect to the partition P is given by

(A) U(\V,P)= Zci (xi -x,:_l). B) U(\V)P)=Zcixi.
i=1 i=1



12.

13.

14.

E to: n
(A) f=1onE. (B) f=050nE.
(C) f=0.0250nE. (D) None of the above options.

Let the non-negative function f be integrable over E. Then
(A) fisfinite a.e.on E. (B) fisOa.e.onE.
(C) fisconstant a.e.on E. (D) None of the above options.

For an extended real-valued function f on E, positive part f* of f is given by

(A) f*(x)=max {—f(x),O} for all x e E.
(B) f*(x)=max {f (x),O} forallx e E.
) f* (x)=—max{f(x),O}foraller.

(D) f*(x)=min {f (%), 0} for all x € E.

15. For an extended real-valued function f on E, negative part f~ of f is given by

(A) f~(x)=min {f(x),O} for all x e E.
(B) [~ (x)=max {f(x),O} for all x €E.
(C)- f~ (x)=min {— f(x), 0} forall x €E.

D) f~(x)=max{-f(x),0}forall xcE.

C 84013

Let E = (0.1] and for a natural number n define f, =n - x(o 1 J Then {f,} converges pointwise on

Turn over
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16. Letfbe integrable over E. If {E, }:= , isan ascending countable collection of measurable subsets

of E,then —— —
[ f=1lim [ f [ f<im [f
) U;:lEn n_MoE" (B) Uz=1En nﬂwE"
[ f>lim [ F.
© US 1B, "T7E, (D) None of the above options.

17. The divided difference function Diff, f on [a, b] is defined by ———

h

(A) Diffyf (x)= )

(B) Diffyf (x) =

© Difyr ()= LE=RIE) o) gL KA )

18. For a real-valued function f and an interior point x of its domain, the lower derivative of fatxis
defined by —.

. t .|.f
(a) Df(x)=lim inty g n Lot DT =)
; _- flx+t)+f(x i
(B) Df(x)=hhino me°<|45h_(x_§)t__(—) )

f+n)-1 ()]
2t

(C) Df(x)= lim i'nf0<|t|Sh

’ +0)=f(x)
(D) Df(x)=lim inf0<lt|5hf(x ) .
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19. Let f be an increasing function on the closed, bounded interval [, b]. The for eacha >0,

@ m*{ze(@b)pf(x)2a)> L [r ()£ (0)]
®) m*{xe(@b)[Dr (x)2 o}z L[ (5)-£ (o))
© m*{xe(a,b)\l—)f(x)Za}=%-[f(b)—f(a)].

D) m*{xe(a,b)[Df (x)2a}<=[f(b)-f(a)]-

Q|+

20. If the function fis monotone on the open interval (a, b), then it is

(A) Differentiable at rational points in (a, b).
(B) Differentiable on (a, b).
(C) Differentiable almost everywhere on (a, b).

(D) Differentiable at irrational points in (e, b).
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SECTION A

Answer all questions.
Each question carries a weightage of 1.

1. Show that if m*(A) = 0, then m* (A UB) = m* (B) for any set B.

2. If (A4}, _1 is an ascending collection of measurable sets, then prove that :

=]
A, |=1 A).
m [kgl k] kl_fjlo m( k)
3. Prove that a real-valued function that is continuous on its measurable domain is measurable.

4. Let {Ei};:lbe a finite collection of measurable subsets of a set of finite measure E.

If =2X7_; a; - xg; on E, where g, is a real number for 1<i<n, then prove that :

5. Letfbe a measurable function on E. Provethat f* and f~ are integrable over E if and only if |f|

is integrable over E.
6. Assume E has finite measure. Let { f, } be a sequence of measurable functions on E that converge

pointwise a.e. on E to fand fis finite a.e. on E. Prove that { f, } - f in measure on E.

Turn over
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7. Let f and g be real-valued functions on (a, ). Show that, on (éz, b),

D(f +g)<Df +Dg.

8. Show that the sum of two absolutely continuous functions is again an absolutely continuous

10.

11.

12.

13.

14.

15.

16.

17.

function.
(8 x 1 = 8 weightage)

SEcTION B

Answer any six questions by choosing two questions from each unit.
Each question carries a weightage of 2.

Unit1
Show that the union of a countable collection of measurable sets is measurable.
Prove that the Lebesgue measure is countably additive.

Suppose that f and g are real-valued functions defined on all of R, f is measurable and g is

continuous. Is the composition f o g necessarily measurable ? Justify your answer.
Unit II
Let fbe a non-negative measurable functions on E. Prove that fgf =0 if and only if f=0 a.e. on
E.
Let fand g be integrable over E. Prove that

.[ (F+g)= IEf+IE

Let f be a bounded function on a set of finite measure E. If f is Lebesgue integrable over E, then
prove that fis measurable.

Unir III

Let fbe a monotone function on the open interval (a, b). Prove that fis continuous except possibly
at a countable number of points in (a, b).

Prove that a function f on a closed bounded interval [a, b] is absolutely continuous on [a, b] if and
only if it is an indefinite integral over [a, b].

State and prove Riesz-Fischer theorem.

(6 x 2 = 12 weightage)
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SectioN C

Answer any two questions.
Each question carries a weightage of 5.

18. Provethat the collection of measurable sets is a 5-algebra that contains the c-algebra of Borel sets.
19. (a) State and prove the Bounded Convergence theorem.

(b) Let f be a measurable function on E. Suppose there is a non-negative function g that is
integrable over E and dominates fin the sense that :

|fl<g

on E. Prove that fis integrable over E and

|[of|< Telfl

20. (a) Let fbe integrable over E and g be a bounded measurable function on E. Show that f. g is

integrable over E.

(b) State and prove the Vitali Covering Lemma.

21. Let the function f be continuous on the closed bounded interval [a, b]. Prove that f is absolutely
continuous on [a, b] if and only if the family of divided difference functions {Dif f,f} o . ), <1

is uniformly integrable over [a, b].

(2 x 5 = 10 weightage)
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SECTION A

Answer all questions.
Each question carries 1 weightage.

1. Show thatZ x {0} is a prime ideal of Z x Z.

2. Let E be an extension field of a finite field F, where F has q elements. Let o € E be algebraic over

F of degree n. Prove that F (a) has g" elements.

3. Show that a finite extension field E of a field F is an algebraic extension of F.

4. Show that the map G:Q(\/-Z_)—)Q (J_z') defined by (a+bJ§)=a—bJ§ for a,beQ is an

automorphism and determine the field fixed by o.

5. Prove that if E is an algebraic extension of a perfect field F, then E is perfect.

6. Find the degree over Q of the splitting field over Q of the polynomial x® —1 in Q [x].
7. Find ¢g(x) over Z,.

8. Show that x5 — 2 is solvable by radicals over Q.

(8 x 1 = 8 weightage)

Turn over
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11.

12.

13.

14.

15.

16.

17.

2 C 84012

SEecTtioN B

Answer any two questions from each of the following 3 units.
Each question carries 2 weightage.

Unir I
Show that if F is a field, then every ideal in F [] is principal.

Let E be an algebraic extension of a field F. Show that there exist a finite number of elements

ay,....a, in E such that E=F (ay, ..., a, ) iff E is a finite extension of F.

Find the degree and a basis for the field extension Q (\/5, V3,418 ) over Q.

Unir 11

Show that a finite field of p™ elements exists for every prime power p”.

Let E be a field, and let F be a sub-field of E show that the set G (E/F) of all automorphisms of E
leaving F fixed forms a subgroup of all automorphisms of E and that F <E; (E/F)-

Show that if E is a finite extension of F, then E is separable over F iff each o in E is separable
over F.

Unir III

Let sy,...,s, be the elementary symmetric functions in the indeterminates y,, y,, ..., y,. Show

that every symmetric function of y, ...., y, over Fis arational function of the elementary symmetric

functions.
Describe the group of the polynomial (x4 - 1) €Q[x]over Q.

Show that the Galois group of the nth cyclotomic extension of Q has ¢ (n) elements.

(6 x 2 = 12 weightage)



18. (A)
(b)
19. (a)
(b)
20. (a)
(b)

3 C 84012

Secrion C
Answer any two questions.
Each question carries 5 weightage.

Let R be a commutative ring with unity. Show that an ideal M is a maximal ideal of R iff %’I
is a field.

Q]

e <x2 - 6x +6>

a field ? Justify your answer.

Let E be an extension field of F, and let o € E, where o is algebraic over F. Then :
(i) Show that there is an irreducible polynomial p(x)eF [x] such that p(a)=0.

(i) Show that this irreducible polynomial p (x) is uniquely determined upto a constant

factor in F and is a polynomial of minimal degree > 1 in F[x] having o as a zero.

(iii) Show thatif f (a)=0 for f(x)eF[x], with f(x)=0, then p(x) divides f ().
Show that the field C of complex numbers is algebraically closed.
Let F be a field, and let o and B be algebraic over F with degree (o, F) =n. Show that the

map Vg g :F(a) > F(B) defined by :

Yo, p (co + 00+ e+ Cy_q a"'1)=c0+c1 B+..+c,_ " !

for ¢; € F is an isomorphism of F (o) onto F (B) iff o and B are cojugate over F.

Let f(x)eR[n]. Show that if f(a+bi)=0 for (a+bi)eC, where a,becR, then
f(a-bi)=0.

Turn over
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21. (a) LetFbe afield of characteristic 0, and let a € F. Show that if K is the splitting field of x" — a

over F, then G (K/F) is a solvable group.

(b) Verify whether the splitting field of x17 — 5 over Q has a solvable Galois group.

(2 x 5 = 10 weightage)
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Part A
Multiple Choice Questions :
1. Which of the following is a not a group ?
A (R,+). ®B) (Z,-).
(©) (R%) D) (Q%))
2. {L,i,-4,-1} is—
(A) Semigroup. (B) Subgroup.
(C) Cyeclic Group. (D) Abelian group.
3. Every group of order 4 is :
(A) Cpyeclic. (B) Abelian.
(C) Non-abelian. (D) None of the above.
4. Which of the following is not a Field ?
A) Z,. B) Z,.
C) Z,. (D) Z,.
5. Which of the following ring is of Characteristic zero ?
A Z,. B) Z,.
(C) R. (D) Z,.

6. Which of the following is not a Prime Ideal of Z ?
(A) 5Z. (B) Z,.
(C) 3Z. (D) 2Z.
7. Which of the following is a prime field ?
(A) Z. (B) R.
© Q (D) C.
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. Which of the following is an example of Transcendental number ?

10.

11.

12.

13.

14.

15.

A) 2. (B) =

(C) 1. (D) 2.
Number of ideals of a Field is :

(A) 0. (B) 2.

©) 1. (D) 3.
Which of these are not constructible numbers ?

(A)  Jo. (B) m

©) 3. (D) 4.
Find generator of Z*;.

(A) 2. (B) 4.

(C) 5. o 3.

Select the number which is not an element of Q («/5 ) :

A) 1. (B). 4.
©) 3. (D) 2.

Let E is Q(v3,V7) and Fis Q. Then index of E over F is ;

(A) 2. B) 3.
C) 4. (D) 1.

Find splitting of x2 —1 over Q:

@) Qi3 ). B Q(&).

©-Q(v2). (D) R.
Which of the following is a Fermat Prime ?

(A) 2. (B) 6.

(C) 5. (D) 8.

Turn over



16.

17.

18.

19.

20.

4

Which of the following is a not a cyclic group ?
(A) Z3xZg. B)

() ZyxZy. (D)

Find the number of subgroups of S; of order 2 :

A) 2. (B)
©) 3. (D)

Find number of proper normal subgroups of Z

A) 2. (B)
(c) 3. (D)

Number of elements in S is:

A nl. (B)

(C) n. (D)
Number of zero divisors of Q is :

A 1. (B)

) 2. (D)

C 84012

Z3 XZ2.

Z3 X Z5.
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Answer all questions.
Each question carries 2 marks.

1. Let A be a linear transformation from the vector space R" to the vector space R™. Prove that

| A [ <o
2. Let fand g be differentiable real functions in g3 Prove that

V(fe)=fVeg+gVf,

3

where (V (fz)) (x)e; = Zl (D; (2)) (x)ej» j=1,2,3....

3. Show that the curve
y(t)= (cos3 ¢ cos3t, cos® ¢ sin 3t), telR

is a closed curve which has exactly one self intersection.

4. Is y(t)= (¢, cosht) regular for all e R ? Justify your answer.

5. Find the equation of the tangent plane of the surface patch o (u,v)= (u, v, u? —v? ) at(1,1,0).

6. IfSisasurface and peS, then prove that the derivative at p of the identity map S — S is the

identity map TS — TS, where TS is the tangent space of Satp . Ta
rn over



10.

11.

12.

13.

14.

15.

2 C 83523

Calculate the Gauss map ¥ of the paraboloid S with equation z = %%+ yz.
Prove that mean curvature of a surface S is a smooth function on S.
(8 x 2 = 16 marks)
Part B
Answer any four questions.
Each question carries 4 marks.
Prove that the set of all invertible linear operators on a vector space g» is an open subset of the set

of all linear operators on a vector space g»

If the tangent vector of a parametrized curve is constant, then prove that the image of the curve is
a part of the straight line.

Verify the Frenet-Serret equations for the curve r @®)= (% cost,1-sint, - % cos t),

Let S; and S, be surfaces and let f:S; — S, be a diffeomorphism. If o,is an allowable surface

patch on S;, then prove that f oo, is an allowable surface patch on S,

Show that the Weingarten map changes sign when the orientation of the surface changes.

Find the principal curvature of the helicoid o (u, v) = (v cosu, vsinu, Au), where A is a constant.
(4 x 4 = 16 marks)

Part C

Answer A or B of the following questions.
Each question carries 12 marks.

Unitr 1

A (a) Let X be vector space and letdim X = n. Prove that a set E of n vectors spans X if and only
if E is independent.

(b) IfXis a complete metric space and if ¢ is a contraction of X into X, then prove that there

exists one and only one x € X such that ¢ (x) =x.
B (a) Let X be vector space with dimension n. Prove that every basis of X consists of n vectors.
(b) Let A be a linear transformation from R™*" toR" and let A, : R® — R" defined by

A, (k)=A (h,0), he R",0eR™ bealinear transformation. If A, is invertible, then prove
that A (&, k) = 0 can be solved for 4 if k is given.



16. A (a)

(b)

B (a)

(b)

17. A (a)

(b)

B (a)

(b)

18. A (a)

(b)

3 C 83523

Unit 11

If v (t) is a regular curve, then prove that its arc-length s, starting at any point of y, is a

smooth function of z.

Show that the total signed curvature of a closed plane curve is an integer multiple of 2x.
Let k:(a,B)— Rbe any smooth function with a,BeR and a <p. Prove that there is a

unit-speed curve k: (o, p) —> R? whose signed curvature is k.

Let y be a unit-speed curve in R3 with constant curvature and zero torsion. Prove that y

is a parametrization of a circle.

Unir 111

Prove that the unit cylinder
S ={(x, ¥, z)e]R3 %+ y? =1}

is a smooth surface.

Prove that unit circle is a smooth surface.

If S;,S, and S3 are surfaces and f; :S; - Sy and f; : Sy — S3 are smooth maps, then prove

that for all pe Sy,

D, (f2 ° f1) =Dy, (p)f2 ° Dphr-

Prove that Moébius band is not an orientable surface.

Unir IV

Let p be a point of a surface S, let 6 (&, v) be a surface patch of S with p in its image and let

L du? + 2M dudv + N dv? be the second fundamental form of o. Prove that for any
v,we TS,
(v,w)=L du (v)du (w) + M (du (v) dv (w) + du (w) dv (v)) + N dv (v) dv (w).

Prove that the Gaussian curvature of a ruled surface is negative or zero.

Turn over
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B (a) With usual notations prove that the Gaussian curvature is

1 - LG - 2MF + NE
- 2(EG-F2)

(b) Ifp is a point of a surface S, then prove that there is an orthonormal basis of the tangent
plane TPS consisting of principal vectors.

(4 x 12 = 48 marks)
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10.

Part A

Answer all the questions.
Each question carries 2 marks.

Give an example of a Hausdorff topology on the set X = {a, b, c}.

Define d on R? by the rule d ((xl, x2), (y1, y2)) = max {|x1 = |x2 - yzl}. Describe the open balls
in this space. ‘

Prove that in a topological space, the closure of the closure of a set is same as the closure of the set.
Discuss the lifting problem in continuous functions.

Prove that the property of being a discrete space is divisible.

If the topological space X is connected, then prove that X cannot be written as the disjoint union of
two non-empty closed sets.

Suppose y is an accumulation point of a subset A of a T, space X. Then prove that every
neighbourhood of y contains infinitely many points of A.

Prove that the intersection of any family of boxes is a box.
(8 x 2 = 16 marks)
Part B

Answer any four questions.
Each question carries 4 marks.

Prove that in a topological space, the family of all closed sets has the property that it is closed

under finite unions.

Prove that the usual topology on the Euclidean plane R? is strictly weaker than the topology
induced by lexicographic ordering.

Turn over



11.

12.

13.

14.

15.

16.
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Prove that every open surjective map is a quotient map.

Prove that every separable space satisfies the countable chain condition.

Prove that a topological space X is T, space if and only if for any x € X, the singleton set {x} is
closed.

Prove that every T space is a T, space.
(4 x 4 = 16 marks)
Part C

Answer either (A) or (B) part of the following questions.
Each question carries 12 marks.

(A) (a) Prove that in the co-countable topology, the only convergent sequences are those which
are eventually constant.

(b) Determine the topology induced by the discrete metric on a set.

(B) (a) Ifaspaceis second countable, prove that every open cover of it has a countable subcover.

(b) Let (X,7) be a topological space and B C 7. Then prove that B is a base for 7 if and

only if for any x € X and any open G containing x, there exists B € B such that xeB

and BcG.

(A) (a) Let (X,7) be atopological space and C be the family of all closed subsets of X. Prove or
disprove that C is the complement of 7 in P (X), the set of all subsets of X.

(b) Define dense subset of a topological space. State and prove a necessary and sufficient
condition for a set to be dense.

(B) LetXand Y be two topological spaces and f : X — Y be a function and x; € X . Prove that the
following are equivalent :

(i) fis continuous at x,.

(ii) The inverse image (under f) of every neighbourhood of f (x,) in Y is a neighbourhood
of x, in X.

(iii) For every subset A c X, xq € A, implies f (xy) € f (A).



17. (A) (a)

(b)
(B) (a)

(b)
18. (A) (a)
(b)

(B) (a)
(b)

3 C 83522

Prove that the product topology is the weak topology determined by the projection
functions.

Prove that every closed surjective map is a quotient map.
Let f:X — Y be a continuous surjective map. Then prove that if X is connected, so is'Y.

Prove that every closed and bounded interval is compact.
Prove that in a Hausdorff space, limits of sequences are unique.

Distinguish between regular topological spaces and completely regular topological spaces.
Prove that every completely regular space is regular.

For any sets Y, I and J, with usual notations, prove that (Y)) = Y1 *J, upto a bijection.

Prove that if the topological product of an indexed family of topological spaces is
non-empty, then each co-ordinate space is embeddable in it.

(4 x 12 = 48 marks)
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Part A

Answer all questions.
Each question carries 2 marks.

1. Show that f (x,y)= xy? satisfies a Lipschitz condition on the rectangle -1<x<2and1<y<2.

2. Show that x =1 is a regular singular point of the equation x3 (x-1)y"-2(x-1)y' +3xy=0.
3. Show that F'(a,b,c,x)=a—bF(a+1,b+1,c+1,x).
c

4. Provethat [xPJ,_;(x)dx=2PJ, (x)+c.
5. Describe the phase portrait of the system :

dx . dy _9

-—:1 —_—=

dt T dt

6. Show that a function of the form ax® + bx2y + cxy® + dy® cannot be either positive definite or
y Y Y

negative definite.
(6 x 2 = 12 marks)

Turn over
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9 C 83521

Part B

Answer any five questions.
Each question carries 4 marks.

b

Consider the initial value problem y' =2x (1+ y), y (0) = 0. Starting with o (x) =0, apply Picard’s

method to calculate y; (x), y, (x), 3 () and y, (x).

-1
Express sin~* (z) in the form of a power series > a, x" bysolving y' = (1 - x2) % ,¥(0)=0 in two

ways.

Find the general solution of the equation (x2 - 1) y"+(5x+4)y +4y=0 near its singular point
x=-1

Prove that the positive zeros of J, (x) and J p+1 (x) occur alternately, in the sense that between

each pair of consecutive positive zeros of either there is exactly one zero of the other.

Find the curve joining the points (x1, ;) and (xg, ¥2) that yields a surface of revolution of minimum

area when revolved about the x-axis.

Using the method of Lagrange multipliers, find the point on the plane ax + by + cz=d that is

nearest the origin.

Consider the non-linear system :

dy

=2x By
a7

dx _ (o
- y (x + 1),
Find the critical points and the differential equation of the paths.

Determine the nature and stability properties of the critical point (0, 0) for the system :

dx_ dy
3 3x+4y,a7——2x+3y.

(5 x 4 = 20 marks)
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Part C

Answer either A or B of each of the following three questions.
Each question carries 16 marks.

15. A Let f(x,y)and % be continuous functions of x and y on a closed rectangle R with sides

parallel to the axes. If (%o, ¥9) is an interior point of R, then show that there exists a number

h >0 with the property that the initial value problem y'=f (x,y), y (%0) = yo has a unique

solution y =y (x)on the interval | x — xp| < A.

B (a)

(b)

16. A (a)

(b)

B (a)

(b)

Solve Chebyshev’s equation
(1 - xz) y" —xy' + p2y =0, where p is a constant.

Show that the equation x2y" +xy + ( P 1) y =0 has only one Frobenius series solution

and find it.

Derive Rodrigne’s formula for Legendre polynomials :

Py (®) = (= -1

2" n! dx"

Verify that p,(x) defined by part (a) satisfies the Legendre’s equation
(1 - x2) y"=2xy' +n(n+1)y =0, where n is a non-negative integer.

State and prove the orthogonality properties of the Bessel functions.

If f (x) = xP for theinterval 0 <x <1, show that its Bessel series in the functions J, (A, x),
where the A, ’s are the positive zeros of J, (%), is

< 2

—_J_ (A, x).
2 TGy e )

xP =

Turn over



17.

A (a)

(b)

B (a)

(b)

4

Find the general solution of the system :

dx dy
& Tx+6y, L -2x+6y.
dt X +0y dt X+ 0y

Find the critical points of

d’x  dx (x3+x2-2x)=0.

_+__

dt®  dt

State and prove Liapanov’s theorem.

Show that (0, 0) is an unstable critical point for the system :

d—x=2xy+x3 d—y=—x2+y5.

dt T dt

C 83521

(8 x 16 = 48 marks)
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Part A

Answer all questions.
Each question carries 2 marks.

1. If m*A =0, then prove that m* (A UB)=m*B.
2. If fis a measurable function, then prove that for each extended real number o, the set

{x:f (x) =a}is measurable.

n
3. Let ¢=Y a;Ag. with E;nE;=¢ for i« j and suppose that each set E; is a measurable set of
i=1 L

finite measure. Prove that :

n
I¢ = Z a; mEi
i=1
4. Iffand g are integrable over E, then show that f + g is integrable over E and

[fre=[r+ [e
E E E

5. Let fbe the function defined by f (x)=|x|. Find D* £ (0), D_ f(0), D~ £ (0) and D_ £ (0).

6. If fis absolutely continuous, then prove that f has a derivative almost everywhere.

Turn over
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11.

12.

13.
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Let (X, 3, 1) be a measure space. Show that p (E; AE;) =0 implies p E; = uEqg provided E; and
E,y belongs to 3.

Let 1 be a measure on an algebra Q and let p* be the outer measure induced by k- If AeQ,

show that p* A =pA,

(8 x 2 = 16 marks)
Part B

Answer any four questions.
Each question carries 4 marks.

Let (A,) be a countable collection of sets of real numbers. Prove that:
m*(UA,)<Y m*A,.

Let ( fn) be a sequence of measurable functions with the same domain of definition. Show that the

functions sup {f1, fa, - fn}, inf {fi, fo, -, fu}, sup fp» limf, are measurable functions.
n

If f is integrable over E, show that |f | is integrable over E and

jr

E

< [Ift
E

Show that a function £ is of bounded variation on [a, b] if and only if f is the difference of two

monotone real-valued functions on [a, b].

Let f be an integrable function on [a, b] and suppose that :
x
F(x)=F(a)+ [ (t)dt.

Prove that F' (x) = f (x) for almost all x in [a, b].
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14. If v; and v are two finite signed measures, then prove that :
oy + vo| < |vy| +]| vg].

where v <p means vE < uE for all measurable sets E.

(4 x 4 = 16 marks)
Part C

Answer either (A) or (B) of each question.
Each question carries 12 marks.

15. (A) (a) Prove that the outer measure of an interval is its length.

(b) Show that if E; and E, are measurable, then
m (E; UEg)+m (E; NnEg)=mE; + mE,.
(B) (a) Show that the cantor ternary set has measure zero.

(b) Let fbe a measurable function defined on an interval [a, b], and assume that f takes the

values * « only on a set of measure zero. Prove that for any € > 0, there is a step function

g and a continuous function & such that :
|f-g|<eand|f -h|<e

except on a set of measure less than e.

16. (A) (a) Define the Lebesgue integral of a bounded measurable function on a measurable set E.

(b) Let fbe a bounded function defined on [a, b]. If f is Riemann integrable on [a, b], then

show that fis measurable and
b b
R [f(x)dz= [ (x)dx
a a

(c) “State and prove Bounded convergence theorem.

(B) (a) Let (fn) be a sequence of non-negative measurable functions that converge to f and

suppose f, < f for each n. Prove that :

jf:lim Ifn.

Turn over



(b)

17. (A) (a)

(b)

(B) (a)

(b)

18. (A) (a)

(b)
(B) (a)

(b)

4 C 83520

If (f,) is a sequence of non-negative measurable functions and f;, (x) = f (x) almost

everywhere on a set E, then prove that :
[ f<lim [f,.
E E

State and prove Vitali’s lemma.

If f is integrable on [a, b] and
x
[f()dt=0
a

for all x €[a, b], then prove that f (t)=0a.e. in [a,bd].

Let f be on increasing real - valued function on the interval [a, b]. Show that f is

differentiable a.e. and

b

[F @ de<f @)~ ()

a
Prove that every absolutely continuous function is the indefinite integral of its
derivative.

Show that, if f is integrable, then the set {x: f (x) = 0} is of ¢ -finite measure.
State and prove Radon - Nikodym theorem.

Prove that the class § of u*-measurable sets is a ¢ -algebra.

Let E be a measurable subset of X x Y such that p x v (E) is finite. Then for almost all x,

prove that the set E, is a measurable subset of Y. Prove also that the function g defined
by :

g (x) =v (Ex)

is a measurable function defined for almost all x and Ig dp=uxv(E).

(4 x 12 = 48 marks)
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Part A
Answer all questions.
Each question is of 2 marks.
Let ¢:Z;y — Z3 be a homomorphism with ¢(1)=2. Find ker ¢.
Consider the normal series (0) < (5) <Zj5. Give another normal series of Z,5 which is isomorphic
to this series.
Verify whether /2 and /3 are conjugates over the rationals Q.

Find the order of the Galois group G(Q\/E,\/g/ Q)-

Let K be an extension of degree 3 over Z,. Give a generator of the Galois group G(K/Zz).

Describe the fourth cyclotomic polynomial over Q.
(6 x 2 = 12 marks)

Part B

Answer any five questions.
Each question is of 4 marks.

Let ¢:G - G’ be a homomorphism of groups and H be a normal subgroup of G'. Show that
¢~ (H) is a normal subgroup of G.

Show that the group 7 of integers has no composition series.

Show that every group of order 35 has a normal subgroup of order 5.

Let F be an algebraic closure of a field F and a € F. Let ¥ be an automorphism of F leaving
elements of F fixed. Show that ¢(o) is a conjugate of a. .

Turp over
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11. Let E be a splitting field over F. Let p(x) e F[x] be irreducible with one zero in E. Show that every

zero of p(x) isin E.
12. Show that Q(\/ﬁ,ﬁ ) is a separable extension of Q.

13. Describe the splitting field K of x* -2 over Q and find the degree of K over Q.

14. Describe the Galois group of the 8th cyclotomic polynomial over Q.
(5 x 4 = 20 marks)
Part C

Answer Part A or Part B of each question.
Each question is of 16 marks.

15. A Let G be a group and H, N be normal subgroups of G. Show that
(a) Hv N=HN.
(b) HN is a normal subgroup of G.

(c) HN/N is isomorphic to H/(HNN).
B Let G be a finite group of order n and p be a prime dividing n. Let e be the identity of the

group G and X = {(gl,gz,....,gp) :8;€Gand g,8;..8p = e}.Show that
(@) [X|= nP1,
(b) For a permutation © = (1 2---P),(gc(1),gc(2),----,gc( p)) € X whenever

(gl,gz,....,gp)e X.
(¢c) There exists a € G such that a #e and o =e.

16. A (a) Let o,p be algebraic over a field F with irr(a,F) =irr(B,F). Prove that F(a) and F(B)

are isomorphic.

(b) Let o. be algebraic over a field F and y: F(a) - F be an isomorphism leaving elements of

F fixed. Show that y(a) is a conjugate of a .
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B (a) Define index {E : F} of a finite extension E of a field F.
(b) Let F < E < K where K is a finite extension of F. Show that {K : F} = (K : E{E : F}.

(¢) Find the index {Q(\/'z',\/§) : Q}.

17. A Let K be a finite normal extension of F and F < E < K. Show that
(a) Kisa normal extension of E.
(b) G(K/E) is a subgroup of G(K/F).
(¢) if a,Be G(K/F) are such that both belong to the same left coset of G(K/E) in G(K/F),

then o and B are equal on E.

B (a) Define symmetric function in n variables.

(b) Let E=F (sl,sz,....,sn)where 81,89,....,S, are the elementary symmetric functions in
Y1»Y9s--s¥n- Let Kbe the field of all symmetric functions in y;,ys,....,y,. Show that
i) K=E.
ii) F(y1,¥9,---,¥, ) is finite normal extension of K.

(8 x 16 = 48 marks)
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Part A

Answer all questions.
Each question carries 2 marks.

1. LetA be alinear transformation from the vector space R” to the vector space R™. Prove that A is

uniformly continuous.

2. Find the Cartesian equation of the parametrized curve ¥ (t) = (0082 t,sin® t).

3. Find the arc length of the curve ¥ (¢)= (et cost, ¢’ sin t) starting at (1,0).

4. Is o(u,v)= (u +u?,v, v2) a regular surface patch ? Justify your answer.
5. Show that the curve
y(t)= (cos3 t cos3t, cos® ¢ sin 3t), teR
is a closed curve which has exactly one self intersection.
6. Calculate the first fundamental form of the surface ¢ (w,v)= (u —vu+v,u+ 02).

7. Prove that the second fundamental form of a plane is zero.

8. Show that the normal curvature of any curve on a sphere of radius r is + l
r

(8 x 2 = 16 marks)

Turn over
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Part B

Answer any four questions.
Each question carries 4 marks.

Prove that a linear operator A on a finite dimensional vector space X is one to one if and only if the
range of A is all of X.

Let fbe a differentiable real function in an open set E  R” into R™. If f*(x) =0 for every x<E,

then prove that f is constant on E.

Compute the curvature of the curve
y(t)= (cos3 t,sin3 t).
Verify the Frenet-Serret equations for the curve

10=(Fa0" 2a-o", L)

Prove that the ellipsoid
2 .2 2
rp g r

where p, g, r are non-zero constants, is a smooth surface.

2 2
Compute the second fundamental form of © (u, v)= (u, v,u” +v )

(4 x 4 = 16 marks)
Part C

Answer A or B of the following questions.
Each question carries 12 marks.

Unit I

A (a) Let EcR" be an open set and the map f : E —» R* be differentiable at xy €E. If g maps

an open set containing f (E)into R™ and g is differentiable at f (xg), then prove that
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the map F:E—R™ defined by F(x)=g(f(x)) is differentiable at x, and
F(x)=g (f (xo)) ' (x)-

(b) IfXis a complete metric space and if ¢ is a contraction of X into X, then prove that there

exists one and only one x € X such that ¢ (x)=x.
B State and prove implicit function theorem.

Unir 1T

16. A (a) Prove that a parametrized curve has a unit-speed reparametrization if and only if it is
regular. ‘

(b) Prove that any regular plane curve y whose curvature is a positive constant is part of a
circle.

B (a) Let y(s) be a unit-speed plane curve and let ¢ (s) be a turning angle for y. Prove that the

signed curvature of y is given by

_de
.

Ks

(b) Let vy (¢)be aregular curve in g3 with nowhere-vanishing curvature. Prove that its torsion

is given by

_Gx9)
7> P

d
where x denote the vector product and dot denote p7s

Unir III

17. A(a) Let c:U— R® be a patch of a surface S containing a point peS and let (u, v) be
co-ordinates in U. Prove that the tangent space to S at p is the vector subspace of 3

spanned by the vectors o, and o,,.

Turn over



(b)

B (a)

(b)

18. A (a)
(b)

B (a)

(b)

4 C 83518

Prove that the quadric
2, .2 2 2 _
x“+y° -2z —§xy+4z—5

is a hyperboloid of one sheet.

Let f:S, -8, be a diffeomorphism. Prove that the linear map D f : T/S; — Ty (,)S; is

invertible for all peS;.

Show that every compact surface is orientable.

Unir IV

Prove that the Weingarten map is self adjoint.

Show that the Gaussian curvature of a surface S is a smooth function on S.
¥; and x, are the principal curvatures of a surface, then prove that the mean and Gaussian

curvatures are given by

H—l

=3 (xq +x9) and K = x;k5.

Prove that the principal curvatures at a point of a surface are the maximum and minimum
values of the normal curvature of all curves on the surface that pass through the point.

(4 x 12 = 48 marks)
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Part A

Answer all the questions.
Each question carries 2 marks.

1. Prove that for the usual metric on the real line, an open r-ball is an open interval of length 2r.

2. Define cofinite topology and co-countable topology on a set. Among the two which is stronger
topology ? Justify your answer.

3. Define closure of a subset of a topological space. Prove that closure of a set of a topological space is
a closed subset of the topological space.

4. Prove that in a topological space, composition of two continuous functions is a continuous function.

5. Define absolute property of a subset of a topological space. Write an example for an absolute
property.

6. When do we say that a topological space is disconnected ? Give an example for a disconnected
topological space.

7. Prove that in a Hausdorff space, limits of sequences are unique.
8. Justify the term ‘box’ geometrically for products of copies of the real line.
(8 x 2 = 16 marks)
Part B
Answer any four questions.
Each question carries 4 marks.
9. Let {x,} be a sequence in a metric space (X;d). Then prove that {x,} converges toy in X if and

only if for every open set U containing y, there exists a positive integer N such that for every

integer n2N, x, e U.
Turn over
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Find the boundary of the set N of natural numbers in the real line with usual topology.

Prove that a function e: X — Y is an embedding if and only if it is continuous, one-to-one and for

every open set V in X, there exist an open set W in Y such that e (V)=WnNY.

Prove that the topological product of any finite number of connected spaces is connected.

Prove that regularity is a hereditary property.

Prove that projection functions are open.

A (a)

(b)
B (a)

(b)

A (a)

(b)

B (a)

(b)

A (a)
(b)

(4 x 4 = 16 marks)
Part C

Answer either A or B part of the following questions.
Each question carries 12 marks.

Prove that the usual topology on the Euclidean plane R? is strictly weaker than the topology
induced by lexicographic ordering.

Determine the topology induced by a discrete metric on a set.

Define second countable space. Prove that if a space is second countable, then every open
cover of it has a countable subcover.

Define hereditary property with reference to topological spaces. Prove that second
countability is a hereditary property.

Prove that a subset A of a space X is dense in X if and only if for every non-empty open
subset B of X, AnB=¢.

Define interior of a subset of a topological space. Let X be a space and A c X. Then prove

that interior of A is the union of all open sets contained in A. Also prove that it is the
largest open subset of X contained in A.

For any subset A of a space X, with usual notations prove that A=A UA".

Suppose f:X — Y is continuous at a point xy € X. Prove that whenever a sequence{x,,}
converges to x in X, the sequence {f {xn}} converges tof {xo}in Y.

Prove that every open surjective map is a quotient map.

Prove that the composite of two quotient maps is a quotient map.



B (a)

(b)
18. A (a)
(b)

B (a)

(b)

3 C 83517

Prove that every second countable space is first countable. Is the converse true ? Justify
your claim.

Prove that a subset of the set of real numbers is connected if and only if it is an interval.

Prove that all metric spaces are T; spaces.

Define Tychnoff space. Prove that every Tychnoff space is Tj.

J
For any sets Y, I and J, with usual notations, prove that (YI) =Yixd,

Let X= Hi el X;, each X; being a topological space. Suppose {xn} is a sequence in X and
that x € X. Then prove that {x,,} converges to x in X if and only if for each iel, the

sequence {m; (x,)} converges to =; (x)inX;.

(4 x 12 = 48 marks)
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Part A

Answer all questions.
Each question carries 2 marks.

1. Show that ¢* and e * are linearly independent solutions of the equation y” — y =0 on any interval.

2. Determine the nature of the point x =0 for the equation x3y" + (sinx) y=0.
3. Show that F'(a,b,c,x)=ﬂF(a+1,b+1,c+1,x).
c

4. Define Gamma functions and show that ,/(n +1) =n! for any integer n>0.
5. Find the critical points of the system :

dx _ .y ElLy—=e” cosx.

dt  dt
6. Show that a function of the form ax3 + bxzy +cxy? +dy® cannot be either positive definite or

negative definite.

Xy

1= J|y* - () |ax
7. TFind the external for the integral *= J|Y ~|Y .

X

8. Show that f (x,y)= xy? satisfies a Lipschitz condition on the rectangle 1<x<2and -1<y<0.
{8 x 2 = 16 marks)

Turn over
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Part B
Answer any four questions.

Each question carries 4 marks.

Find the general solution of the equation (1 - xz) y"—2xy' +2y=0.

3

1 .
Show that tan =x + X e by solving the equation y' =1+ 32 ;y(0)=0in two ways.

Determine the nature of the point x = for Legendre’s equation (1 - x2) ¥ -2xy'+ p(p+1)y=0.

If f (x)=xP fortheinterval 0 <x <1, show that its Bessel series in the functions J, (A, x), where

the A,’s are the positive zeros of J, (x), is

- 2
xp= _—d A x).
ngl )"n Jp+1()"n,) p( " )

Describe the relation between the phase portraits of the systems :

dx dx

) o FE)
and d .

dy y

haCAS < =-G(x,

=G (%) 3 (x,9)

14. Find the curve of fixed length L that joins the points (0,0)and (1, 0), lies above the x-axis, and

15.

encloses the maximum area between itself and the x-axis.

(4 x 4 = 16 marks)
Part C

Answer either A or B of each of the following four questions.
Each question carries 12 marks.

A (a) Find a particular solution of the equation y”" +2y'+ y =¢™* logx.

(b) Solve Legendre’s equation (1 - xz) ¥"=2xy'+p(p+1)y=0, where p is a constant.
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B Find two independent Frobenius series solutions of the equation 22y - xPy' + (x2 - 2) y=0.

16. A (a)

(b)

B (a)

(b)

17. A (a)

(b)

B (a)

Determine the general solution of the hypergeometric equation

x(1-x)y + [C -(a+b+1) x] y' - aby =0 near the singular point x =0.

Find the general solution of the equation (x2 - 1) y"+(5x +4) y' + 4y = 0 near the singular

point x =-1.
1 0 if m=n
Show that [ pm (%) pa (x)dx=y_2 . .
-1 2n+1

where p, (x) is the n'h degree Legendre polynomial.

Let f(x) be a function defined on the interval —~1<x<1. Determine the polynomial

1

2
p (n) of degree <n which minimize the value of the integral I= J‘ [f (x)-p (x)] dx.
-1

Find the general solution of the system :

Determine the nature and stability properties of the critical point (0,0) for the system :
dx dy
o _3x+dy, D —2x+3y.
gt T g Y
Show that (0, O) is an asymptotically stable critical point for the system :

dx 3 dy 2.2 .3
—=-2x+4+xy°, —=-x -y
dt 7 Yoy

Turn over
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(b) Determine the system which is equivalent to the van der Pol equation

d2x 2 dx . . . e 1 : 0 0
_d 5 t p(x - 1) 7 +x = 0. Investigate the stability properties of the critical point ( 3 )
t

for the system when p < 0 and p > 0.

18. A (a) Explain Picard’s method of successive approximations to solve the initial value problem.

(b) Apply Picard’s method to calculate y;(x),ys(x),y3(x) for the equation

¥ =x+y, y(0)=1 where y, (x)=1.

B Solve the initial value problem by Picard’s method, and compare the result with the exact

solution :

D _s =1
dz

~=_y, 0)=0.
- 200

(4 x 12 = 48 marks)
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Part A

Answer all questions.
Each question carries 2 marks

1. Let Cbe an algebra on a set X. Prove that 6 and X are in C.
n
2. Isthe set {3 +(J§) :n=12,3, } measurable ? Justify your answer.

3. Letf:[1,5] - R be defined by f (x) = 5. Prove that f is measurable.

4. Let fand g be bounded measurable functions defined on a set E of finite measure. If f < g a.e.,
then prove that :

Ersle

5. Let fbe an integrable function over a measurable set E and let ¢ € R. Prove that ¢f is integrable

jch =c jE f.
6. Let fand g be bounded functions. Prove that D* (f+ g) < D*f+ D* g.

7. Prove that every measurable subset of a negative set is negative.
8. Prove that the total variation of a signed measure on a measure space (X, B) is a measure on

X, B).
(8 %x 2 = 16 marks)

Turn aver
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(B) (a) Prove that every Borel set is measurable.

(b) Let fbe an extended real valued function whose domain is measurable. Prove that the
following are equivalent :

(i) For each real number o the set {x : f(x) > o } is measurable.
(ii) For each real number o the set {x : f(x) > o } is measurable.
(iii) For each real number o the set {x : f (x) < a } is measurable.

(iv) For each real number o the set {x : f (x) < o } is measurable.
Unit 11

16. (A) (a) Letfbe a bounded real valued function defined on a measurable set E of finite measure.
Prove that f is measurable if and only if :

flgf\v -[E v (x) dx = fu;f(‘p IE(p (x)dx

for all simple functions ¢ and .

(b) Let f be a bounded function defined on [a, b]. If f is Riemann integrable on [a, b], then
prove that fis a measurable function.

(B) (a) Let {f,} be an increasing sequence of non-negative measurable functions and let
f=1limf, a.e.. Prove that

[f=tim [f,.

(b) Let g be integrable over E and let {f,} be a sequence of measurable functions such that

|f,l <gon E and for almost all x in E we have f(x) = lim f, (x) Prove that :

[ [g fa-
Unir 11T

17. (A) (a) Let f be an increasing real valued function on the interval [a, b]. Prove that

fis differentiable almost everywhere, the derivative f’ is measurable and

[r@assf@)-f (o).

(b) Isx2 + 2 bounded variation on [1, 2] ? Justify your answer.

Turn over



(B) (a)

(b)

18. (A) (a)

(b)

(B) (a)

(b)

4 C 83515

If f is integrable on [a, b], then prove that the function F defined by :

F(x)=[r(5)dt
is of bounded variation on [a, b].

Prove that a function F is an indefinite integral if and only if it is absolutely continuous.

Unit IV
Let v be a signed measure on a measure space (X, B). If E is a measurable set such that
0 <v (E) < », then prove that there is a positive set A contained in E with v (A) > 0.
Let (X, B, 1) be a o-finite measure and v a o-finite measure defined on B. Prove that
there exists a measure v, singular with respect to i, and a measure v, absolutely
continuous with respect to y, such that v = vy + v,.
Let 1 be a o-finite measure on an algebra 4 andlet p* be the outer measure generated
by K. Prove that a set E is p* measurable if and only if E is the proper difference A ~B
ofaset Ain A_;and aset B with p*(B) = 0

Let F be a monotone increasing function which is continuous on the right. Prove that
there is a unique Baire measure p such that for all a and b we have

p(a,b]=F (b) - F(a).
(4 x 12 = 48 marks)
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Part A

Answer all questions.
Each question is of 2 marks.

Let the symmetric group Sz act on X = {1, 2, 3} by 6+ x=0(x) of all ceS; and x € X.Find the
orbit of 1 in this action.

Verify whether Zg and S; are isomorphic groups.
Let G be a group of order 12 and H be a Sylow 2-subgroup of G. Find the order of H.
Find a Sylow 2-subgroup of the cyclic group Zzg.

. Verify whether /2 and /3 are conjugates over the field Q of rationals.

Verify whether Q(%/E) is a splitting field over Q.

Find the order of the Galois group G(K/Q) where K is the splitting field of x3 -2 over Q.

Verify whether Z, is a Galois group.

(8 x 2 = 16 marks)
Part B

Answer any four questions.
Each question is of 4 marks.

Let G=2ZyxZ, where Zy ={0,1}. Describe an action of G on the set {1, 2} such that (1, 1).1 = 2.

Verify whether the series (0)<12Z <6Z <Z and (0)<12Z<3Z <Z are isomorphic.
Let G be a group of order 100. Show that G has a normal subgroup of order 25.

Verify whether there exists an automorphism ¢ of Q(\/ﬁ,«/g ) such that ¢(~/§ ) =43.

Turn over
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13. Describe the automorphism group G(Q(\/ﬁ +3 ) / Q).

14. Verify whether a regular 7-gon is constructible with straight edge and compass.
(4 x 4 = 16 marks)

Part C

Answer Part A or Part B of each question.
Each question is of 12 marks.

15. A (a) LetGbeagroupandXbea G-set. Foreach g € G, let cg: X X be defined by o, (x)=gx
for all x € X. Show that o, is a permutation of X.

(b) Let X be a set and S, be the group of all permutations on X. For agroupGlet ¢:G » S,
be a homomorphism. Show that gx = ¢(g)(x) gives an action of G on X.

B (a) LetN beanormal subgroup of a group Gand y: G — G/N be the canonical homomorphism.
Show that

i. If H is a normal subgroup of G containing N then y(H) is a normal subgroup of
G/N.

ii. IfK is a normal subgroup of G/N then y! (K) is a normal subgroup of G.
(b) Find all normal subgroups of Z,, /N where N is the subgroup generated by 4.
16. A (a) Let X be a finite G-set and let
Xg ={xeX:gx=xforall geG].

Prove that [X|=|G|+ z:: 1[C| where C; are the orbits of X such that |C;|> 2.

(b) Show that if G is a group of order p" where p is a prime, then |X|= |XG[(mod p).

B Let G be a group generated by A = {al,az,....,an} .Let G’ be any group and let b,,b,,....,b, be
elements of G'. Show that

i) If Gis a free group on A then there exists a homomorphism ¢:G — G' such that
¢(a;)=b; for alli.
ii) If ¢;,¢o are homomorphisms from G to G’ such that ¢;(a;)=¢(q;) for all i then
61 = 2.
ili) Give one example each of G, G' A and b,,b;.....,b, such that there is no homomorphism

¢:G - G' satisfying ¢(a;)=b; for alli.



17. A (a)

(b)

B (a)

(b)

18. A (a)

(b)

B (a)

(b)

3 C 83514

Let o, be algebraic over F with irr(o,F)=irr(B,F) and let deg(a,F)=n. Show that

Vo3 F(a) > F(B) defined by

Co+ 10+ .+, 10" L s g+ 0B+ .o+ €y 1B ]

is an isomorphism of fields.

Let o be algebraic over F and y:F(a)— F be an isomorphism leaving F fixed. Show
that \p(a) is a conjugate of o over F.

Let E be a finite extension of a field F. Show that the number of isomorphisms of E onto a

subfield of F leaving F fixed is less than or equal to [E : F}.

Let F <E <F. Show that if E is a splitting field over F then every automorphism of F
leaving F fixed maps E onto E.

Define normal extension of a field.
Let E, K be extensions of a field F such that F < E <K <F. Show that

i) ifK s a finite normal extension of F then K is a finite normal extension of E.

ii) G (K/E) is a subgroup of G (K/F).
Define symmetric rational functions in n indeterminates y,, yg,....., y,-

Let s;,55,....,S, be elementary symmetric functions in y,,ys,.....,y, and K be the field of

all elementary symmetric functions in yy,ys,.....,,. Show that K =F(s,s,,....,s,).

(4 x 12 = 48 marks)
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Part A

Answer all questions.
Each question carries 4 marks.

Eliminate the parameters a and b and find the corresponding partial differential equation from
2z =(ax +y)2 + b.

Determine the Monge cone with vertex at (0, 0, 0) for the equation pZ + g2 = 1.
Show that the solution to the Dirichlet problem is stable.
Show that the kernel K(x,£)=1+&+3xE has a double characteristic number associated with
(-1, 1), with only one characteristic function.
(4 X 4 = 16 marks)
Part B

Answer any four questions without omitting any unit.
Each question carries 16 marks.

UnitI

(a) Show that the general solution of the quasi-linear equation P(x,y,z)p + Q(x,y,2)q = R(x, y,2),

where P, Q and R are given continuously differentiable functions of x, y and z is F(u, v) = 0,
where F is an arbitrary function of u and v and u(x, y, 2) = ¢; and v(x, y, 2) = ¢, are the solutions
of the system :

dx _ dy _ dz
P(x,y,2) Q(xy2) R@,y,2)

(b) Show that the Pfaffian differential equation :

yzdx +(x2y—zx)dy+(x22 -xy)dz =0

is integrable and find the corresponding integral.

(a) Determine a necessary and sufficient condition for the compatibility of the two equations
f(x’y’zrp’q) =0 and g(x’y’z)p’q) =0.

(b) Find the complete integral of (P2 + qz)y =qz.

Turn over
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VIIL

(a)

(b)

(a)

(b)

(a)
(b)

(a)
(b)

(a)

(b)

e

2 C 63430

2 _(.2..2
Find the general integral of the differential equation (x— Yy’ p+y-x)x°q= (x tYy )z and
the particular solution through xz =2,y =0.
Solve the Cauchy problem for 22,+2,= 1 with the initial conditions

x=s,y=s,z=%s,0sssl.

Unit II

2 2

. 2 x ) .

Reduce the equation ¥ Uz —2xyu,, + xzuyy = y—-ux + -y—uy, to a canonical form and solve it.
x

(x+ y)[2xy + (o —B)x — y) + 2aB]
Show that V(% ¥;0,p) = 37X (§+ [f))s(x 4 P is the Riemann function for the

2
second order partial differential equation Yxy * m(ux + uy) =0.

State and prove the maximum and minimum principles for harmonic functions.

Show that the solution for the Dirichlet problem for a circle of radius a is given by the Poisson
integral formula.

Solve the Neumann problem for the upper half plane.

Solve : u; =ku,, 0<x<l, t>0
u(o,t)=ul,t)=0, t>0
u(x,0) = f(x), O0<x<l.

Unit III

2

d
Transform the problem —d;;i+xy=l,y(0)=y(1)=0 to the integral equation

1 1 _’x(l—é) when x <§
y(x) = (j)G(x,&) Ey(E)dE ——2—x(1 -%) where G(x,8)= {§(1 ~x) whenx>E.

d? d
Determine p (x) and q (x) in such a way that the equation x2 -—d g - 2x ZZ— +2y =0 is equivalent
x

d( d
to the equation a(!’d—ij‘qu =0, then showing that the equation can be written in the

d(1dy 2
self-adjoint form a(;z— a) + -;4—3' =0.
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2n
VIIL. Consider the equation ¥(*) =F(x)+2 (I) cos(x +&)y()dg

(i) Determine the characteristic values of A and the corresponding characteristic functions.

(ii) Express the solution in the form
2n
y(x) = F(x) + A | T(x,&0) F(&) dg
0

where A is not characteristic.

IX. (a) Solve by iterative method :
1
y(x) =1+A[(1-3xE) y(&) dE.
0

(b) Determine the resolvent kernel associated with K(x,£) = cos (x+ &) in (0, 2n), in the form of a

power series in A.
(4 x 16 = 64 marks)
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I (a)
(b)
()
(d)

II. (a)

(b)
III. (a)
(b)
IV. (a)

(b)

V. (a)

(b)

Part A

Answer all questions.
Each question carries 4 marks.

Prove that open balls in a metric space are open sets.
Define nearness relation on a set. Write an example of a nearness relation.
Let X be a compact space and f: X — Y is continuous and onto. Then prove that Y is compact.
Write an example of a T, space that is not Tj.
(4 X 4 = 16 marks)
Part B

Answer any four questions without omitting any unit.
Each question carries 16 marks.

Unit I

Define the co-countable topology. Prove that in the co-countable topology, the only convergent
sequences are those which are eventually constant.

Prove that if a space is second countable, then every open cover of it has a countable subcover.
Prove that metrisability is a hereditary property.
Prove that a discrete space is second countable if and only if the underlying set is countable.

Define continuous function on a topological space. Prove that compositions of continuous
functions are continuous.

Define derived set of a set in a topological space. Obtain the derived set of the open interval
(0, 1) in the set of real numbers with usual topology.

Unit II

Define product topology. Prove that product topology is the weak topology determined by the
projection functions.

Define quotient map with respect to a topological space. Prove that every open surjective map
is a quotient map.

Turn over
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VIIL

(a)

(b)

(a)
(b)

(a)

(b)

(a)
(b)
(a)
(b)

2 C 63429

Prove that every continuous real-valued function on a compact space is bounded and attains
its extrema.

If X is Lindeloff space and A — X is closed in X then prove that A in its relative topology is
Lindeloff.

Prove that an interval in R with usual topology is connected.
Define path connected space. Prove that every path-connected space is connected.
Unit III

Suppose y is an accumulation point of a subset A of a T, space. Then prove that every
neighbourhood of y contains infinitely many points.

Define regular and completely regular spaces. Prove that every completely regular space is
regular.

Prove that a compact subset in a Hausdorff space is closed.
Prove that every compact Hausdorff space is T,.
State and prove Urysohn’s lemma.
Prove that all T, spaces are completely regular.
(4 x 16 = 64 marks)
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II.

III.

(a)
(b)
(c)

(d)

(a)

(b)

(a)

(b)

Part A

Answer all questions.
Each question carries 4 marks.

Define contraction and give an example of a contraction of R into R.
Prove that the outer measure m* is translation invariant.

Let A be a subset of R. Prove that the characteristic function X, of the set A is measurable if
and only if A is measurable.

Let {f,} be a sequence of measurable functions defined on a measurable set E of finite measure

and let f, — f. Prove that {f,} converges to fin measure.

(4 X 4 = 16 marks)
Part B

Answer any four questions without omitting any unit.
Each question carries 16 marks.

Unit I

Let r be a positive integer. If a vector space X is spanned by a set of r vectors, then prove that
dimX <r.

IfX is a complete metric space and if ¢ is a contraction of X into X, then prove that there exists
one and only one x € X such that ¢(x) = x.

Let g = R™ be an open set and let f:E — R™ be a mapping differentiable at a point x € E.

m
Prove that the partial derivatives (D jfi)(x) existand f'(x)e; = ZI(D jfi)(x)uiv where 1< j<n.
1=

If [A] and [B] are n by n matrices, then prove that det([B][A]) = det[Bldet[A].

State and prove implicit function theorem.

Turn over
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Unit II

Prove that outer measure of an interval is its length.

Let {E,} be a sequence of measurable sets such that E,,; c E, for each n.If m(E;) is finite,

then prove that m( nlEij = lim m(E,).
n=

n—w
Prove that there exists a non-measurable subset of R.
Let {f,} be a sequence of measurable functions defined on a measurable set E. Prove that
sgpf " is measurable.
State and prove Fatou’s lemma.
Let { fa} be a sequence of non-negative measurable functions that converge to f. If f,, < f for
each n, then prove that [f =lim[f,.

Unit III

Let f and g be integrable over a measurable set E. Prove that the function f + g is integrable
over E and [g(f+8)=[gf +[g&
Let g be integrable over a measurable set E and let {f,,} be a sequence of measurable functions
such that |f,|<g on E and for almost all x in E we have f(x) = lim f,(x). Prove that
[gf =lim[gf,.

Prove that a function fis of bounded variation on [a, b] if and only if fis the difference of two
monotone real valued functions on [a, b].

Let f be a real valued function defined on the interval [a, ] and let a < ¢ < b. Prove that
Tf () =T+ T,f’ (), where Tg (f) denote the total variation of f on [a, b].

If f is absolutely continuous on [, b] and f'(x) =0 a.e., then prove that fis a constant.

Prove that every absolutely continuous function is the indefinite integral of its derivative.
[4 X 16 = 64 marks]
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(b)
()
(d)

II. (a)
(b)

III. (a)

(b)

IV. (a)
(b)

V. (a)
(b)

Part A

Answer all questions.
Each question carries 4 marks.

Find all prime ideals of the ring Zg.
Find a zero of x2 — 2 in the field Q[x]/N where N is the ideal generated by x2 — 2 in QIx].
Show that if o and P are constructible reals with aff is constructible.
Find a primitive fifth root of unity in Z,;.
(4 x 4 = 16 marks)
Part B

Answer any four questions without omitting any unit.
Each question carries 16 marks.

Unit I
Let R be a ring with unity and N be an ideal of R. Show that if N contains a unit then N = R.

Let R be a commutative ring with unity and M be an ideal of R such that R/M is a field. Show
that M is a maximal ideal of R.

Let R be a ring with unity 1. Show that ¢:Z —» R defined by ¢(n) =n.1 is a homomorphism of
rings.

Show that if R is a ring with unity and if characteristic of R is n then R contains a subring
isomorphic to Z,.

Show that every finite extention E of a field F is an algebraic extension of F.
Let E = F(a) be an algebraic extension of F. Show that E is a finite extension of F.
Unit II
Let E be a finite extension of degree n of a finite field F and let |F| = q. Show that |E| =q".

Show that every finite field of characteristic p contains exactly p™ elements for some positive
integer n.

Turn over
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Let o, B be algebraic over F and let irr(a, F) = irr (B, F). Show that there exists an isomorphism
Yop : F(@) - F(B) such that y(a)=a foralla e F.

Let F be an algebraic closure of F and o e F. Let y : F(a) > F be an isomorphism such that
y(a) =a for all a e F. Show that y(a) is a conjugate of .

Let F be an algebraic closure of F and g <F be a splitting field over F. Show that every
automorphism of F leaving F fixed maps E onto E.

Let E be a splitting field over F. Show that {E : F} = | G(E/F)| where {E : F} is the index and
G(E/F) is the group of all automorphisms of E leaving F fixed.

Unit III

Define normal extension and verify whether Q(a) is a normal extension of Q where o is the
real cube root of 2.

Let K be a finite normal extension of a field F and let F < E < K. Show that
(i) Kis a finite normal extension of E.
(il) G(K/E) is a subgroup of G(K/F).

Define elementary symmetric functions.

Prove that for any field F, F(y;,¥g,...y,) isa finite normal extension of F(s;,sy,...s,) , where
81,82,...,8, are elementary symmetric functions in y;,ys,...,¥,.
Define extension by radicals.

Let K be a finite normal extension of a field F and also an extension by radicals over F. Show
that G(K/F) is a solvable group.

Show that 2x% — 5x% + 5 is not solvable by radicals over Q.
(4 X 16 = 64 marks)
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General Instructions
In cases where choices are provided, students can attend all questions in each section.
The minimum number of questions to be attended from the Section/Part shall remain the same.

There will be an overall ceiling for each Section/ Part that is equivalent to the maximum weightage
of the Section/Part.

Part A
Answer all the questions.

Each question has weightage 1.

Verify whether f (x)= x? is a convex function or not. .
Write the general form of a linear programming problem in two variables. Describe the method of
solving such a problem using graphical method.

Prove that a vertex of the set of all feasible solutions S, of a linear programming problem is a basic

‘feasible solution.
Describe the concept of loop in a transportation array.
Define chain and path in graphs. Prove that path is a chain, but every chain is not a path.
Define cutting planes in integer programming.
State the minimax theorem in game theory.
What do we do in sensitivity analysis in linear programming problems ?
(8 x 1 = 8 weightage)

Turn over
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11.

12.
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14.

15.

16.

17.

9 C 4752

Part B

Answer any two questions from each unit.
Each question has weightage 2.

Unirr I
Define the dual of a linear programming problem. Prove that dual of the dual is the primal problem.

Define multiplier vector and simplex multipliers. Explain their relevance in simplex method of
solving linear programming problems.

Solve graphically the linear programming problem :
Maximize 4x; + 2x, subject to x; + x5 <8, x; =4, x; 20, x, >0.Does the optimal solution change
if the constraint x; =4 is changed to x; >4 ?
Unir I
If the primal problem is feasible, prove that it has an unbounded optimum if and only if the dual

has no feasible solution, and vice versa.

'

Using dual simplex method '
maximise 2x; + 3xy subject to 2x; + 3xy <30, x; +2x9 210, %; 20, x9 > 0.

Prove that the transportation problem has a triangular basis.

Unrr 11

Describe the terms: chain, path, cycle, circuit, component and strongly connected with reference to
graphs.

Describe the branch and bound method in integer programming.

1 3
Examine the payoff matrix (_ 9 10) for saddle point.

(6 x 2 = 12 weightage)
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20.

21.

(a)

(b)

(a)
(b)

3 C 4752

Part C

Answer any two questions.
Each question has weightage 5.

Let f (X) be a convex differentible function defined in a convex domainK c E,,. Then prove

that f (Xy), X, €K, is a global minimum if and only if (X -X, )' Vf(Xe)20forallX eK.

Use simplex method to verify that the problem : Maximize f (X)=2x; + xysubject to the

constraints x; — x5 —x3 <1, x; — 2x9 + x5 <2, x; 20, x5 >0, x3 >0, has no finite optimal
solution.

Discuss the Caterer problem in operations research.

Solve the transportation problem for minimum cost with the cost co-efficients, demands and
supplies as given in the following table. Obtain three optimal solutions :

D, D, D, D,

0, 1 2 -2 3 70
0, 2 4 0 1 38
0, 1 2 -2 5 32

40 28 30 42

(a) Solve the following integef linear programming problem :

Maximize ¢ (X) =3%; +4x, ; subject to 2x) +4xy <13, —2x) + x5 <2, 2x) + 225 21,

6x; — 4x9 <15, %1, X9 20, x; and x, are integers.

(b) By cutting plane method : Minimize 4x; + 5x, subject to 3x; +x9 22, %) +4x9 25,

3x; +2x5 27 ; 7, x5 being non negative integers.

For an m x n matrix game, prove that both maxy miny E (X, Y) and miny maxy E (X,Y) exist

and are equal.

(2 x 5 = 10 weightage)
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General Instructions
1. In cases where choices are provided, students can attend all questions in each section.
2. The minimum number of questions to be attended from the Section/Part shall remain the same.

3. There will be an overall ceiling for each Section/Part that is equivalent to the maximum weightage
of the Section/Part.

Part A

Answer all questions.
Each question carries 1 weightage.

§ 2, ’
1. Show that x = 1 is a regular singular point of the equation x? (x2 - 1) y -x(1-x)y +2y=0.

a —> ©

i F( 1 —x?
2. Show that cosx = lm La»a»g’g-

1
3. Use Rodrigue’s formula to obtain P3(x)= §(5x3 —3x).

4. Show that J_,, (x)= (=1)™ J,,, (n) for any non-negative integer m.
5. Describe the phase portrait of the system :

2 =x, d_y =0.
dt dt
6. Show that (0, 0) is an asymptotically stable critical point for the system :

dx 3 dy s 3
OX __3x8 5, B 45 _9y8,
dt 7 Y

Turn over
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10.

11.

12.

13.

14.

15.

9 C 4751

Verify whether f(x,y) = y% satisfies a Lipschitz condition on the rectangle | x |<1and 0<y<1.
Xy
Find the external for the integral I = I [ y2 - (y')z] dx.
X
(8 x 1 = 8 weightage)
Part B
Answer any two questions from each of the following 3 units.
Each question carries 2 weightage.
UnitI
1 H . ’ 2 _yz .

Express sin™" (x) in the form of a power series by solving the equation y = (1 -x ) ;¥(0)=0in
two ways.
Determine the nature of the point x = » for Legendre’s equation (1 —x2)y" -2xy' +(p+1)y=0,
where p is a constant.
Let f(x) be a function defined on the interval —1<x <1. Determine the polynomial p (x) of

y 2
degree x that minimizes the integral I= j [f (x)- p(x)] dx

-1

Unit IT
Show that between any two positive zeros Jg(x) there is a zero of J;(x) and that between any
two positive zeros of J (x) there is a zero of Jo(x).
Determine the nature and stability properties of the critical point (0, 0) for the system :
dx dy
& 8x+4y, 2 < 9y 43y.

7 Tt Ay x+3y
" . dx dy 2

Show that (0, 0) is a simple critical point for the system € =x+y-2xy, 7 =-2x+y+3y” and
determine its nature and stability properties.

Unit 11T

Consider the initial value problem y' = 2x(1+y), ¥(0) =0, starting with yo(x) =0, apply Picard’s
method to calculate y;(x),ys (x)‘, y3(x).



3 C 4751

16. Lﬁt u (x) be any non-trivial solution of "+ q(x)u=0,where g(x)>0 for all x > 0. Show that if

i" g(x)dx = o, then u (x) has infinitely many zeros on the positive x-axis.

17. A curve in the first quadrant joins (0, 0) and (1, 0) and has a given area beneath it. Show that the
shortest such curve is an arc of a circle.

18. (a)
(b)
19. (a)
(b)
20. (a)
(b)
21. (a)
(b)

(6 x 2 = 12 weightage)
Part C

Answer any two questions.
Each question carries 5 weightage.

Solve Legendre’s equation (1-x°)y"—2xy + p(p+1)y =0, where p is a constant.
q

Show that equation 4x2y" —8x%y'+ (4x2 + l)y =0 has only one Frobenius series solution and

find it.

Derive Rodrigue’s formula for Legendre polynomials ; P, (x) = 2l d

1 & (+*-1)".

Obtain J,(x), the Bessel function of first kind of order p.

Find the general solution of the system :

dx dy
_=4 —-2 ’_=5x+2 .
* ydt 4

dt
Find the critical points and the differential equation of the péths of the system :

% =y(x2 +1) ; %=2xy2.

Let f(x,y)and A be continuous functions of x and y on a closed rectangle R with sides

o

parallel to theaxes. If (0> o) is any interior point of R, then show that there exists a number
k> 0 with the property that the initial value problem y=f (%,%),5(x9) = 3o has one solution
y=y(x) on the interval | x-xo [<h.

Show that if y (x) is a non-trivial solution of ¥"+¢(x)y =0, theny (x) has an infinite number

k
of positive zeros if 4 (x)> Z for some %> %

(2 x 5 = 10 weightage)
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General Instructions
1. In cases where choices are provided, students can attend all questions in each section.
2. The minimum number of questions to be attended from the Section/ Part shall remain the same.

3. There will be an overall ceiling for each Section / Part that is equivalent to the maximum weightage
of the Section/ Part.

Part A

Answer all the questions.
Each question has weightage 1.

1. Define co-finite topology and co-countable topology on a set. Among the two which is stronger
topology ? Justify your answer.

2. Define base for a topology. Give an example for a base for the usual topology on the set of real
numbers.

3. Prove that in a topological space, the closure of the closure of a set is same as the closure of the set.

4. When do we say that a topological property is divisible ? Prove that the property of being a finite
space is divisible.

5. Prove that every separable space satisfies the countable chain condition.

6. Prove that the topological product of any finite number of connected spaces is connected.
7. Write an example of a Hausdorff topology on the set X ={1,2,3}.

8. State Urysohn’s lemma.

(8 x 1 = 8 weightage)

Turn over
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Part B

Answer any two questions from each unit.
Each question has weightage 2.

Unit1

Prove that intersection of two open sets in a metric space is open.
Determine the topology induced by a discrete metric on a set.
If a space is second countable, then prove that every open cover of it has a countable subcover.

Unir IT

Prove that every closed surjective map is a quotient map.

Let X be a compact space and supposef: X — Y is continuous and onto. Then prove that Y is

compact.
Prove that every second countable space is first countable.
Unir IIT

Suppose y is an accumulation point of a subset A of a T, space X. Then prove that every
neighbourhood of y contains infinitely many points of A.

Prove that a compact subset of a Hausdorff space is closed.

Let A, B be subsets of a space X and suppose there exists a continuous function f: X — [O, 1] such

thatf (x)=0 forallxe A and f (x) =1 for all x € B. Then prove that there exist disjoint open sets

U, Vsuch that AcUandBc V.

(6 x 2 = 12 weightage)
Part C

Answer any two questions.
Each question has weightage 5.

(a) Prove that the usual topology on the Euclidean plane R?is strictly weaker than the topology
induced by lexicographic ordering.

(b) Determine the topology induced by a discrete metric on a set.



19.

20.

21.

3 C 4750

(a) Prove that if the space(X, T) has a base B of cardinality a, then the cardinality of T cannot

exceed 2%,

(b) Let (X, T)be a topological space and B c 7. Then prove that Bis a base for T if and only if for

any x € X and any open set G containing x, there exists B ¢ B such thatxe Band B c G.

(a) Let (X, d)be acompact metric space and U be an open cover of X. Then prove that there exists

a positive real number r such that for any x € X, there exits Ve U such that B(x,r)c V.
(b) Letf:X — Y be acontinuous surjection. Then if X is connected, prove that Y is also connected.

A be a closed subset of a normal space X and suppose f:A — [— 1, 1] is a continuous function.
Then prove that there exists a continuous function F:X-[-1, 1] such that

F(x)=f(x)forall x e A.

(2 x 5 =10 weightage)
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General Instructions
In cases where choices are provided, students can attend all questions in each section.
The minimum number of questions to be attended from the Section/Part shall remain the same.

There will be an overall ceiling for each Section / Part that is equivalent to the maximum weightage
of the Section / Part.

Part A

Answer all questions.
Each question carries a weightage of 1.

Let A be the set of irrational numbers in the interval [0, 1], Prove that m*(A) = 1.

Prove that a monotone function that is defined on an interval is a measurable function.

If { fe } Z -1 is a finite family of measurable functions with common domain E, then prove that the
functions max {f; ..., f,} and min {f}, ..., f,,} are also measurable.

Let f and g be bounded measurable functions on a set of finite measure E. If f <g on E, then
prove that IEf < IEg'

Let E be a set of finite measure and let 3 >0 be given. Prove that E is the disjoint union of a finite

collection of sets, each of which has measure less than § .

If {f,} - f in measure on E, then prove that there is a subsequence {f n, } that converges pointwise

ae.onEtof.

Turn over



9 C 4749

7. Find the upper and lower derivatives of f at x = 0 for the function f (x) = |x]|, for all rea]

numbers x.

8. Give an example of a Cauchy sequence of real numbers that is not rapidly Cauchy.

10.
11.

12.

13.

14.

15.

16.
17.

(8 x 1 = 8 weightage)
Part B

Answer any six questions by choosing two questions from each unit.
Each question carries a weightage of 2.

Unir I

Show that every interval is a Borel set.
Show that the Cantor set is an uncountable set of measure zero.

Let {f,} be a sequence of measurable functions on E that converges point wise a.e. on E to the
function f. Prove that fis measurable.

Unit I

Show that the function f defined on [0, 1] by f(x) = Lif x is rational and f (x) = 0 if x is irrational is
not Riemann integrable over [0, 1], but it is Lebesgue integrable over [0, 1].

State and prove the Monotone Convergence theorem.

Let E have finite measure, {f,} — f inmeasure on E and g is a measurable function on E that is
finite a.e. on E. Prove that {f, -g}— f.g in measure.
Unir III
Let f and g be real-valued functions on (a, b). Show that, on (a, b),
Df +Dg< D(f +g)<D(f +&)<Df + Dg.

State and prove Jensen’s Inequality.

Let E be a measurable set and 1 < p < o . Ifthe functions fand g belong to LP(E), then prove that
their sum f + g also belong to LF (E). Also prove that

|7+l p<] £1, + &1,

(6 x 2 = 12 weightage)



3 C 4749
Part C

Answer any two questions.
Each question carries a weightage of 5.

18. Define the outer measure m*(A) of a set AcR and give an example. Prove that the outer

measure of an interval is its length.

19.

20.

21.

(a)

(b)

(a)

(b)

(a)

(b)

State and prove Egoroff’s theorem.

Let fbe a bounded function on a set of finite measure E. Prove that fis Lebesgue integrable

over E if and only if it is measurable.

Let E have measure zero. Show that if fis a bounded function on E, then fis measurable and

[gf=0.

Let E be of finite measure. Suppose the sequence of functions { fn} is uniformly integrable

over E. If {fn} — f pointwise a.e. on E, then prove that f is integrable over E and

lim [ fo=[gf

n — oo

If the function f is monotone on the open interval (a, b), then prove that it is differentiable

almost everywhere on (a, ).

Prove that a function f defined on a closed, bounded interval [, b] is absolutely continuous on
[a, b] if and only if it is an indefinite integral over [a, b].

(2 x 5 = 10 weightage)
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General Instructions
1. In cases where choices are provided, students can attend all questions in each section.
2. The minimum number of questions to be attended from the Section / Part shall remain the same.

3. There will be an overall ceiling for each Section/ Part that is equivalent to the maximum weightage
of the Section/ Part.

Part A

Answer all questions.
Each question carries 1 weightage.

1. Show that a commutative ring with unity is a field iff it has no proper non-trivial ideals.

2. Show that ,/1 ++/3 is algebraic over Q.

3. Show that doubling the cube is impossible.

4. What is the order of G (Q (%)/Q) ?

5. Prove that if E is an algebraic extension of a perfect field F, then E is perfect.

6. Show that the Galois group of the pt cyclotomic extension of Q for a prime p is cyclic of order
p-—1
7. Show that the regular 18-gon is not constructible.

8. Show that the polynomial x® -1 is solvable by radicals over Q.

(8 x 1 = 8 weightage)

Turn over



10.

11.

12.

13.

14.

15.

16.

17.

9 C 4748

Part B

Answer any two questions from each of the following 3 units.

Each question carries 2 weightage.

Unir I
Let E be a simple extension F (a) of a field F, and let a be algebraic over F. Let the degree of irr

(0, F) ben>1. Show that every element B of E=F(a) can be uniquely expressed in the form

B=by +by a+...+b,_; a" ! where the b, are in F.
Show that Q (2%, 28 ] -q (2%}

Show that a field F is algebraically closed iff every non-constant polynomial in F [x] factors in
F[x] into linear factors.
Unir I

Find all the primitive 18" roots of unity in GF (19).

Let F be a finite field of characteristic p. Show that the map o, :F - F defined by s, (a)=a? for
a eF is an automorphism.

Show that if K is a finite extension of E and E is a finite extension of F, then K is separable over F
iff K is separable over E and E is separable over F.

Unir 111

State the Main Theorem of Galois Theory.
Find ¢12 (x) in Q [x]

Let F be a field of characteristic zero and F contains all the nth roots of unity. Show that if K is the

splitting field of x® — @ over F for some a € F, then G (K]F) is a soluble group.

(6 x 2 = 12 weightage)
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19.

20.

21.
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Part C

Answer any two questions.
Each question carries 5 weightage.

(a) LetF be a field. Show that an ideal < p(x)># {0} of F[x] is maximal iff p(x)is irreducible

over F.

25 [«]

(b) Show that m

is a field.

(a) Show that if E is finite extension field of a field F, and K is a finite extension field of E, then
K is a finite extension of F, and [K:F]=[K:E|[E:F].

(b) Show that if E is a finite extension of F, then {E : F} divides [E : F]
State and prove the theorem of the conjugation isomorphisms.

Let K be the splitting field of x* +1 over Q:

(i) Describe the group G (K|Q) ;and
(ii) Give the group and field diagrams for K over Q.

(2 x 5 = 10 weightage)
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Part A

Answer all the questions.
Each question carries a weightage of 1.

Show that every affine function f (x) = ax + b, x € R is convex.
Define an optimal solution of LPP.
Which quadrant the graph of x <2 and y 22 will be situated ?

What have been constructed for Operations Research problems and methods for solving the models
that are available in many cases ?

Define degenerate basic feasible solution.

The solution of any transportation problem is obtained in how many stages ?

Which problem is a subclass of a linear programming problem ?

When a feasible solution is called a basic feasible solution in a transportation problem ?
Define degenerate transportation problem.

Where the right hand side constant of a constraint in a primal problem does appear in the

corresponding dual ?

What is integer programming model ?

What is the full form of PERT and CPM ?

What are the three time estimates in PERT ? Define them.

What is float in network diagram ?
(14 x 1 = 14 weightage)

Turn over
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Part B

Answer any seven questions.

Each question carries a weightage of 2.

Prove that the set of feasible solutions is a closed convex set bounded from below and also prove

that it has at least one vertex.

Prove that if £ (X) is minimum at more than one of the vertices of the set of feasible solutions, then

it is minimum at all those points which are the convex linear combinations of these vertices.

Solve the following LPP by graphically :

Maximize Z = 120x, + 80x,
subject to the conditions 2x; + x4 <6
Txy + 82, < 28
and x;, x, 2 0.

Prove that the value of the objective function f(X) for any feasible solution of the pi'imél is not less
than the value of the objective function ¢ (Y) for any feasible solution of the dual.

Prove that the transportation problem has a triangular basis.
Explain with example ‘North West Corner Rule’ for transportation problem.

Find the initial basic feasible solution of the following transportation problem using Vogel’s
approximation method :

1 2 3 4  Available

A 5 8 3 6 30

B 4 5 7 4 50

C 6 2 4 6 20
Required 30 40 20 10

22. Draw the network defined by the nodes N = {1, 2, 3, 4, 5, 6} and arcs :

A={1,2),1,5),(©3), 24, 3,5), 3 4), 4, 2), 4, 6) (5, 2), (5, 6)). From the network

determine a path and a tree.
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23. Find the minimum path from v, to vg in the graph with arcs and arc lengths are given below :

Arc : (0,1) (0,2 (0,3) (1,2) (1,4 (1,5) (2,3) (2,5) (3,5) (3,6) (4, 7)

Length : 2 6 8 3 10 8 1 1 2 4 3
Arc (5,4). (6,7 (6,5) (6,7) (6,8) (7,4) (7,6) (7,8)
Length: - 1 5 4 6 1 2 1 10

24. Solve the following game whose pay-off matrix is :
B

I II II1 v v VI

I 4 2 0 2 1 1
II 4 3 1 3 2 2
A III 4 3 7 -5 1 2
v 4 3 4 -1 2 2
A% 4 3 3 -2 2 2
(7 x 2 = 14 weightage)
Part C

Answer any two questions.
Each question carries a weightage of 4.
95. Solve the following LPP by simplex method :
Maximize Z = 4x; + 3xy + 6x3
subject to the conditions 2x, + 3x, + 2xg < 440
4x; + 8xg3 < 470
2x, + ‘5x2 < 430

and x;, xy, x5 > 0.

v

Turn over
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26. Solve the following LPP :
Maximize Z = x; + 1.5x, + 55c3 +2x,

subject to the conditions 3x; + 2xy + x5+ 4x, < 6
2%; + %9 +5x3 +x4 <4

2%; + 6x9 —4x3 + 8x4 =0 '
X% +3x9 —2x3 +4x4 = 0

and x;, xg, x3, x4 > O.

27. Find the optimum solution to the following transportation problem :

1 2 3 4 5 Available

7 6 4 5 9 40

8 5 6 7 8 30

Q W »

6 | 8| 9| 6 ] 5] 20

D 5 7 7 8 | 6 10

Required 30 30 15 20 5

28. For the following activity data draw the network, find the critical path and the three floats for
each activity : '

Activity 1-2 1-3 2-3 2-5 3-4 3-6 4-5 4-6 5-6 6-7
Duration (weeks) 15 15 3 5 8 12 1 14 3 14

(2 x 4 = 8 weightage)
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Part A

Answer all the questions.
Each question carries 1 weightage.

1. Find a power series solution of the form Zanx" of the equation y' = 2xy.

2. Determine the nature of the point x = 0 for the equation xy" + (sin x) y=0.

3. Write down the hypergeometric series.

4. Determine the nature of the point x = — o for the Legendre’s equation

(1—x2)y"—2xy’+p(p+1)y=0.

5. Show that o[ Ja (3)]=5 (Ya-1(2) = Tu.1 (=)

6. Prove that P, (1) =1.

7. Express J, (&) in terms of J, (x) and J; (x).

, . Y _and P -0
8. Explain the phase portrait of the system 7 xand-— =9

9. Determine whether the function —x2 — 4xy — 5y? is positive definite, negative definite or neither.

Turn over
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d:
Find the critical points of the system : Zx_y =eY and'd_}t' =e” cos x.

Solve the following differential equation d—: = tx with x (0) = 1. using Picard iteration.

Write down an integral equation for unknown function.

State Strum comparison theorem.

Find an externals point y (x) of the functional I= J; (y' - yz) dx,y(0)=0,y 1)=2.

(14 x 1 = 14 weightage)
Part B

Answer any seven questions.
Each question carries 2 weightage.

Find the general solution of the differential equation (x? — 1) y"+(5x+4)y' +4y=0 at the

singular point x = - 1.
Find the judicial equation and its roots of the equation x% y” + (cos 2x —1) y' + 2xy = 0.
Some differential equations are of the hypergeometric type even though they may not appear to

be so. Find the general solution of (1 - e") y" +% y'+e"y = 0 near the singular point x = 0 by

changing the independent variable to ¢ = e*.

d
Prove that Ix [xp Jp (x)] = prp _1 (%)

, d’x dx (3. .2 o
. .. . Z y— —(x +x° = 2x = 0
Find the critical points of 22 dt ( )
Determine the nature of stability properties of the critical point (0, 0) for the system :

dx dy
== 4y, = =—2x + 3y.
I 3x + ydt x + 3y



3 C 4576

21. Show that the system is almost linear and (0, 0) is a stable critical point of the system :

dx _ 2 dy
Z o E =y,

22. If y,(x) and y,(x) are two linearly independent solutions of y"+P (x) y'+Q(x)=0, then prove

that the functions and distinct and occur alternately in the sense that ¥1(x) vanishes exactly once
between any two successive zeros of ¥, (x) and conversely.

23. Apply the Picard’s method to the initial value problem y' =x + 3,y (0) =1 with y, (x) = cos x.

24. Show that f (x,y) = xy? satisfies a Lipschitz condition any rectangle a <x<bandc<y<d.

(7 x 2 = 14 Weightage)
Part C

Answer any two questions.
Each question carries 4 weightage.

25. Calculate the independent Frobenius series solutions of the equation
4xy" + 2y +y=0.

26. Find the general solution of each of the following differential equafions near the indicated singular

point.

(a) x(l—x)y"+(%—2x)y’+2y=0;x=0.

(b) (2x2+2x)y"+(1+5x)y’+y=0;x=0.

. dx dy
27. Find the general solution of the system i x -2y, i 4x + 5y.

28. State and prove Picard’s theorem

(2 x 4 = 8 weightage)
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APRIL 2021
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Mathematics

MT 2C 08—TOPOLOGY
(2016 Admissions)

Part A

Answer all questions.
Each question carries a weightage of 1.

Define co-finite Topology.
Define neighbourhood of a point in a topological space.
Give an example of t which is not a topology.

What do you mean by a metric topology ?
Let X ={a,b,c,d};= {@,{a},{b,c},{a,b,c},{b,c,d},{X}};.A ={a,c,d}, find d(A).

Which of the following statement is true ?
i) Limiting points are also the adherent points.
ii) Adherent points are also limiting points.
Define closure of a set A.
Define quotient map.

What is meant by sub-base for .

Define regular at a point x € X.

Difference between normal and regular on the space X.
Define semi-open interval topology.

What is meant by weaker topology ?-

What is meant by separable on the space ?

Maximum : 36 Weightage

(14 x 1 = 14 weightage)

Turn over



15.

16.

17.

18.

19.

20.

21.

22.
23.

24.

25.

2 C 4575
Part B

Answer any seven questions.
Each question carries a weightage of 2.

Let A, B be subsets of a topological space (X,t). Prove the following :

(i) Aisdosedin X ifand onlyif A - A,

(i) A=A
(iii) AUB=AUB.
Let X be a space and A X, then prove that int(A) is the union of all open sets contained in A.

Prove that for a subset A of a space X, K:{yeX: every neighbourhood of y meets A

non-vacuously } .

Prove that if f is continuous at x;, then the inverse image (under f) of every neighbourhood of

f (%) in Y is a neighbourhood of x, in X.

Let {(Y;,7;):i€I} be an index family of topological spaces X and {f; :i eI} an indexed family of
functions from Y; into X. Prove that there exists a unique largest topology on U on X which makes

each - f; continuous.

Let X have the weak topology determined by a family {f; : X > Y;|i I} of functions, where each Y;
is a topological space, I being an index set. Then prove that for any space Z, a function g:Z » X

is continuous if and only if for each i€, the composite f; > g:Z — Y; is continuous.

Prove that if X is a compact space and A ¢ X is closed in X, then A in its relative topology, is also
compact.

Prove that the space X is a T,-space, then for any x € X, the singleton set {x} is closed.

Prove that the topological space X is regular, then for any x € X and open set G containing x there
exist an open set H containing x such that H c G.
Prove that regularity is a hereditary property.
(7 x 2 = 14 weightage)
Part C

Answer any two questions.
Each question carries a weightage of 4.

a) Let (X,d) be a metric space, then prove that the intersection of any finite number of open set

is open.



26.

27.

28.

b)

a)

b)

a)
b)

a)

b)

3 C 4575

Let (X, d) be a metric space. Prove that for any given disjoint points x,y € X there exist an

open sets U, V such that x e U,y e Vand UNV=2.

Prove that if a space is second countable then every open cover of it has a countable sub-
cover.
LetXbeasetandBa family of its subsets which covers X, there exists a topology on X with B

as a base. Then prove that for any B;,By € B,B; 1By can be expressed as the union of some

members of B.

Prove that every quotient space of a discrete space is discrete.

Prove that every continuous image of a compact space is compact.

Ify is an accumulation point of a subset A of a T,-space X, then prove that every neighbourhood
of y contains infinitely many points of A.

Prove that in a Hausdorff space, limits of sequences are unique.

(2 x 4 = 8 weightage)
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Part A

Answer all questions.
Each questions carries 1 weightage.

a b
1. Let R= {[_ b _ a:' :det(A)#0anda,be R} be a commutative ring with identity prime ideals

in R.

2. Is /r an algebraic over Q (nz) ? Justify your answer.

3. Let Q (\/5, J3, «/5) be a extension field of Q.Is Q (\/5, V3, «/5) a simple ? Why ?

4. Find a basis for Q (w, i, 32 ) over (Q, where w is cube root of unity.

5. Find the number of isomorphism of Q (%, i) onto to a subfield of Q leaving Q fixed.
6. Find the number of subfields of a field Z3 [x]/ <x2 + 1>-

7. Find all conjugate of \/2 ++/i over Q.

8. If a,B are constructible and B is nonzero, then o/p is constructible.

Turn over



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

9 C 4573

Isx* + x2 — 1 a separable over  ? Why ?

Give an example of two finite normal extensions K, and K,, of the same field F such that K, and K,
are not isomorphic fields but G (K,/F) = G (KJ/F).

2 2 2 2 C . . .
Express x; +x, + x5 +x 4 aspolynomials in the elementary symmetric functions in x;, x9, ¥3, x4.
Prove or disprove : the regular 7-gon is constructible.

Prove or disprove : x3 - 2 is solvable by radical over Q.

Find ¢)14 (x)
(14 x 1 = 14 weightage)
Part B
Answer any seven questions.
Each questions carries 2 weightage.
Find a prime ideal of Z x Z that is not maximal.

Let E be an extension of Z, and let o€ E be algebraic of degree 3 over Z,. Classify the groups
(22 (o), +) and (22 ())*).

Prove that an algebraically closed field F has no proper algebraic extension.

Determine whether or not the polynomial x* — 6 is irreducible in Zy; [x].

Find all automorphism of Q.

Find the splitting field of x3 + x2 + 1 over Z,.
Describe the group of the polynomial x® -1 Q [x] over Q.

Show that in Q[x], @, (x)=®, (- x) for odd integer n > 1.



23.

24.

25.

26.

217.

28.

3 C 4573

Find @4 (x) over z,.

If o and B are constructible real numbers, prove that o + B is constructible.
(7 x 2 = 14 weightage)
Part C

Answer any two questions.
Each questions carries 4 weightage.

Prove that every field contains either a subfield is isomorphic to Z , for some prime p or a subfield
is isomorphic to Q.

(a) Show that every finite field is perfect.

(b) IfFisafield, prove that every ideal in F [x] is principal ideal.

Find the Galois group of x* — 2 over QQ and exhibit the correspondence between the subgroups of
the Galois group and the intermediate fields.

Let F be a field of characteristic zero, and let @ € F, If K is a splitting field of x — a over F, prove
that G (K/F) is a solvable.

(2 x 4 = 8 weightage)
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Part A

Answer all questions.

Each question carries 2 marks.
Let A and B be a linear transformations from the vector space R" to itself. Prove that
IBA]<|B]A].

Let ¢, and ¢, be contractions of a metric space X to itself. Is ¢ o ¢ a contraction ? Justify your

answer.

. Find the arc lefigth of the curve y (t)= (et cost, e’ sin t) starting at (1, 0).

Show that the total signed curvature of any regular plane curve y (t) is a smooth function of ¢.

Is o (u,v) =(u,u,uv),u,veR aregular surface patch ? Justify your answer.

Show that x2 + y2 + 22 = 1 is a smooth surface.

Calculate the first first fundamental form of the surface :

o(u,v) = (u—v,u+v,u2+v2).

1
Show that the normal curvature of any curve on a sphere of radius r is * .

(8 x 2 = 16 marks)

Turn over



10.

11.

12.

13.

14.

2 C 3981
Part B

Answer any four questions.
Each question carries 4 marks.

Let Q denote the set of all invertible linear operators on a vector space R" . Prove that Q is an

open subset of R".

Let fbe a differentiable real function on an open set E = R” into R™.If f'(x) =0 for every x € E,

then prove that fis constant on E.

Show that any regular plane curve ¥ whose curvature is a positive constant is part of a circle.
Show that any open disc in the xy-plane is a surface.
Show that every compact surface is orientable.

If the second fundamental form of a surface patch o is zero everywhere, then prove that o is an
open subset of a plane.

(4 x 4 = 16 marks)

Part C

Answer (A) or (B) of the following questions.

Each question carries 12 marks.

Unit1

15. (A) (a) Let X bea vector space and let dim X = . Prove that a set E of n vectors spans X if and

only if E is independent.

(b) Let E c R® be an open set and the map f : E —» R* be differentiable at xy € E. If g maps

an open set containing f (E) into R™ and g is differentiable at f (xy), then prove

that the map F: E > pgm defined by F (x) = g (f (x)) is differentiable at x, and
F'(%9) =& (£ (%)) ' (%0)-



(B) (a)

(b)

16. (A) (a)

(b)
B) (a)

(b)

17. (A) (a)

(b)

3 C 3981
If X is a complete metric space and if ¢ is a contraction of X into X, then prove that there

exists one and only one x € X such that ¢ (x)=x.

Let f map an open set EcR" into R™. Prove that f is continuously differentiable

in E if and only if the partial derivatives D;f; exist and are continuous on E for
1<i<m,1<j<n.

Unit IT

If v (¢) is a regular curve, then prove that its arc-length s, starting at any point of v, is

a smooth function of ¢.
Prove that the total signed curvature of a closed plane curve is an integer multiple of 25,

Prove that any parametrization of a regular curve is regular.

Let v (t) be a regular curve in R?® with nowhere vanishing curvature. Prove that its

torsion is given by :

_GxW-
16 TP

.. d
where 7 is —'7.

dt

Unir 111

Let 6:U —»R3 be a patch of a surface S containing a point peS and let (u, v) be

co-ordinates in U. Prove that the tangent space to S at p is the vector subspace of R3

spanned by the vectors o, and o, .

Show that the quadric

2
x2+y2—222—§xy+4z=5

is a hyperboloid of one sheet.

Turn over



(B) (a)

(b)

18. (A) (a)
(b)
B) (a)

(b)

4 C 3981

Let f:S; —» S, be a diffeomorphism. Prove that the linear map D,f: TpS1 = Tp(p) Sa is

invertible for all p e S;.

Prove that every compact surface is orientable.
Unit IV
Prove that the second fundamental form of a surface is a bilinear form.

Show that the Gaussian curvature of a surface S is a smooth function on'S.
If k£, and k, are the principal curvatures of a surface, then prove that the mean and
Gaussian curvatures are given by :

H=%(k1+k2)andK=k1k2.

Let S be a connected surface of which every point is an umbilic. Prove that S is an open
subset of a plane or a sphere.

(4 x 12 = 48 marks)
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Part A

Answer all the questions.
Each question carries 2 marks.

Prove that in a metric space, the union of any family of open sets is open.

Prove that a sequence in a cofinite topology is convergent only if there is at most one term of the

sequence which repeats infinitely often.

Prove that a set in a topological space is open if and only if its complement is closed.

Prove that in a topological space, composition of two continuous functions is a continuous function.
Prove that the product topology is the weak topology determined by the projection functions.

When do we say that a topological space is disconnected? Give an example for a disconnected

topological space.

Suppose y is an accumulation point of a subset A of a T, space X. Prove that every neighbourhood
of y contains infinitely many points of A.

Show that a large box is a box which has only finitely many ‘short’ sides.
(8 x 2 = 16 marks)
Part B

Answer any four questions.
Each question carries 4 marks.

Let{x,} be a sequence in a metric space (X : d). Then prove that {x,} converges toy in X if and
only if for every open set U containing y, there exists a positive integer N such that for every

integer n>N,x, € U.

Prove that second countability is a hereditary property.

Turn over



11.

12.

13.
14.

15.

16.

9 C 3980

Let X be a space and A X . Then prove that int (A) is the union of all open sets contained in A,

Prove that there is a one-to-one correspondence between the set of topologies on a set and the set
of all nearness relations on that set.

Define divisible property. Prove that the property of being a discrete space is divisible.

Prove that the intersection of a finite number of large boxes is a large box.

A (a)

(b)
B (a)

(b)
A (a)

(b)

B (a)

(b)

(8 x 2 = 16 marks)
Part C

Answer either A or B part of the following questions.
Each question carries 12 marks.

Define semi-open interval topology on the set of real numbers. Prove that this topology is
stronger than the usual topology on this set.

Determine the topology induced by a discrete metric on a set.

Let X be a set, 7 a topology on X and S a family of subsets of X. Prove that S is a sub-base
for J if and only if S generates J.

Prove that a discrete space is second countable if and only if the underlying set is countable.

Prove that a subset A of a space X is dense in X if and only if for every non-empty open

subset Bof X, AnB=¢.

For a subset A of a space X, prove that A = A UA’,A is the closure of A and A’ is the
derived set of A.

Define embedding in topological spaces. Prove that a function ¢: X — Y is an embedding

if and only if it is continuous and one-to-one and for every open set V in X, there exists an

open subset Win Y such that e(V)=WnY.

For any three spaces X,, X,, X3 prove that X; x(XgxX3) is homeomorphic to

(Xl XXZ)XX3.



17. A (a)
(b)

B (a)

(b)
18. A. (a)
(b)

3 C 3980
Prove that every closed, surjective map is a quotient map.

Prove that every continuous real-valued function on a compact space  is bounded and
attains its extrema.

Define countable chain condition. Prove that every separable space satisfies the countable
chain condition.

Prove that every closed and bounded interval is compact.
Define Tychnoff space. Prove that every Tychnoff space is a T, space.

For a topological space X, prove that the following statements are equivalent :

(i) Xisregular.

(i) For any x e X and any open set G containing x there exists an open set H containing

x such that H - G..

(iii) The family of all closed neighbourhoods of any point of X forms a local base at that

B (a)
(b)

point.
If a product is non-empty, prove that each projection function is onto.
Prove that projection functions are open.
(4 x 12 = 48 marks)
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Part A

Answer all questions.
Each question carries 2 marks.

1. State Picard’s theorem.
2 /
2. Show that x = 1 is a regular singular point for the equation x? (x2 - 1) y'-x(1-x)y +2y=0.

3. Define Gamma function and show that |(n +1)=n! for any integer n > 0.

4
’ "2
4. Find the stationary function of I [xy -(¥) ] dx which is determined by the boundary conditions
0

¥(0)=0,y(4)=3.
5. Describe the phase portrait of the system :
d_ dy_
dt dt
6. Show that (0, 0) is an asymptotically stable critical point for the system :

£= -2x +xy°, Q= —x2y2 — 58,

dt dt
(6 x 2 = 12 marks)
Part B

Answer any five questions.
Each question carries 4 marks.

7. Show that the solutions of the initial value problem y =f(x,y),y(%)=y, are precisely the

X
continuous solutions of the integral equation ¥ (x)=y0+ If [t y(t )] dt.

Xy

Turn over
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8. Find a series solution y, (x) for the equation y'+y —xy =0,y (0)=1, ¥1(0)=0.

9. Find the indicial equation and its roots for the equation %3 ¥+ (cos2x - l)y' +2xy=0.

10. Find the general solution of the equation (1 -e” )y" + éy’ +e*y =0 near the singular point x =0 by

changing the independent variable to ¢ = e*.
11. Letf(x) be a function defined on the interval —1 < x <1. Determine the polynomial p (x) which

1
2
minimizes the value of the integral I = I [f(x)-p(x)] dx.
-1

12. A curve in the first quadrant joins (0, 0) and (1, 0) and has a given area beneath it. Show that the
shortest such curve is an arc of a circle.

13. Determine the nature and stability properties of the critical point (0, 0) for the system :

dx dy
& o bx+2y, % = 17x—5y.
dr g T TIETYY

14. Investigate the stability properties of the critical point (0, 0) for the van der Pol equation :

d%x 2 dx
Ez—+u(x —l)zt-+x—0,|,l>0.

(5 x 4 = 20 marks)
Part C

Answer either A or B of each of the following three questions.
Each question carries 16 marks.

15. A (a) Letf(x,y)be acontinuous function that satisfies a Lipschitz condition :
| £(2:31)=f(%,52) | < k|y1-¥2 | onastripdefinedby ¢ < x < and — @ < y <. If (x9,%0)
is any point on the strip, then show that the initial value problem y = f(x,y), y(%) = %
has one and only one solution y = y(x) ong<x<b.

(b) Verify whether the function f(x,y)=xy 2 satisfiesa Lipschitz condition on any strip

a<x<b, —©<Yy<®©.



B (a)

(b)

16. A (a)

(b)
B (a)
(b)

17. A (a)

(b)

B (a)

3 C 3979

1 2 . ' .
Show that tanx = x +§x3 +Ex5 +... by solving the equation y' =1+ y?; y(0)=0 in two

ways.

Show that the equation x2y" +xy + ( 22— %) y =0 has two independent Frobenius series

solutions and find them.

Show that the solutions of the Legendre’s equation (1 ~a? ) y'—2xy +n(n+1)y =0, where

n is a non-negative integer, bounded near x = 1 are precisely constant multiples of the
. 1
polynomials F|-n,n + 1’5(1 -x)|.

Obtain Bessel function J p(x) of first kind of order p.
Derive Euler’s differential equation for an extremal.

Find the curve of fixed length L that joins the points (0, 0) and (1, 0), lies above the x-axis
and encloses the maximum area between itself and the x-axis.

Find the general solutions of the system:

dy
— =5x+4y,—=-x+y.
T Y

If a;by —agh, #0, show that the system :

dx dy _ . . . .
prrialct +hy+¢ T +byy + ¢y ; has a single isolated critical point (%0,30) -

Consider the non-linear system :

(1) Find the critical points.

(ii) Find the differential equation of paths.
(iii) Solve this differential equation to find the paths.
(iv) Sketch a few of the paths.

(3 x 16 = 48 marks)
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Part A
Answer all questions.
Each question carries 2 marks.
Prove that the outer measure m* is translation invariant.
If f and g are measurable real-valued functions defined on the same domain, then prove that

[ + g is also measurable.

If f and g are bounded measurable functions defined on a set E of finite measure and if f=g a.e.,
then prove that :

b

Let f be a non-negative measurable function. Show that :

If =sup I¢ over all simple functions ¢ < f .

. (1
Let f be the function defined by £ (0) = 0 and f(x)=xsin (;) for x 0. Find D*f(0) and D_ £(0).

Define an absolutely continuous function. If f is absolutely continuous on [a, b], then prove that
f is of bounded variation on [a, b].

Prove that every measurable subset of a positive set is positive.

Let E be a set for which ux9(E)=0. Prove that for almost all x,3(E,)=0.
(8 x 2 = 16 marks)

Turn over
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Part B

Answer any four questions.
Each question carries 4 marks.

Let € be any collection of subsets of a set X. Prove that there exists a smallest o -algebra
containing €.

10. Prove that the interval (a,) is measurable.

11. If f and g are non-negative measurable functions defined on a measurable set E, then prove that :
[fre=[f+]e
E E E °
12. Prove that a function fis of bounded variation on [a, b] if and only if f is the difference of two
monotone real-valued functions on [a, b].
13.

If f is integrable on [a, b] and jf(t) dt =0 for all x €[a,b],then f(¢) = a a.e. in [a, b].

a

14. If E; € B, uE; <wand E; o E; +1, then prove that :

“[iolEi] = nliinw“(En ) ,where (X,%,1) is a measure space.
(4 x 4 = 16 marks)
Part C

Answer either A or B of each question.
Each question carries 12 marks.

15. A (a) Prove that the outer measure of an interval is its length.
(b) Let (El) be a sequence of disjoint measurable sets and A any set. Prove that :
m* AU E; |= X m*(ANE;),
i—1 i—1
B (a) Prove that there exists a non-measurable set.

(b) - Let E be a measurable set of finite measure, and let (f,) a sequence of measurable
functions defined on E. Let f be a real valued function such that for each x in E,
fn(x) > f(x). Prove that for given €>0 and § >0, there is a measurable set A c E
with mA < § and an integer N such that forall x ¢ A andall >N

| £ (x)-F(x)|<e.



3 C 3978

16. A (a) Letf be defined and bounded on a measurable set E with mE finite. Prove that a necessary
and sufficient condition for fto be measurable is :

o lgw(x) dx =220 ﬁ[(b(x) dx

for all simple functions ¢ and .

(b) Prove that a bounded function f on [a, b] is Riemann integrable if and only if the set of
points at which f is discontinuous has measure zero.

B (a) State and prove Fatou’s Lemma.

(b) Let (gn) be a sequence of integrable functions which converges a.e. to an integrable

function g. Let (f,) be a sequence of measurable functions such that | /,|<g, and (f;)
converges to fa.e. If [g=lim (g, , then prove that [f =lim [f,.

17. A (a) Let f be an increasing real-valued function on the interval [a, b]. Prove that f is
differentiable almost everywhere.

(b) If f is absolutely continuous on [a, 6], and f '(x) =0, a.e., then prove that f is constant.

B (a) Letf be an integrable function on [a, b] and suppose that :
F(x)=F(a)+ [f(t)dt.
a

Prove that F'(x) = f(x) for almost all x in [a, b].

(b) Prove that every absolutely continuous function is the indefinite integral of its derivative.
18. A (a) LetE beameasurable setsuchthat (0 < 9E < «. Prove that thereis a positive set A continued
in E with gA > 0.
(b) State and prove Radon-Nikodym theorem.
B (a) Let F be a monotone increasing function which is continuous on the right. Prove that
there is a unique Baire measure p such that for all a and b,

u(a,b] =F(b)-F(a).

(b) Let x be a point of X and E a set in Roj, where (X,.4,u) and (Y, 3, 9) are two complete
measure spaces. Prove that the x cross-section E, is a measurable subset of Y.

(4 x 12 = 48 marks)
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MAT 2C 06—ALGEBRA—II
(2019 Admission onwards)
Time : Three Hours Maximum : 80 Marks
Part A

Answer all questions.
Each question is of 2 marks.

1. Let ¢:Z,9 - Z, be ahomomorphism with ¢ (1) =1. Let ker ¢ =K. List all elements of Z,, /K.

2. Give a composition series for the group Z 5.
3. Verify whether 1++/2 and 1-+/2 are conjugates over the rationals Q.
4. Find the number of automorphisms of Q (&) where o is the real cube root of 2.

5. Let K be an extension of degree 3 over Z,. Give a generator of the Galois group G (K/Zj).

6. Describe the 8t cyclotomic polynomial over the rationals Q.

(6 x 2 = 12 marks)
Part B

Answer any five questions.
Each question is of 4 marks.

7. Let N be a normal subgroup of a group G and y: G — G/N be the canonical homomorphism. Show

that if K is normal in G/N then y71 (K) is a normal subgroup of G.

8. Show that the symmetric group S; is solvable.

9. Find the number of Sylow 2 subgroups of S,.

Turn over
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13.

14.

15.
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Show that if o and B are conjugates over Q then Q(«)and Q(B)are isomorphic fields.
Show that Q(v2,v3) is a splitting field over Q.

Let F<E<K be extensions of fields such that K is a finite extension of F. Show that if K is
separable over F then K is separable over E.

Let K be a splitting field of x* +1 over Q. Describe the Galois group G (K/Q).
Show that the regular 7-gon is not constructible.

(5 x 4 = 20 marks)
Part C

Answer part A or part B of each question.
Each question is of 16 marks.

A Let G be a group and H, K be normal subgroups of G with K <H. Show that :

(a) HK=H ;
(b) H/Kis a normal subgroup of G/K ; and
(¢) G/H isisomorphic to (G/K)/(H/K).

B Let G be a finite group of order n and p be a prime dividing n. Let e be the identity of the group

G and X={(g1,g2, ...... ,gp):giEGGDd&gz ----- gp=e}- Show that :
(@ |X|=nP";

(b) For a permutation c=(12....p) and H=(c) the map

(gl, 825eerees gp) - (80(1)’ 8o (2) e go(p)) induces an action of H on X ; and

(¢) There exists a € G such that a#e and gP =¢,
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16. A (a) Let E be a field and & be an automorphism of E. Show that E; = {aeE:c (@)= a} is a
subfield of E.

(b) Let F be a finite field of characteristic p. Show that :

i 6, :F—F defined by 6, (a)=a” foraeF is an automorphism of F.

ii The fixed field of o, is isomorphic to L.

B (a) Define splitting field.

(b) Let E be a splitting field over F. Show that every irreducible polynomial in F [x] with one
zero in E splits over E.

(c) Let F be an algebraic closure of F and E < F be a splitting field over F. Show that every

isomorphism of E into F leaving elements of F fixed is an automorphism of E.
17. A LetKbe afinite normal extension of F with Galois group G (K/F). For each intermediate field
E with F<E <Klet A(E)=G (K/E). Show that:
(a) Fixed field of G (K/E)inKisE;
(b) Ais one to one on the set all intermediate fields ; and
(c) IfE is a normal extension of F then G (K/E) is a normal subgroup of G (K/ F).

B (a) Define symmetric function in n variables.

V1s Yor-wies , ¥, Show that the Galois group of F ( Y1 Yseernens yn) over E is isomorphic to

the symmetric group S, .

(3 x 16 = 48 marks)
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MAT 2C 10—MULTIVARIABLE CALCULUS AND GEOMETRY

(2017 Admission onwards)

: Three Hours Maximum : 80 Marks
Part A
Answer all questions.
Each question carries 2 marks.
Let A be a linear transformation from the space R" to the space g™ and B be a linear transformation
from the space R™ to the space R*. Prove that
|BA[<[B]]A]
Let A be a linear transformation from the vector space R" to the vector space R™ and let x € R”.
Prove that A’ (x) = A.
Find the arc length of the curve y(¢) = (¢, cosh ¢) starting at the point (0, 1).
Show that the total signed curvature of any regular plane curve y (t) is a smooth function of ¢.
Isc (u, v) =(u, u,uv),u, v €R aregular surface patch ? Justify your answer.
Show that x2 + y2 + z* = 1 is a smooth surface.
Prove that the second fundamental form of a plane is zero.
Define Gaussian curvature of a surface S at a point p €S.

(8 x 2 = 16 marks)

Turn over
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Part B

Answer any four questions.

Each question carries 4 marks.

Let () denote the set of all invertible linear operators on a vector space R" . Prove that the mapping

A — A~! is continuous on Q.

Give an example to show that a given level curve can have both regular and non-regular
parametrization.

Prove that any regular plane curve Y whose curvature is a positive constant is part of a circle.
Show that any open disc in the xy-plane is a surface.

Prove that every compact surface is orientable.

If the second fundamental form of a surface patch o is zero everywhere, then prove that ¢ is an
open subset of a plane.
(4 x 4 = 16 marks)
Part C

Answer (A) or (B) of the following questions.
Each question carries 12 marks.

Unir I

(A) (a) Let Ec R" be an open set and the map f : E —» R* be differentiable at %y e E.Ifgmaps
an open set containing f (E) into R™ and g is differentiable at f (x,), then prove

that the map F : E » R™ defined by F (x) = g (f (x)) is differentiable at x and
F(xg) = g' (f (xg)) ['(xp)

(b) Show that composition of two contractions is again a contraction.

(B) State and prove implicit function theorem.



16. (A)

(B)

17. (A)

(B)

18. (A)

(a)

(b)

(a)

(b)

(a)

(b)

(a)

(b)

(a)
(b)
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Unir 11

Ify () is a regular curve, then prove that its arc-length s, starting at any point of y, is a
smooth function of ¢.

Prove that the total signed curvature of a closed plane curve is an integer multiple of 2 1 .
Prove that any parametrization of a regular curve is regular.

Let v be a regular curve in R® with nowhere vanishing curvature. Prove that the image

of v is contained in a plane if and only if the torsion 7 is zero at every point of the curve.

Unit 111

Let o:U — R3 be a patch of a surface S containing a point peS and let (u, v) be

co-ordinates in U. Prove that the tangent space to S at p is the vector subspace of R3

spanned by the vectors ¢, and o, .

Show that the quadric

2
%% +y2— 222 - 3 xy+4z=5
is a hyperboloid of one sheet.
Let f :S; - S, bea diffeomorphism. Prove that the linear map Dpf : Tp81 = Ty () Sz is

invertible for all p €S,.

Prove that the transition maps of a smooth surface are smooth.

Unit IV
Prove that the second fundamental form of a surface is a bilinear form.

Show that the Weingarten map W of a surface satisfies the quadratic equation
W2 -2HW+K=0
in the usual notation.

Turn over
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(B) (a) Ifk, and k, are the principal curvatures of a surface, then prove that the mean and

Gaussian curvatures are given by :
1
H=§(kl + kz)and K =k1k2.

(b) Prove that the principal curvatures at a point of a surface are the maximum and
minimum values of the normal curvature of all curves on the surface that pass through

the point.
(4 x 12 = 48 marks)
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Time : Three Hours Maximum : 80 Marks
Part A

Answer all questions.
Each question carries 2 marks.

1
(1) Find the Lebesgue measure of the set [0’ 1] - {2—,, in=1,2, 3»---}-

0 ifxe[0,1]

@ Letf(x):{l if xe[0,1]

Is f measurable ? Justify your answer.

(3) Letf, g be bounded measurable functions defined on a measurable set E. If f = g a.e., then prove

that [ = [g& -

(4) Let fbe an integrable function over a measurable set E and let ¢ € R. Prove that ¢ fis integrable

and [ge/ = [gf.

(56) Letfand g be functions. Prove that D* (f + g)<D* f +D* g.

0 ifx=0

(6). Let f ()= xzsin(i) ifx#0
5 .

X

Is f bounded variation on [-1,1]? Justify your answer.

Turn over
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(7) Prove that every measurable subset of a positive set is positive.

(8) Let p be a complete measure on a measure space (X, B). If E; € B and p(E; A Eg) =0, then prove

that E; e Bwhere E; AE, denote the symmetric difference of E; and E,.

(8 x 2 = 16 marks)
Part B

Answer any four questions.
Each question carries 4 marks.

(9) IfE,, E, are Lebesgue measurable, then prove that E; U E,is Lebesgue measurable.
(10) Let a € R.Prove that the interval(a, ©) is measurable.

(11) Let ¢ and y be measurable simple functions which vanish outside a set of finite measure. Prove

that [o+w= fo+ [v.

(12) Let fbe a non-negative measurable function. Show that j f=0 ifand only if f =0 a.e..
(13) Iffis absolutely continuous, then prove that f has a derivative almost everywhere.
(14) Give an example to show that the Hahn decomposition need not be unique.

(4 x 4 = 16 marks)
Part C

Answer A or B of the following questions.
Each question carries 12 marks.

Unir 1

(15) A (a) Let {An} be a countable collection of sets of real numbers. Prove that

m*[yAn]s§ m*(A,).

(b) Let f be an extended real valued function whose domain is measurable. Prove that the
following are equivalent :

(i) For each real number a the set {x f (x)> a} is measurable.
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(i) For each real number o the set {:f (x)2a}is measurable.
(iii) For each real number a the set {x f(x)< a} is measurable.
(iv) For each real number « the set {x: f (x) < a}is measurable.

B (a) Let {E,} be an infinite sequence of measurable sets such that E, ,; cE, for each n. If

m (E,) is finite, then prove that

n—o

m(ﬁ Ei]= lim m(E,).

(b) Let E be a measurable set of finite measure and let {f, } be a sequence of measurable
functions defined on E. Let f be a real valued function such that for each x in E we have

f, (x) > f (x). Prove that for given £ >0 and 8> 0, there is a measurable set A c Ewith

m (A) <3 and an integer N such that

|fn (x)—f(x)|<s
for all x¢ A and all n>N.

Unit 11

(16) A (a) Let[fbe abounded function defined on [a, b]. If fis Riemann integrable, then prove that

fis measurable and R _[: f(x)dx= I: f (x) dx,

b
where R I o f (x) dx denotes the Riemann integral of f.

(b) If {f,}is a sequence of non-negative measurable functions and fn (x) > f (x) almost
everywhere on a set E, then prove that IEf <lim IE fr-

Turn over
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Let { fn} be a sequence of measurable functions defined on a set E of finite measure and

suppose that there is a real number M such that| fn (x)l <M for all n and all x. If
f (x)=lim f, (x) for each x € E, then prove IEf = lim IEfn'

Let f be non-negative which is integrable on a measurable set E. Prove that for given

£>0 there is a §>0 such that for every set A c Ewith m (A) <38 we have IAf <&

Unir 111

Let f be an increasing real valued function on the interval [a, b].Prove that f is

differentiable almost everywhere, the derivative f’ is measurable and

If' x)dx<f(b)-f(a)

If fis integrable on [a, b], then prove that the function F defined by F I f(¢)dtis

bounded variation on|a, b).

Prove that a function f is of bounded variation on [a, b] if and only if fis the difference of

two monotone real valued functions on [a, b].

Prove that a function F is an indefinite integral if and only if it is absolutely continuous.

Unit IV

Let (X,18) be a measurable space, {11} a sequence of measures that converge set wise to
ameasure pand let {fn } be a sequence of non-negative measurable functions that converge
pointwise to the function f. Prove that If dp <lim Ifn du,.

Let p be a signed measure on the measurable space (X, B). Prove that there is a positive
set A and a negative set B such that X=AUB and AnB=8.

Let p be a measure on an algebra D and let p* be the outer measure induced by p. Prove

that the restriction i of p* to the p*-measurable sets is an extension of p to a c-algebra
containing D.

If p is a finite Borel measure on the real line, then prove that its cumulative distribution
function F is a monotone increasing bounded function which is continuous on the right.

(4 x 12 = 48 marks)
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: Three Hours Maximum : 80 Marks
Part A
Answer all questions.
Each question carries 2 marks.
Verify that y = 22 is one solution of x2y" +xy' —4y = 0, and find the general solution.
Define ordinary point of a linear differential equation y"+ p(x)y +Q(x)y = 0. Give an example of
a linear differential equation with x = 1 as its ordinary point.
Prove that J_7(x)=-J7(x).
1.3...(2n-1
Show that P,,(0)=(-1)" .—#,Where P,(x) denotes the nth degree Legendre
-n!
polynomial.
. . dx _ dy
Describe the phase portrait of the system 7 x,z =0.
Show that a function of the form ax® + bx2y + cxy® +dy3 cannot be either positive or negative
definite.
X,
Find the extremal for the integral | = I 2+( y')2 dx-
X
State Picard’s theorem.

(8 x 2 = 16 marks)

Turn over
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Part B

Answer any four questions.
Each question carries 4 marks.

9. Show that if y;(x)and y,(x) are any two solutions of the equation y"+P(x)y +Q(x)y=0

on [a,b], then they are linearly dependent on this interval [a,b] iff their Wronskian W (yy,ys)is
identically zero.

1

- . Yo
10. Express sin 1(:x) in the form of a power series in x by solving ¥ =(1-x2 ; ¥(0)=0 in two
y gy

ways.

11. Prove that the positive zeros of J p(x)and J,,; (x) occur alternately, in the sense that between
each pair of consecutive positive zeros of either there is exactly one zero of the other.

12. Determine the nature and stability properties of the critical point (0, 0) for the system :

dx dy
—=-3x+4y;==-2 .
ot x +4y dt x + 3y

13. Show that (0, 0) is an asymptotically stable critical point for the system :

& gxry ;%=_x2y2 5%,

dt

14. Explain Picard’s method of successive approximation of solving initial value problem
¥ =f(%y),5(x,) =y,, where f (x, y) is an arbitrary function defined and continuous in some
neighborhood of the point (x,, Yo )-

(4 x 4 = 16 marks)
Part C

Answer either A or B of each of the following questions.
Each question carries 12 marks.

15. A (a) Find a particular solution of the equation :

¥'+2y' +y=e*logx.

(b) Find the general solution of Chebyshev’s equation (1 - )y" -xy'+p?y =0, wherep isa

constant.

v 2 1 . .
B Show that the equation 2%y’ +xy +(x ‘Z)y =0 has two independent Frobenius series

solutions and find them.



16.

17.

18.
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A (a) Find the general solution of the equation (xz T* 6)3’ "+(5+8x)y +y =0, nearits singular
point x = 3.

(b) Derive Rodrigue’s formula for nth degree Legendre polynomial.

B (a) Determine the nature of the point x = o for Bessel’s equation 2y +xy + (x2 -p’ )y =0.

(b) State and prove the orthogonal property of Bessel functions.
A Find the general solution of the system :

dx dy
L
7R A Pia

B For the non-linear system % = y(x2 + 1),% = —x(x2 + 1) :
(1) find the critical points.
(ii) find the differential equation of the paths.
(iii) solve the equation in (ii) to find the paths.
(iv) sketch a few of the paths.
A (a) Obtain Euler’s differential equation.

(b) A curve in the first quadrant joins (0, 0) and (1, 0) and has a given area beneath it. Show
that the shortest such curve is-an arc of s circle.

B Solve the following initial value problem by Picard’s method, and compare the result with the
exact solution :

dy
=~ = 0)=1
z, y()

dz
—_—=Y, ZO =O-
= (0)

(4 x 12 = 48 marks)
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Part A

Answer all the questions.
Each question carries 2 marks.

Define cofinite topology and co-countable topology. Among the two topologies on a set X which is
stronger topology. Justify your answer.

Define base for a topology. Give an example for a base for the usual topology on the set of real
numbers.

Prove that in a topological space, the closure of the closure of a set is same as the closure of the set.
Prove that every open surjective map is a quotient map.

Let X; and X, be connected topological spaces and X = X, x X, with product topology. Then prove
that X is connected.

Prove that a topological space X is T; space if and only if for any x e X, the singleton set {x} is
closed.
Prove that every T, space is a T, space.

Prove that the intersection of a finite number of large boxes is a large box.
(8 x 2 = 16 marks)
Part B

Answer any four questions.
Each question carries 4 marks.

Define open sets and closed sets in metric spaces. Can the same set be both open and closed ?
Justify the claim.

Prove that in a topological space, the family of all closed sets has the property that it is closed
under finite unions.

Turn over
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Prove that a function ¢: X -5 Y is an embedding if and only if it is continuous and one-to-one and

for every open set V in X, there exists an open subset W of Y such that e(V)=WnY.

Prove that the property of being a finite space is divisible.

Justify the terms ‘box’ and ‘wall’ geometrically for product of copies of real line.

Prove that all metric spaces are T, spaces.

A (a)

(b)

B (a)
(b)

A (a)

(b)

B (a)

(b)

A (a)
(b)

B (a)
(b)

(4 x 4 = 16 marks)
Part C

Answer either A or B part of the following questions.
Each question carries 12 marks.

Let {xn} be a sequence in a metric space (X ; d). Then prove that {x,,} converges toy inX,
if and only if for every open set U containing y there exists a positive integer N such that
for every integer n>N,x, € U.

Prove that the semi-open interval topology is stronger than the usual topology on the set
of real numbers.

If a space is second countable, prove that every open cover of it has a countable subcover.
Let (X, T) be a topological space and B < T'. Then prove that B is a base for T if and only
if for any x e X and any open G containing x, there exists B B such that x<B and
BcG-

Let (X, t) be a topological space and C be the family of all closed subsets of X. Prove or
disprove that C is the complement of 1 in P (X), the set of all subsets of X.

Define dense subset of a topological space. State and prove necessary and sufficient condition
for a set to be dense.

For a subset A of a space X, prove that :
A= {y € X:every neighborhood of y meets A non - vacuously}.

For any three spaces X;, Xy, X3 prove that X; x (X, x X,) is homeomorphic to
{X; x X x X3
Prove that every closed surjective map is a quotient map.

When do we say that a space satisfies the countable chain condition ? Prove that every
second countable space satisfies the countable chain condition.

Prove that every continuous image of a compact space is compact.

Prove that every closed and bounded interval is compact.
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18. A (a) Prove that all metric spaces are T, spaces.
(b) Prove that the product of a finite number of regular spaces is regular.
B For a topological space X, prove that the following statements are equivalent :

(i) Xisregular.

(ii) For any x ¢ X and any open set G containing x, there exists an open set H containing
x such that §

(iii) The family of all closed neighbourhoods of any point of X forms a local base at that
point.

(4 x 12 = 48 marks)
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Part A

Answer all questions.
Each question is of 2 marks.

Let X ={1, 2, 3} be aset and G =Zjg be the cyclic group with generator a . Define a-1=1,a-2=3
and a -3 =2. Verify whether this extends to an action of G on X.

Verify whether Zqy x Zg and Z4 x Z 4 are isomorphic groups.

Find the number of 3—Sylow subgroups of the symmetric group S;.

. - 2 _1.
Verify whether a;a,* ag azag ! is a reduced word.

LetE=Q (\/5 V3 ) Verify whether every element of E is of the form ¢ /2 + b /3 with a,b e Q.

Give an example of an algebraic extension of  which is not a splitting field over Q.
Find the order of the Galois group G (K/Q) where K is the splitting field of x* -1 ¢ Q [x].

Let K be a normal extension of a field F and F < E < K. Suppose that the Galois groups G (K/F)

and G (E/F) are isomorphic. Is it necessary that K = E. Justify your answer.

(8 x 2 = 16 marks)

Turn over
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Part B

Answer any four questions.
Each question is of 4 marks.

9. Let G be a group, H a subgroup of G and Ly; be the set of all left cosets of H. Show that Ly is a
G—set.
10. Verify whether the series (0) < (3) < Z; and (0) < (5) < Z are isomorphic.
11. Let G be a group of order 45. Show that G has a normal subgroup of order 9.
12. Show that group 7 of integers under addition is a free group.
13. LetFbea finite field of characteristicp. Let 6, : F - F be the automorphism givenby o, (a)=dP.
Show that the fixed field of o, is Z,.
14. Find o such that Q («/5, \/§) =Q(a).
(4 x 4 = 16 marks)
Part C
Answer part A or part B of each question.
Each question is of 12 marks.
15. (A) (a) Let Gbe afinite group and X be a G-set. For x € X show that the number of elements in

the orbit Gx of x is equal to the number of left cosets of the isotropy group G,.

(b) Let S; act on the set {1, 2, 3} with usual action. Find the number of elements in the orbit
of o =(12).

(B) (a) Define sub-normal series and isomorphic subnormal series.

(b) Find a non-trivial subgroup H of S, such that H » A, and (1) <H<A < S,isa
subnormal series of S &

(¢) Give an example of a normal series and a refinement of it.



16. (A)

(B)

17. (A)

(B)

18. (A)

(a)

(b)

(o)

(a)

(b)

(a)

(b)

(a)

(b)

(c)

(a)

(b)
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Define p—group and give an example.
Show that every finite p-group is solvable.
Show that the centre of a finite p—group is non-trivial.

Show that every group is a homomorphic image of a free group.

Describe Z; as a homomorphic image of a free group.

Let ¢ be an automorphism of a field E. Show that E_ = {a eE:0(a)= a} is a subfield
of E.

Let E be an extension of a field F. Show that :

(i) The set G (E/F) of all automorphisms of E leaving F fixed is a group under function

composition.
(i) The fixed field of G (E/F) contains F.

Define separable extension.

Let E be a finite extension of F. Show that E is separable over F if and only if each a. € E

is separable over F.

Show that Q (\/5, J3 ) is a separable extension of Q.

Let K be a finite normal extension of field F. Show that the Galois map ) with

2 (E) = G (K/E) for F < E <Kiis a one to one map.

Find all intermediate fields E such that Q < E < K where K is the splitting field of

x+1eQ Ix].

Turn over
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(B) Letf(x)=x*-2 eQlx] and K be the splitting field of f (x) over Q.
(a) Describe all the zeros of f (x).
(b) Show that K = Q (a, i) where a = 4/3 is the real positive fourth root of 2.
(c) Show that [K: Q] =8.

(d) Give a sub-field E of K such that [E: Q] =2.

(4 x 12 = 48 marks)



