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Chapter 1

Introduction and preliminaries

1.1 Introduction

Operator theory is a main branch of Mathematics, which mainly focuses on the
study of bounded and unbounded linear operators defined on a normed linear space.
A continuous linear operator on a normed linear space is called a bounded linear
operator. An operator which is not bounded is called an unbounded operator. It
is well known that the class of all closed densely defined operators is a subclass of
the set of all unbounded operators. Self adjoint densely defined operators play an
important role in the field of quantum mechanics ([12]).

Let H be an infinite dimensional complex Hilbert space. A linear operator T
on H is said to be bounded if there exist a constant ¢ > 0 such that ||Tz|| < c||z||
for all x € H ([37]). Let B(H) denotes the algebra of all bounded linear operators
defined on H. For T' € B(H),

1T} = sup {[[Tz| -z € I, ]| = 1}

([37]). Let T" € B(H). Then there exist a unique operator S € B(H) such that
(Tz,y) = (x,Sy) for all x,y € H. The operator S is called the adjoint of 7" and is
denoted by T™. An operator T is said to be normal if 7T = TT* and is selfadjoint
if 7% =T ([37]). It is clear that every self- adjoint operators are normal. T is said

to be positive if (T'z,x) > 0, for all x € H and it is denoted by 7" > 0.
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In the last two or three decades, there was much progress in the study of non
normal classes of operators. Some of the non normal classes operators are hy-
ponormal, M-hyponormal, paranormal, x-paranormal operators etc. P. R. Halmos
introduced hyponormal operator, which is an extension of normal operator. An op-
erator T' € B(H) is said to be hyponormal if | T*z|| < ||Tz| for all z € H ([16]).
In ([48, 50]), I. H. Sheth and J. G. Stampfli studied some characterizations of hy-
ponormal operators and its spectrum. Later, J. G. Stampfli introduced a class of
M-hyponormal operators, which contains the class of hyponormal operators. For
M > 0. T is said to be M-hyponormal if (T — X\ )*z|| < M||(T — \)z|| for all
A € C and for all z € 3 ([55]). In ([44, 55]), M. Radjabalipour and B. L. Wadhwa
studied some properties of M-hyponormal operators. Note that M-hyponormal op-
erators are not normaloid. T is said to be dominant if for each A\ € C, there exist a
constant M () > 0 such that ||(T— X )*z|| < MM\ ||(T — A])z|| for all z € H. It
is clear that every M-hyponormal operators are dominant. In ([51]), some spectral

properties of dominant operators were studied. It is clear that

sel fadjoint C normal C hyponormal C M — hyponormal C dominant

An operator T € B(H) is said to be posinormal if TT* < N*T*T for some
constant A > 0 ([47]). T is said to be polynomially (P)-posinormal if P(T)P(T*) <
AN2T*T, where P(z) is a polynomial with zero constant term and for some constant

A >0 ([26]). It is clear that

hyponormal C posinormal C polynomially (P) — posinormal

T is said to be a normaloid if ||T'|| = sup {|A| : A € o(T)}, where (T is the
spectrum of T'. It can be seen that every hyponormal operators are normaloid ([50]),
but every dominant operators need not be normaloid.

T. Furuta introduced a new class of operators, paranormal operators, which contains

the class of hyponormal operators and are normaloid ([13, 28]). T is said to be

paranormal if ||Tx||? < [|T?z||||z| for all x € H ([13]).
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T is said to be x-paranormal if | T*z||* < ||T?z||||z| for all z € F ([41]). Tt can be
seen that every x-paranormal operators are normaloid, but need not be paranormal
([53]). In ([53]), K. Tanahashi and A. Uchiyama studied some characterizations and
spectral properties of x-paranormal operators.

In ([5]), P. Dharmarha and S. Ram introduced (m,n)-paranormal and (m,n)*-
paranormal operators, which are extensions of paranormal and *-paranormal op-
erators respectively. For m € Rt n € N. T is said to be (m,n)- paranormal if
|Tz||" ™ < m| T z||||z||" for all z € H ([6]), and is said to be (m, n)*- paranormal
if || 7*z||" ™ < m||T™a|||z]|™ for all z € H ([5]).

B. P. Duggal, C. S. Kubrusly and N. Levan introduced class Q operator, which is
an extensions of paranormal operator. An operator T' € B(H) is said to be class Q
if T*27% — 27*T + 1 > 0 ([10]).

Many authors studied the properties of closed densely defined operators on a
Hilbert space ([1, 30, 31]). In ([31]), S. H. Kulkarni, M. T. Nair and G. Ramesh
studied certain spectral characterizations of such operators. J. Janas introduced
densely defined hyponormal operator and studied its properties ([23]). Some prop-
erties of closed densely defined paranormal operator are studied by N. Bala and G.
Ramesh ([1]).

"If a bounded linear map interwines two normal operators, then it interwines
their adjoint” is known as the famous Putnam - Fuglede theorem ([42]). It is known
that every subnormal operators need not satisfies Putnam - Fuglede theorem. Let
A, B € B(H) be normal operators. If AX = X B* for some X € B(H), then A*X =
X B. This is known as asymmetric Putnam- Fuglede theorem. In ([14, 15]), T. Furuta
proved asymmetric Putnam - Fuglede theorem for bounded subnormal operators.
Asymmetric Putnam - Fuglede theorem for closed densely defined hyponormal and
closed densely defined subnormal operators are proved by Stochel ([52]).

In this thesis, we introduce some new classes of operators k-quasi (m, n)-paranormal,
k-quasi (m,n)*-paranormal, (m,n)-class Q, (m,n)-class Q*, k-quasi (m,n)-class Q
and k-quasi (m,n)-class Q* operators which contains some well known classes of
operators. Also we introduced totally (m,n)*-paranormal operator, which is having

nice characteristics, like transilation invariance and finiteness. Moreover we studied
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some properties of polynomially P- posinormal operators namely, finiteness, spec-
tral continuity etc. Finally, we introduced a closed densely defined M- hyponormal

operator and proved asymmetric Fuglede- Putnam theorem for this class.

1.2 Owutline of the thesis

Thesis is divided in to seven chapters.

In the second chapter, we introduce two classes of operators namely k-quasi
(m,n)*-paranormal operators and k-quasi (m,n)-paranormal operators, which in-
cludes the classes of (m,n)*-paranormal and (m,n)-paranormal operators respec-
tively. We proved some characteristics of the operators and its 2 x 2 matrix repre-
sentation.

In the third chapter, we define (m,n)-class Q and (m,n)-class Q* operators,
which contains the classes of (m,n)-paranormal and (m,n)*- paranormal operators
respectively. Also we characterize the classes of composition operators of (m,n)-
class Q and (m,n)-class Q* operators on L? space.

In the fourth chapter, we introduce k-quasi (m,n)-class Q and k-quasi (m,n)-
class Q* operators, which are the extensions of k-quasi (m,n)-paranormal and k-
quasi (m,n)*-paranormal operators respectively. Here we give some examples and
some properties of these classes of operators. Also we characterize the composition
operators of these classes on L? space.

In the fifth chapter, we define two new classes of operator namely totally (m,n)*-
paranormal and k-quasi totally (m,n)*-paranormal operators. We study its spectral
continuity, finiteness and 2 x 2 matrix representation.

In the sixth chapter, we mainly deal with totally P-posinormal operators. In
this we study its spectral properties, Riesz projection, spectral continuity and range
kernel orthoganality.

In the seventh chapter, we define a closed densely defined M- hyponormal opera-
tor which contains closed densely defined hyponormal operator. We prove asymmet-
ric Fuglede-Putnam theorem for closed densely defined M- hyponormal and closed

densely defined subnormal operators.
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1.3 Preliminaries

Let H be an infinite dimensional complex Hilbert space over the field of complex
numbers C. A linear operator 7' : H — K is said to be bounded if and only if
T is continuous on H ([37]). Let B(H) denotes the algebra of all bounded linear
operators defined on H. It is well known that for T € B(H), there is a unique
operator T} € B(H) such that (T'z,y) = (x,T1y) for all z,y € H. The operator T}
is called adjoint of 7', and is denoted as T*. Let N(7') and R(T") denote the kernel
and range of T" respectively. The point spectrum of 7', 0,(T"), approximate point
spectrum of T', 0,(T), residual spectrum of T, o,(T) and resolvent set of T, p(T)
are defined as:

0p(T) = {\ € C: T — A is not one-one}

0.(T) ={X € C: T — A is not bounded below}

0.(T)={N € C:T — Al is one-oneand R(T — AI) is not dense in H}

p(T) ={NeC: (T —X)" e BH)}.

The compliment of p(T) is called spectrum of T" and is denoted by ¢(T"). The joint
point spectrum, 0;,(7") and the joint approximate point spectrum, o;,(7") are defined
as:

0ip(T) ={AN€C: X €o,(T) and X € 0,(T")}

0ia(T) ={A € C: X\ € 0a,(T) and X € 0,(T*)}.

Now we give some well known results in connection with spectra of operators.
Theorem 1.3.1. (/17]) Let T € B(H). Then o(T) = a,(T) U{X: X € 0q(T*)}.

Theorem 1.3.2. (/29]) Let T € B(H). Then 0o (T') C 04(T), where do(T) denotes
the boundary of o(T).

Now we give some characterizations and examples of some well known classes of
bounded operators on H namely subnormal, hyponormal, posinormal etc.

Let T € B(H). T is said to be subnormal if there exist a Hilbert space K O 3
and a normal operator S on X such that Tz = Sx for all € H. For example, let T :
I>(N) — I%(N) be defined by T'(xy,xa, 23, ) = (0, %xl, %xQ, %CC?,, -++) is subnormal

([28]). Recall that T' is said to be a normaloid if | T|| = sup {|A| : A € o(T)}.
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For example, T : [*(N) — [*(N) defined by T'(x1, 22,73, -+ ) = (0,21, T2, T3, T4, )
is normaloid.

An operator T' € B(H) is hyponormal if and only if T*T > TT* ([16]). For ex-
ample, let T : [*(N) — [?(N) be defined by T'(zy, o, x5, ) = (0,21, T2, 23, ) is
hyponormal.

T is M-hyponormal if and only if M?*(T — NX)*(T — XI) — (T — NI )(T — XI)* > 0
for all A € C, for some M > 0 ([55]). In particular, by taking M = 1 and A =0
in the above relation, we get T*T > T'T'*. That is, 1-hyponormal operators are hy-
ponormal. It is known that hyponormal operators preserves transilation invariant
property ([50]). Hence every hyponormal operators are 1-hyponormal. Thus the
class of all hyponormal operators is a subclass of the classes of all M- hyponormal
operators. But the converse need not be true. For example, let T : [*(N) — [*(N)
be defined by T'(z1,xs,x3,--) = (0,21, 229, 23,24, --) is M-hyponormal for any
M > 1, but not hyponormal.

Recall that T is said to be dominant if for each A € C, there exist a constant
M(X\) > 0 such that [(T — M)*z|| < M(N)|(T — M)x|| for all x € H ([7]). If
M(X\) = M for all A € C, then the dominant operator is M-hyponormal. That is,
every M-hyponormal operators are dominant. But the converse need not be true.
For example, let {e,} be an orthonormal basis of a Hilbert space [*(Z). Consider a
bilateral weighted shift operator 1" : (*(Z) — 1*(Z) defined by Te, = 27 "le, 1, for
all n € Z. Then T is dominant but not M-hyponormal for any M > 0 ([44]).

It is evident that

sel fadjoint C normal C hyponormal C M — hyponormal C dominant

Recall that T € B(H) is posinormal if TT* < N*T*T for some constant A > 0
([47]). For example, let T : [*(N) — [*(N) be defined by T(xy, 29,23, ++) =
(0,1, 3xg, T3, x4, - ) is posinormal.

Recall that T € B(H) is polynomially (P)-posinormal if P(T)P(T*) < \*T*T, where
P(z) is a polynomial with zero constant term and for some constant A > 0 ([26]). If

P(z) = z, then polynomially (P)-posinormal operator become posinormal.
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For example, let T': 1?(N) — [2(N) be defined by T'(z1, xa, x3, - - ) = (0,1, 52, T3, g, - - -

is polynomially (P)-posinormal. In General
hyponormal C M — hyponormal C posinormal C polynomially (P) — posinormal

Recall that T' € B(H) is said to be paranormal if ||Tx||? < ||T?z]|||z| for all x € K
([13]). Tt is known that T" is paranormal if and only if T**T? — 2\T*T + \2I > 0,

for all A > 0 ([28]). Note that every paranormal operators are normaloid ([28]).

Lemma 1.3.1. Let T € B(I*(N)) be a weighted shift operator with non zero weights
{ap}, (k = 1,2,....), defined by Te, = o exr1, where {ex}72, is an orthonormal

basis of 1*(N). Then T is paranormal if and only if
|Oék’2 S ’Oék| |Oék+1‘,v k e N.
Proof. Since Te;, = ay, €41, we have T?e;, = ay, app1 €rto, V k € N. Now,

T is paranormal < ||Tx|]* < ||T%x||||z|, Vo € 3.
& | Texl* < IT%exll[lexl, ¥k € N.

& |ag)? < |aw| [orn], Yk € N,

O

Let T : I?(N) — [%(N) be defined by T'(x1,z2, 23, ) = (0,21, 22, T3, T4, - - ). Using
Lemma 1.3.1, we can see that 7" is paranormal.

Recall that T € B(H) is said to be *-paranormal if | T*z||* < || T?z||||z| for all
x € 3 ([41]).

Lemma 1.3.2. Let T € B(I*(N)) be a weighted shift operator with non zero weights
{ar}, (k = 1,2,....), defined by Tep = oy epy1, where {ex}3>, is an orthonormal

basis of 1*(N). Then T is x-paranormal if and only if

|anl® < |onqa] |arge],V k € N
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Proof. Since Tej, = ay, €41, we have T?%¢;, = ay, app1 €po, V k € N and

T*er, = Q1 ex_1, V k> 2. Now,

T is #*-paranormal < || T*z||* < [|T%z||||z|, Vo € K.
& [T7exl|* < | T?exllllexll, Vi € N.

= |ak|2 < |O./k+1| |ak+2|,‘v’l€ € N.

O

Consider T : [#(N) — 1?(N) defined by T'(z1, 29, 73, - - - ) = (0, V211, T, 273,224, - - - ).

From Lemma 1.3.2, we get T' is *-paranormal.

Theorem 1.3.3. (Weighted Arithmetic Mean—Geometric Mean Inequality)([/33])
Ifo<¢geR(i=1,2,---n)and 0 <\, € R (i =1,2,---n) such that Y \; =1,

=1
then

n

[ < iAkck (1.1)
k=1

k=1
Lemma 1.3.3. Let T' € B(H). Then T is a *-paranormal operator if and only if
T*2T?% — 2NTT* + X21 > 0, for all X > 0.

Proof.

T is a * -paranormal operator < || T*z||* < ||T%z||||z||, Yz € K.

& (THx, T z) < (T%,T%}é@z,x)%, Vo e .

Wl

T is *-paranormal < (TTz,z) < (T*2T2m,x)%(x,x> , Vo e H. (1.2)

For A\ > 0, from weighted arithmetic mean-geometric mean inequality (1.1), we get

1 1
§</\_1T*2T2m,x) + §(Ax,x) > (NI T, x>%<)\x, m>%, Vz € I

N[

= <T*2T2x,x>%<m,x> , Vo e H.



1.3. PRELIMINARIES 9

Now from (1.2), we get

A1 A
T is a x -paranormal operator < T(T*QT%, x) + 5(;15, x) > (TT x,z), Vo € H.

T is a  -paranormal operator < T*?T? — 2\TT* + 21 > 0, VA > 0.

]

The classes of paranormal and x-paranormal operators are independent. This
can been seen as follows:
Consider T': 12(N) — [2(N) defined by T'(x1, 9, 73, - - - ) = (0,221, 29, 223, 214, - - - ).
From Lemma 1.3.2, we can see that T"is x-paranormal. From Lemma 1.3.1, T is not
paranormal.

Now consider the operator T' defined by the matrix

(A —1)2 2 — 2\

Then for any A > 0, we have T*2T? —2\T*T + X2 = > 0.
22\ (A—2)2+1

Hence T’ is paranormal. But

(A—2)2-3 2-2\
T*2T? —20\TT* + N[ = < 0, for A = 2. Hence T is
2-2\ (A—=1)2+4

not *-paranormal.
An operator T' € B(H) is said to be class Q if T**T% —2T7*T + I > 0. It is known
that 7" is paranormal if and only if AT is class Q for all A > 0 ([10]). In particular,

if A = 1, we can see that all paranormal operators are class Q. Hence
hyponormal C paranormal C class Q

In general, every class () operator need not be a paranormal operator. For example,
let T : 1*(N) — [*(N) be defined by T'(z1, 22, x3,- -+ ) = (0, 321, 322, 23, - - ) Is class

Q, but not paranormal since 7" is not normaloid ([10]).
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An operator T' € B(H) is said to be class Q* if T**T% — 2TT* + 1 > 0 ([58]).

Lemma 1.3.4. Let T € B(I*(N)) be a weighted shift operator with non zero weights
{ar}, (k = 1,2,....), defined by Te, = o exr1, where {ex}72, is an orthonormal

basis of 1*(N). Then T is a class Q* operator if and only if
|Ckk+1|2|04k+2‘2 -2 |Oék’2 +1 Z O,V k e N.

Proof. Since Tey, = ay, epy1, we have T?ej, = ay apy1 epyo, TT e = |ag_1|* ex,

T*2T2ek = |ak|2|ak+1|2ek, V keN.

T is class QF < T*2T? —2TT* + 1 > 0.
& ((TPT% = 2TT* + I)eg, e,y > 0, Vk € N.

= ’Oék+1‘2’ak+2|2 -2 ‘Oék‘z +1 > O,Vk € N.

]

Consider T : [?(N) — I2(N) be defined by T'(x1,z, 23, -+ ) = (0,221, 79, 223, - - ).

From Lemma 1.3.4, we get T is class Q.

Lemma 1.3.5. Let T € B(H). Then T is *-paranormal if and only if Az T is class
Q* for all A > 0.

Proof. Let A > 0.

AT T s class QF < (A2 T)2(A\2T)2 =202 T)(A2 T)* + 1 > 0.
e AT 2\ TT 4+ 1 > 0.
& T2 - 2\TT* + NI > 0.

< T is x - paranormal.

From the above lemma it can be seen that %- paranormal C class Q*.

In general every class Q* operators are need not be *- paranormal. For example,

let T : I>(N) — [*(N) be defined by T'(zq, 2,23, ) = (0, 221, T2, 323, -+ ).
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Here ay = %, ap = ;1 for k > 2. Using Lemma 1.3.4, we get T is a class Q* operator.
From Lemma 1.3.2, T is a *- paranormal operator if and only if |ag|* < |apy1] |arsal,
V k € N. If £ = 1, then the above relation is not satisfied. Hence T is not *-
paranormal.

Let m € RTand n € N. An operator T' € B(H) is said to be (m, n)- paranormal

if | T|[™+ < m|| T a||lz|" for all = € 3¢ ([5]).

Lemma 1.3.6. Let T € B(I*(N)) be a weighted shift operator with non zero weights
{ar}, (k = 1,2,....), defined by Ter = oy egy1, where {ex}>, is an orthonormal

basis of 1*(N). Then T is a (m,n)- paranormal operator if and only if
lo|"™ < m || |Qrgtl]eoo|Qkgn], ¥ k€N,
Proof. Since Te, = ay, €41, we have T" e, = g Qpyq.....Qhqn €hins1. Hence,

Tis (m,n)-paranormal < ||Txz|"*" < m| T z||||z||", V z € K.
& || Ter]|™™ < m||T"  er|||len]”, ¥ k € N.

= |Oék’n+1 < m ’Oék| |Oék+1‘ ...... ‘Oék-Jrnl, YV keN.

Let T : I*(N) — [*(N) be defined by T'(z1,xe, 13, ) = (0,21,2%9, 373,374, ).
From Lemma 1.3.6, we get T"is (m, n)- paranormal for m > 1 and n > 2.

It is known that 7" is (m,n)- paranormal if and only if
mEa T (4 1)aT*T + masin o™ T >0,

for each a > 0 ([5]).

In particular if m = n = 1, then (m, n)- paranormal operator are paranormal. That
is, the class of all paranormal operators is a subclass of class of all (m, n)- paranormal
operators.

In general every (m,n)- paranormal operator need not be paranormal. For example,

let T : I2(N) — [*(N) be defined by T(x1,x2, x5, - ) = (0,221, 29, 225, 24, - - - ).
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Here a1 = V2, ay = 1,4, = 2 for k > 3. Using Lemma 1.3.6, T is (1,2)-
paranormal. But from Lemma 1.3.1, we can see that T is not paranormal.
For n € N, T € B(H) is said to be n*- paranormal if ||T*z||"*! < || T x||||z|",

for all x € H ([45]). Equivalently 7" is n*- paranormal if and only if
T (4 1)a"TT* +na™™t 1 >0,Ya >0 (1.3)

([45]). Let T : I*(N) — [*(N) be defined by T'(z1, z9, 3, -+ ) = (0,221, 39, 373, 374, - - -
is 2*- paranormal.

Let m € RT, n € N. An operator T € B(H) is said to be (m,n)*- paranormal
if [|T*x||"" < m||T"z||||z||" for all z € H ([5]). It is proved in ([5]) that T is

(m,n)*- paranormal if and only if
mar Tl (n+1)a"TT* + main o™ [ > 0,Ya > 0. (1.4)

In particular, if m = n = 1, (m, n)*- paranormal operators are #-paranormal. That
is, every *-paranormal operators are (m,n)*-paranormal.
In general, every (m,n)*- paranormal operator need not be *- paranormal. For

example, let T" be defined by the matrix

1— 20\ + )2 6 — 6

6 — 6\ 37 — 2\ + \?
If A =1, it is evident that T*2T? — 2\T'T* + \2I < 0. Hence T is not *-paranormal.

From (1.4), T is a (1002, 2)* - paranormal operator if and only if 1007*373—3a*TT*+
200a3I > 0, for all a > 0. Now

Then for any A\, we have T*2T? — 2\TT* + \2] =

N 4. 100 = 3042 + 200a? 900 — 9a”
1007**T® — 3a*T'T* + 200a°] = > 0,
900 — 9a” 8200 — 3a? + 200

for all @ > 0. Hence T is (1002, 2)* - paranormal.
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It is clear that if m = 1, (m,n)*- paranormal operators are n*- paranormal. That
is, the class of all n*- paranormal operators forms a subclass of class of all (m,n)*-
paranormal operators. But every (m,n)*- paranormal operators need not be n*-
paranormal.

For proving this, we consider the above example,

We have T is (1002, 2)* -paranormal operator.
From (1.3), T is 2*-paranormal if and only if 7373 — 3a®TT* + 2a*I > 0,Va > 0.
P70 st gagtr— | 0TI ) et
9 — 9a? 82 — 3a? + 2a®
Hence T' is not 2*- paranormal operator.
An operator T' € B(H) is said to be a contraction if 7*T" < I. For example, let T":
I?(N) — [*(N) be defined by T'(zy,xa,23, -+ ) = (0,71, 29,73, ) is a contraction.
It is evident that, if T is a contraction then 7™ is a contraction.
An operator T' € B(H) is said to be unitarily equivalent to an operator B € B(H)
if there exist an unitary operator U € B(H) such that B = U*TU. For example, let
T : R? — R? be defined by T'(z1,79) = (21 + To, 13), is unitarily equivalent to an
operator B : R? — R? defined by B(zy,xs) = (z1 — 29, T2).
An operator U € B(XH) is said to be a partial isometry if there exist a closed subspace
M of H such that |Uz| = ||z||,Yz € M and Uz = 0,Vz € M. In this case, M is
said to be the initial space of U and R(U) is said to be the final space of U ([16]).
Now we give the matrix representation of 7' € B(H) as follows:

Let M be a closed subspace of 3. The block matrix representation of 7" € B(H) on
H=MoMis

A B

C D

where A € B(M), B € B(M+,M), C € B(M,M*) and D € B(M™*) ([28]).
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For example, let T': R? — R3 be defined by T'(z1, To, 3) = (1, 79, 0).
Let M = {(z1,2,0) : 1,75 € R}, M+ = {(0,0,23) : z3 € R}. Then

1 00
T=10 1 0|onR>=MeM:
0 00

1 0
Here A = andB=C=D =0.

It is well known that T = A4 B is positive if and only if A > 0,C' > 0 and
B* C

B = AWz, for some contraction W ([6]).

A closed subspace M of H is said to be invariant under T' € B(H) if T(M) C M

([28]). For example, let T : R?* — R3 be defined by T'(z1, 72, 23) = (21 + T2, T, 13).

Then M = {(z,0,0) : x € R} is invariant under 7.

Let M be a closed subspace of H which is invariant under T". Then the block matrix

representation of T' € B(H) on H = M @ M? is given by

A B
0 D

Y

where A = Ty, B € B(M*,M) and D € B(M*) ([28]).

A closed subspace M of H is said to reduces T € B(H) if M and M+ are invariant
under 7. Note that a closed subspace M of H reduces T' € B(H) if and only if M is
invariant under 7" and 7™ ([28]).

A B
Theorem 1.3.4. (/20]) Let T = be the matriz representation of T on
0 D

H = MM, where M is a closed subspace of H which is invariant under T. If
o(A)No(D) has no interior point, then o(T) = o(A) Ua(D).
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Next we define Riesz projection for bounded operators. Let T € B(H) and A be
an isolated point of o(7"). Then there exist a Dy = {z € C : |z — A\| < r} for some
r >0 with Dy No(T) = {\}. The operator defined by

1 _
Ey=5— (2 —T) 'dz
9Dy

is called Riesz projection of T with respect to A, where 0D, denotes the boundary

of Dy ([29]). The Riesz projection E) satisfies the following properties:
Theorem 1.3.5. (/4, 29]) Suppose T' € B(H). Then the following holds.
(i) E\ is a projection.
(i) R(E)) and N(E)) are invariant under T.
(1ii) o(T|rE,) = {A} and o(T|nE,)) = o(T) \ {A}.
(iv) N(T — XI) C R(E)).
(v) ENT =TE,.

Theorem 1.3.6. (/2, 57]) Let H be a complex Hilbert space. Then there exists a
Hilbert space KX D H and ¢ : B(H) — B(K) satisfying the following properties for
every A, B € B(H) and o, 5 € C.

(i) o(A") = o(A)", ¢(Is) = Ix, P(aA+ BB) = ag(A) + é(B),
¢(AB) = ¢(A)d(B), lo(A)] = [[All, ¢(A) < &(B) if A< B.

(ii) ¢(A) > 0 whenever A > 0.
(i1i) 0a(A) = 0a(0(A)) = 0p($(A)) = a($(A)).
(i) 05a(A) = jp(H(A)).

Let £ denotes the set of all compact subsets of C. The map o : B(H) — £,

which maps T" € B(H) to its spectrum is known as spectral map ([9]).
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Theorem 1.3.7. (/9]) Let C(i) denotes the collection of all operators T € B(H)
satisfying the following properties

(i) If o(T) = {0}, then T is nilpotent.

(ii) The matriz representation of ¢(T) on N(¢(T) — X) ® N(p(T) — N\)* is

A0
0 B

Y

where X is a nonzero eigen value of ¢(T). Also X ¢ o0,(B) and o(¢(T)) =
{A\}Ua(B).

Then the spectral map is continuous on C(7).

Numerical range of T' € B(H) is defined as

W(T)={(Tz,x) :x € H,||z]| = 1}.

An operator T' € B(H) is said to be a finite operator if 0 € W(TX — XT),
for all X € B(H) ([56]). For example, let T : *(N) — [*(N) be defined by

T(x1, 29,23, ) = (0,21, 229, 3x3, 324, - - ) is finite.

Theorem 1.3.8. ([56]) Let T € B(H). Then T is a finite operator if and only if
I —(TX — XT)|| > 1, for all X € B(H).

Note that every hyponormal, paranormal and finite rank operators operators are
finite ([35, 56]).

It is well known that if [|A|| < [|]A — (TX — XT)|| for all X € B(H) and for all
A € N(o7), where 6p(X) =TX — XT, then R(d7) is orthogonal to N(dr) ([35]).

Theorem 1.3.9. (/34, 56]) Let T € B(H). If 0;,(T) # 0, then T is a finite operator.

Theorem 1.3.10. (Putnam- Fuglede Theorem)([42])
Let A, B € B(H) be normal operators. If AX = XB for some X € B(H), then
A*X = XB*.
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Theorem 1.3.11. (Asymmetric Putnam- Fuglede Theorem)
Let A, B € B(H) be normal operators. If AX = XB* for some X € B(H), then
A*X = XB.

Now we give some basic definitions and results related to densely defined oper-
ators.
Consider a linear map 7" : H D D(T') — JH, where D(T) denotes the domain of 7.
Let £(H) denotes the space of all linear operators on H. An operator 7" € L(H) is
said to be closed if for any sequence (z,) in D(T') such that x,, — = and Tz, — y
implies Tz = y for some z € D(T). Let C(H) denotes the space of all closed linear
operators on H. A closed subspace M of H is said to be invariant under T' € L(H)
if for any x € D(T) N M, then Tx € M. A closed subspace M of H is said to be
reduces under T € L(JH) if M and M* are invariant under 7. A closed subspace M
is said to be a core for T € L(H) if §(T) C G(T|x), where G(T') denotes the graph
of T.

An operator T' € £(H) is said to be densely defined if D(T) = 3 ([1]). For exam-
ple, let T : [*(N) D D(T) — [*(N) be defined by T'(x1, z2, 3, - - - ) = (271, 3z, 4x3, - -+ )
with D(T) = {(z1, 02,3, ++) € 2(N) : 3

|(j + 1)x;|* < oo} is densely defined.
7=1
Theorem 1.3.12. ([1]) If T € L(K) is a densely defined operator, then there ezist a
unique operator T* € L(H) which satisfies
(Tz,y) = (x,T*y) for allz € D(T), y € D(T"),
where D(T*) ={y € H : x — (Tx,y) is continuous on D(T)}.

The operator T™ is called the adjoint of T'.

T € C(H) is said to be subnormal if there exist a Hilbert space X O H and a
normal operator S on X such that 7' C S ie, D(T) C D(S) and Tx = Sx,Vx €
D(T) ([52]). For example, let T : D(T) — [*(N) be defined by T'(z1, 9, x3, ) =
(0,22, 325, 4z, ) with D(T) = {(a1,20,25,--) € B(N) © 3 |jay]? < oo} is
subnormal. -

A densely defined operator T' € C(H) is said to be normal if D(T) = D(T*) and
|T*z|| = ||Tx|| for all x € D(T) ([36]).
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Theorem 1.3.13. ([1]) Let T € C(H). Then
(i) N(T) = R(T*)*.

(ii) N(T*) = R(T)*.

(iii) N(T*T) = N(T).

Let H;, Hy be subspaces of H and H = H; ®H,. Let Py, denotes the projection
onto H;, i = 1,2. Then T € C(H) has the block matrix representation on H =

:H:l b :H:Q as
Tll T12

T21 T22

T —

Y

where Tj; : D(T) N H; — H; is defined by Tj; = Py, T Pa; | prynaq; for j = 1,2 (see
[54, Page No. 287]).
Note that if H; is invariant under 7" then T5; = O.

Theorem 1.3.14. (/7]) Let 11,1, € C(H). If R(Ty) C R(T3), then there exist an

operator Ty € C(H) such that Ty = ToT5.

Theorem 1.3.15. ([43, 52]) Let T € C(H) be normal. Then () R(T — )= {0}.
Xeo(T)

Theorem 1.3.16. (/52]) Let M be a core for T € C(H) and A € B(H) be a selfadjoint

operator with N(A) = {0}. If AT CTA, then A(M) is a core for T.

Let X be a nonempty set and A be a o-algebra of subsets of X. A spectral

measure on a measure space (X, A) is a mapping E : A — B(H) such that
(i) E(A) is an orthogonal projection for every A € A.
(i) E(0) =0and E(X) = 1.
(i) E(A1NAg) = E(A)E(Ay), VA1, Ay € A.
(iv) E(U Ax) = > E(Ag) whenever {A} is a countable collection of pairwise sets
in fl '
A spectral measure is said to be regular if E(A) = sup{E(C) : C C A,C is compact},

for all A € A. A spectral measure is said to be complex if X = C. Note that complex

spectral measure is regular.
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Theorem 1.3.17. ([29, 52]) If T € C(H) is normal, then there is a unique complex
spectral measure E : Ayery — C(H) such that T = [ MdE,, where Ay(r) is the o-
algebra of Borel subsets of o(T).

Theorem 1.3.18. (/29, 52]) Let T = [ MdE)\ be the spectral decomposition of the
normal operator in C(H) and S € C(H). Then the following are equivalent:

(i) S commutes with T.

(ii) S commutes with T*.
(iii) S commutes with every E(A), where A € Ay ).
(iv) R(E(A)) reduces S for every A € Ay .

Theorem 1.3.19. (/52]) Let E be the spectral measure of a normal operator N in
C(H). If 2 is a Borel subset of C and x € (| R(N — XI), then E(Q)z = 0.

zeQ

1.4 Composition operators

Composition operators play an important role in classical mechanics and ergotic
theory ([24]). In this section, we give some basic definition and results related with
composition operators.

For a non empty set X, we denote A as the collection of all measurable subsets
of X. Let u: A — [0,00] be a measure on A. The measure p is said to be a o finite
measure if X can be covered with atmost countably many measurable subsets of X
with finite measure.

A function T : X — X is said to be measurable if T~1(B) € A, for every B € A.
The measurable function T is said to be nonsingular if u(T~'(B)) = 0 whenever
p(B) = 0. Let g and m be two measures on A. The measure y is said to be absolutely
continuous with respect to m if u(B) = 0 whenever m(B) = 0, for every B € A.

Note that if T" is a nonsingular measurable function, the measure p7 ! defined

by uT—Y(B) = u(T~'(B)), B € A is absolutely continuous with respect to .
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Theorem 1.4.1. ([49]) Let (X, A, ) be a o finite measure space and m be a o finite
measure defined on A which is absolutely continuous with respect to u. Then there

exist a non negative function f on X which is measurable with respect to A and

m(B) = [ fdu for all B € A.
B

From the above theorem, we get a non negative measurable function fr such that
pT~1(B) = [ frdu, for all B € A. The measurable function fr is called Radon-
Nikodym deﬁvative of uT~! with respect to p and is denoted by h. We denote the
Radon-Nikodym derivative of u(T~1)* with respect to u by hy.

Definition 1.4.1. (/49]) LetT : X — X be a non singular measurable transformation.
A composition operator Cp on L?(u) is defined by Crf = foT, f &€ L*(u).

More details on general properties of (measure based) composition operators
can be found in ([39, 49]). In ([32]), A. Lambert studied hyponormal composition
operators. Composition operators of class Q and (m,n)-paranormal composition
operators were studied in ([27, 40]).

Let T be a measurable function defined on a nonempty set X and E be a func-
tion defined on the set of all non-negative functions f € LP(u), 1 < p < oco. The
conditional expectation operator E is uniquely determined by the following condi-

tions:
(i) E(f) is T7'(A) measurable.
(ii) [ fdp= [ E(f)dp, for any T—'(A) measurable set B.
B B

Theorem 1.4.2. ([11, 22]) Let T be a measurable function defined on a nonempty
set X. The conditional expectation operator E satisfies the following properties:

For f,g € L*(u),
(i) E(g) =g if and only if g is T~'(A) measurable.
(i) If g is T-L(A) measurable, then E(fg) = E(f)g.
(iir) E(fgoT) = (E(f))(goT) and E(E(f)g) = E(f)E(g).

(iv) E(1) = 1.
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(v) E is the identity operator on L*(n) if and only if T~1(A) = A.

(vi ) E is a projection operator from L*(u) onto R(Cr).

Theorem 1.4.3. (/3, 21]) Let T be a measurable function defined on X and P be

a projection from L*(u) onto R(Cr). Then the following results holds for every
feLl*(n):

(i) Cif =h.E(f)oT
(ii) Ckf = foTk Cikf=hE(f)oT™*, for any k € N.

(iii) CrCif = (ho T)Pf, CiCrf = hf.

1.5 Weighted composition operators

Definition 1.5.1. Let (X, A, 1) be a o- finite measure space. The weighted composi-
tion operator W on L*(u) induced by a measurable transformation T and a complex

valued measurable function 7 is defined as W f =n.(foT), for all f € L*(p).

Theorem 1.5.1. ([3]) Let W be the weighted composition operator induced by T and
7. The following statements hold: For f € L*(u) and k € N,

(i) WEf =gy foTF

(ii) W f = hE(mf) o T~*
(iii) W*W(f) = hE(|x[*) o T7(f)
(i) WW*(f) = n(hoT)E(Tf)

(v) WHWH(f) = W E(|mi|?) o T~*(f)
(vi) WEW*k f = 7). (hy o T®)E (7% f)

where 1, = w(m o T)(m o T?)... (7o Tk 1),



Chapter 2

k-quasi (m, n)-paranormal and k-quasi

(m, n)*- paranormal operators

In this chapter, we introduce two new classes of operators namely, k-quasi (m,n)*-
paranormal and k-quasi (m,n)-paranormal operators, which contains known class
of operators (m,n)*-paranormal and (m,n)-paranormal operators respectively. We
prove that the restriction of the operator to its closed subspace is the corresponding
operator. Also we prove some characterizations and we give 2 x 2 matrix representa-

tion of these operators. We show that these two classes of operators are independent.

2.1 k-quasi (m,n)*- paranormal operators

Let H be a Hilbert space and T' € B(H). For m € R and n € N, T is said to
be (m,n)*-paranormal if ||T*z||" 1 < m| T z||||z||", for all z € H ([5]). Now we
define a new classes of operator namely k-quasi (m,n)*-paranormal operator which

contains the class of (m,n)*-paranormal operators.

Definition 2.1.1. Let m € R*,n € N and k be a non-negative integer. An operator

T € B(H) is said to be a k-quasi (m,n)*-paranormal if
1T T )" < m|| T T ||| T2 ||, Vo € 3.

If £ = 0, then k-quasi (m, n)*-paranormal operator becomes (m, n)*-paranormal

22
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operator. That is, the class of all (m, n)*-paranormal operators is a subclass of class
of all k-quasi (m, n)*-paranormal operators. In general, k-quasi (m, n)*-paranormal

operator need not be (m,n)*-paranormal operator.

00
For example, let T' = . Then T? = 0. From the definition, it is clear that if
10

k > 2 then T is a k-quasi (m,n)*-paranormal operator for any m,n. Recall that T

is (m,n)*-paranormal if and only if
ma T T (4 1)a"TT* + maiin o™ > 0,Ya > 0 ([5)).
For m = 25, n = 3 and for any a > 0, we have

mat T (g 4 1)@ TT* + masin o™ I = —46>TT* + 1541

15a* 0
0 —4a® + 15a*

If a = £, then —4a®*TT* + 15a*I < 0. Hence T is not (25, 3)*-paranormal.

Note that if £ = 0 and m = 1, then k-quasi (m,n)*-paranormal operator co-
incides with the class of n*-paranormal operators introduced by M. H. M. Rashid
([45]). If k =0 and m = n = 1, then k-quasi (m, n)*-paranormal operators coincide
with *-paranormal operators ([53]).

Now we give some characterizations of k-quasi (m, n)*-paranormal operators.

Theorem 2.1.1. Let T' € B(H). Then T is a k-quasi (m,n)*-paranormal operator if
and only if

met TPtk (g 1) @ TRTT TS + mast n o™ TR >0 (2.1)

for all a > 0.

Proof. T is a k-quasi (m,n)*-paranormal operator

& m| T T[T | > | T T ™, Vo € 3.

& ma ||THTh |75 | Thz |75 > | T T |2, Ve € 3.
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1

& mat (T Thy Thyyais (Thy, TEg)wi > (TT*Tz, TFz), Vo € K.

& mart (T2 Th, Tha) et (The, TFz) et > (|T*Th, Tr), Vo € H.  (2.2)

Hence T is a k-quasi (m, n)*-paranormal operator if and only if 7" satisfies (2.2).
For a > 0 and = € 3, using the weighted arithmetic mean-geometric mean inequality
(1.1) and (2.2), it follows that
ﬁ(a_”m%ﬂW”“]QT’“x, Trz) + 25 (a mas1 Th, Thz)

> (a "ma [T 2T, Tha) et (@ ma Thz, Tha) i

= s (T2 Th g, Thg) s (Thg, Thz) =

> (| T*)*T" 2, T z).

Thus,

8 s (TR TRy ) 4 8 s (TR TR, o) — (TFTT*Tr, o) > 0,
for all x € H and a > 0.

Hence,

mt TR TR (4 1) " TTT*T* +miast n o™ T*TF > 0, for all a > 0.

Conversely, suppose that (2.1) holds. Hence for every x € X,
mtt (TR T TRy 2y (nt 1) (T TT* T 2, 1) +matt n o™ (T* Tz, 2) > 0.

Hence,

(2.3)

mn%l(|T”+1|2Tkx,Tkx) — (n+1) a"(|T**T"2, T*z) + m n a" N T*x, TFz) >0
Let z € H, with (|[T"*Y?T*z, T*x) = 0. From (2.3) we get,

mit noa (T, z) — (n + 1){(|T**T*z, T"z) > 0, Ya > 0.
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Letting a — 0, we get (|T*|*T%z, T*x) = 0. Hence,
matt (| T 2T g, Tha)ywen (T, Tha)win > (| T*2TFa, T x)

is satisfied. Thus (2.2) holds.

Let x € H, with (|T" " |>*T*z, T*z) > 0. Hence, (T*x, T*z) # 0.
1

By taking a = (%) "™ in (2.3), we get

|T”+1’2Tk$, Tkx>

k. ok
(Tkx, Tkz) (e, )

mn%l<|T”+1|2Tka:,Tkx> +mT <

(| T 2T e, Th) ) m

> (e (prte i (1

Hence,

T 12Tk, T%)) T

M (1 4 n) (| T PT 2, Th) > (n+ 1)(|T* Tz, T*z) << (Tz, Thz)

n

Thus mn%l(]T”H\szx,Tkw)l_nTl (TFz, TFx)nrt > (|T**T*z, T*z). Hence,
st (| T 2Th g, Tha)ywen (Tha, Tha)wn > (| T*2TFx, T x).

Thus (2.2) holds for all x € H. Hence T is k-quasi (m,n)*-paranormal. O

Theorem 2.1.2. Let T' € B(H) be a k-quasi (m,n)*-paranormal operator and M be
a closed subspace of H which is invariant under T. Then Ty is a k-quasi (m,n)*-

paranormal operator.

Proof. Let B = Ty and P be an orthogonal projection onto M. Then we can see

that B =TP = PTP. Hence BB’ = PT*TJP, for all j € N.
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Now for any a > 0, we have

mt BB gt BE (4 1) " B*BB*B* + m7 na™' B B¢
= mt PTHAHITRH D (4 1) q" PT*TPPT*TF P + mat1 n o™ PT*T* P
= PT*(mm=1 T '™ — (n + 1)a"TPT* + mwna™ ' )T+ P

> PT*(mari T T — (n + 1)a"TT* + masina™ TP,
Since T is k-quasi (m,n)*-paranormal operator, we get
m%HB*kB*n+1Bn+1Bk . (n + 1) anB*kBB*Bk + m%ﬂ n anJrlB*kBk Z 0.

Hence T|y is a k-quasi (m, n)*-paranormal operator. ]

Now we give a matrix representation for k-quasi (m, n)*-paranormal operators.

Theorem 2.1.3. Let T € B(H) and R(T*) # H. If T is a k-quasi (m, n)*-paranormal

operator, then
A B - N
T = on R(T*) & N(T™),
0 C

where A is a (m,n)*-paranormal operator on R(T*), C* =0 and o(T) = o(A)U{0}.

Proof. Assume that T is a k-quasi (m, n)*-paranormal operator. Then
| T*T*z||" ™ < m|| T T ||| T 2|, for all z € K.
Let T%xz = z. Then from the above equation we have

172" < m|| T 2|2 (2.4)

Since R(T*) is not dense in H and R(T*) is invariant under 7', we have

A B -
T = on 3 = R(T*) & N(T*"), where A = T'|zzz. Hence from (2.4), we
0 C

get || A*z||"TT < m||A"1z||||z||" for all z € R(T*). Hence A is a (m,n)*-paranormal

operator on R(T*).
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Let z € N(T**). Then,

k=1

Thus C*x = Trx — Y A'BC* 17z Since A = T 7wy, we have Ckx € R(T*). Also
i=0

Ctz € N(T*) since C = T|y(pwry. Thus C*z € R(T*) N N(T**). Hence C* = 0.

Thus o(C) = {0}. Hence o(A) No(C) = o(A) N {0} has no interior point. From

Theorem 1.3.4, we get o(T) = o(A) U {0}. O

2.2 k-quasi (m,n)-paranormal operators

In this section, we introduce a new class of operators, k-quasi (m,n)-paranormal
operators which contains the class of all (m,n)-paranormal operators. Recall that
T € B(H) is said to be (m,n)-paranormal if |Tz||"™ < m||T" z||||z||", for all

x € 5 ([5]).

Definition 2.2.1. Let m € R*,n € N and k be a non-negative integer. An operator

T € B(H) is said to be k-quasi (m,n)-paranormal if
| TT z||" ™ < m|| T T ||| T ||, for all x € H.

If & = 0, then k-quasi (m,n)-paranormal operator becomes (m,n)-paranormal
operator. That is, the class of all (m,n)-paranormal operators forms a subclass of
class of all k-quasi (m,n)-paranormal operators. In general, every k-quasi (m,n)-

paranormal operator need not be (m,n)-paranormal operator.

For example, let T' = . Then T?% = 0. Hence T is a k-quasi (m, n)-paranormal
00

operator for k > 2 and for any m,n.

Recall that T is (m,n)-paranormal if and only if

m%HT*n—l-lTn—i-l _ (n _|_ ].)anT*T + m%ﬂn an—l—l I Z O, va > 0
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If m =25, n =3 and for any a > 0, we have

maT T (n+ 1)a"T"T + main o™ T = —4d¥T*T + 15a*]
15a* 0
0 —4a®+ 15a*

In particular, if a = %, then —4a®TT* + 15a*] < 0. Hence T is not a (25,3)-
paranormal operator.

Note that if & = 0 and m = n = 1, then k-quasi (m,n)-paranormal operators
coincide with paranormal operators ([13]).

Now we give some characterizations of k-quasi (m, n)-paranormal operators.

Theorem 2.2.1. Let T € B(H). Then T is k-quasi (m,n)-paranormal if and only if
mA T TR TR (4 1) o TR TT + met n o™ THTF >0, (2.5)

for all a > 0.

Proof. T is a k-quasi (m, n)-paranormal operator

& m| T || TFz||™ > | TT 2|, Va € 3.
& mat | T Ry ||7 | TR || 731 > | TT 2%, Ve € K.

1

& mar (T Thy Thgyaen (Thg, TE)att > (T*TT 2, TFz), Vo € K.

_1

= m%<‘T"+1|2Tkx’Tkx>n+1 <Tkx,Tk:L'>nil

> (|T]* Tz, T*x), Yo € H. (2.6)

Hence T is a k-quasi (m, n)-paranormal operator if and only if 7" satisfies (2.6).
For a > 0 and x € J, using the weighted arithmetic mean-geometric mean inequality
(1.1) and (2.6), it follows that
ﬁ(a*"m%ﬂ|T”“|2Tkx, Trz) + 5 (a ma Tz, TFx)

> (a_”mn%l|T"+1|2Tkx,Tkx)n%l (a mn%lTkx,Tk:rMLH
= mn%l<|T”+1|2Tkx,Tkx>%+1 <Tkx,Tkx>nL+1

> (|T)T*x, T*x).
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Thus,
C8 s (TR P TRy ) 4 0 (TR TR, o) — (T*FT*TT ) > 0, for

all x € H and a > 0.

Hence,
ma st TR TR (1) " TV TT 4+ matt n o™ T T > 0, for all a > 0.
Assume that (2.5) holds. Then for every = € K,

mt T (TR P by 0y (neb 1) @ (T T*TT %, ) +mait na™ T (T T 2, z) > 0.
Hence,

(2.7)

mat (T 2T0, Trz) — (n+ 1) a™(|T1* T2, Th ) + maet n o™ (Trz, TFz) > 0
Let z € H with (|7 [*T*z, T"z) = 0. From (2.7), we get
met n o(T*Trz, 2) — (n + 1){|T)PTrz, T"z) > 0.

Letting a — 0, we get (|T|*T"z, T*z) = 0. Hence,

_1

it ([T 2 Th g, TRy e (Tha, TFa)att > (|T)2T z, Tr).

Thus (2.6) is satisfied.
Let z € H with ([T |*T*z, T*z) > 0. Hence (T*z, T*z) # 0.

1

By taking a = (%)m in (2.7), we get

|Tn+1 ’27%3;,7 Tkl‘>
(Tkx, Tkx)

mn%l<|T”+1|2Tka:, Th2) + m n < (TFx, TFx)

T 2Tk, Thz) ) mH1

> (et TP ) (T

(| T 2Thz, Tk ) > mH

—2_ n
matt (1 +n) ([T P T 2, TRx) > (n+ V(T TFz, T*z) ( (Thz, Tha)
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mt (| T 2T, T ) a1 (The, Th2) =51 > (| T2 T, T x)

1

mtt (| T 2T, Tha) e (Thg, Trz) o+t > (T2 T z, Trx).

Thus (2.6) holds for all z € H. Hence T is k-quasi (m, n)-paranormal. O

Now we show that the newly defined classes of operators, k-quasi (m, n)-paranormal
and k-quasi (m,n)*-paranormal are independent.

For example, consider the operator 1" defined by the matrix

Let m = n = 1. Then for any a > 0, we have

At PRIk 4 1) qr R TR et gy gLk

=T*M(T**T? — 2aT*T + a*I)T"

1 1 a?—4a+2 0 1 0

Hence T is k-quasi (1, 1)-paranormal for any k > 1.
But for m =n = 1landa > 0, we have

mast TR AT, (1 4 1)@ T*FTT*T* + marin a™ T

=T*(T*T? — 2aTT* + a*I)T"

11 a?—2a+2 —2a 10
00 —2a a? — 2a 10
2a> —8a+2 0

0 0
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In particular if a = 1, then
mAT PRI (4 1) qPTHRTTTR 4 iy o TR < 0,

Hence T is not k-quasi (1, 1)*-paranormal for any k.
Now we give an example of a k-quasi (m,n)*-paranormal, which is not k-quasi

(m,n)-paranormal. For this, we prove the following result.

Theorem 2.2.2. Let T € B(I*(N)) be a weighted shift operator with non zero weights
{an},(n = 1,2,....), defined by Te, = «, e,i1, where {€,}°2, is an orthonormal

basis of 1*(N). Then T is a k-quasi (1,1)-paranormal operator if and only if
|tk | nist]? — 2 @ |angr|* +a* >0, Ya >0, ¥n € N. (2.8)

Proof. Since Te,, = a,, €,+1, we have T"e,, = a,,_1 €,_1. Hence, T*Te, = |a,|? e,
+1, ) ’

and T**T?e,, = |ay,|*|ans1)?en. Therefore,

T (TPT*)Ten = Janllanslanssle,

T2(TPT*)Ten = |anl?|ons [*anse|antslen
Hence we get,
T*l(T*2T2)Tlen = \an]2\04n+1]2 e ]anﬂ,llz\an+ll2|an+l+1\26n, for any [ € N.
Also,

T(T*T)Te, = |an|?|ans|*en

T*2(T*T)T2€n = |O‘n|2|an+1|2|an+2|2€n
Hence we get,

TT*T)T'e, = |an|*|ans1]? - - - |nsi—1]?|0nii|®en, for any I € N.
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In the similar way we get,
T T e, = |an|*|ans1]? - |nii—1|?en, for any I € N.
Using the above equations and (2.5) we get, T is k-quasi (1, 1)-paranormal

& THT*T? — 2aT*T + a*1)T* > 0, Ya > 0.
& (T™(TT? = 2aT"T + *1)T")en, e,) > 0, Ya > 0, Vn € N.
& |an*lania? - lanpr P(langPlomir]? = 2 @ |ani]? +6®) > 0, Ya > 0, ¥n € N,

& ik lonsrsi]? — 2 a |angk* +a* > 0,Va > 0, Vn € N.

]

Theorem 2.2.3. Let T € B(I?(N)) be a weighted shift operator with non zero weights
{an},(n = 1,2,....), defined by Te, = a,e,i1, where {€,}22, is an orthonormal

basis of 1*(N). Then T is k-quasi (1,1)*-paranormal if and only if
’Oén+k|2|0{n+k+1|2 —2a |Oén+k_1|2 + CL2 2 O, Va > 0, Vn € N. (29)

Proof. Since Te,, = a,, €,,1, we have T*e, = &, 1 e,_1. Hence, T*Te, = |a,|* en,

and T*?T?e,, = |a,|*|ans1]?en. Therefore,

T*(T*QTQ)TGH = |ay, |2 [T |2 |12 |26n

TTPT)Ten = |aw]?|omsr [l |ansl en
Hence we get,
TTTHT e, = |an|*|ans1]? - - - |nsi—1 [} anii]?|nsiz1|2en, for any I € N.
Also,

T(TT*Te, = |an|?|an*en

THTT)T? = ol |an[*lansa] en
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Hence we get,
T(TTT' e, = |on|?|nsi]* - - - |nri—1|*|ansi—1|*en, for any I € N.
In the similar way we get,
T T'e, = |an|*|ans1]® - - - |ngi—1]en, for any I € N.
Using above equations and (2.1), we get T" is k-quasi (1, 1)*-paranormal

& THT2T? — 24TT* + a*I1)T" > 0, Va > 0.
& (TH(T?T? — 2aTT* + a* )T )en, e,) >0, Va > 0, Vn € N.
A |O‘n|2|05n—&-1|2 T |04n+k—1|2(|04n+k|2|05n+k+1|2 —2a |Oén+k_1|2 + a2) >0, Va >0, VneN.

& ik lonsrsi]* — 2 a |angp_1]* +a*> >0, Ya >0, Vn € N.

]

Let T : I>(N) — [%(N) be defined by T'(x1, 22, z3, -+ ) = (0, 221, T2, 273, 14, 65, 626, - - + ).
Here oy =2 as =1,a3 =2, ay =1, o, =6 for n > 5.

From (2.9), T is 2-quasi (1, 1)*-paranormal if and only if
|tnsol?lanis)® — 2 a || +a®> >0, Va >0, Vn € N. (2.10)

Ifn=1,|as)?las|* — 2a |az]* + a* = (a — 1)* + 3 > 0,Va > 0.

If n =2, |ag*|as]® — 2a |az|* + a® = (a — 4)? + 20 > 0,Va > 0.

If n =3, |as|*|as|? — 2a |ay|* + a? = (a — 1)? + 1295 > 0,Va > 0.
If n >4, |an o lans]? — 2 a |an]? + a® = (a — 36)* > 0,Va > 0.
Thus, (2.10) holds for all a > 0, for all n € N.

Hence, T is 2-quasi (1, 1)*-paranormal.

From (2.8), T" is 2-quasi (1, 1)-paranormal if and only if

|tnral?lanis)® — 2 a |apiol> +a®> >0, Va >0, Vn € N. (2.11)
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Ifn=1, |as]*|aul® — 2a |az|* + a®> = (a — 4)? — 12 < 0, for a = 4.

Hence T is not 2-quasi (1, 1)-paranormal.
Theorem 2.2.4. Let T € B(H).

(i) If T is a (k + 1)-quasi (m,n)*-paranormal, then T is k-quasi (m,n + 1)-

paranormal.

(ii) If T is a k-quasi (m,n)*-paranormal operator, then T is (k+1)-quasi (m,n)*-

paranormal operator.

Proof. (i) Suppose that T"is a (k + 1)-quasi (m,n)*-paranormal operator. Then
|T* T H||" < m|| T TR ||| T ||, for all x € 3.
Hence, for every x € H we have

HTkJrleZnJr2 _ <T*Tk+ll.’ Tkx>n+1
S ||T*Tk+1l‘||n+1||Tkl‘||n+1

< m|| T T || T | TR

Thus, |TT"z||" "2 < m||T"2T*z||||T*x||" !, for all z € H.

Hence T is a k-quasi (m,n + 1)-paranormal operator.

(ii) Assume that T is a k-quasi (m, n)*-paranormal operator. Then
|T*T"z||" ™ < m|| T T ||| Tz, for all 2 € K.
Replacing x by T'x, we get
|T* Tz ||" < m|| T T ||| TH ||, for all 2 € K.

Hence T is a (k + 1)-quasi (m, n)*-paranormal operator.
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Theorem 2.2.5. I[f T € B(H) is a k-quasi (m,n)-paranormal operator, then T is a

(k + 1)-quasi (m, n)-paranormal operator.

Proof. Assume that T' is a k-quasi (m, n)-paranormal operator. Then
|TT z||™ < m|| T T ||| T*z||™, for all z € K.
Replacing x by Tz, we get
|TT || < || T TR ||| T ||, for all 2 € FH.

Hence T is a (k + 1)-quasi (m, n)-paranormal operator. O
Remark 2.2.1.

From Theorem 2.2.4 it is clear that for any non negative integer k,
k-quasi (m,n)*-paranormal C (k + 1)-quasi (m, n)*-paranormal.

But the converse need not be true always. For, we give an example of a 2-quasi
(1, 1)*-paranormal operator which is not 1-quasi (1, 1)*-paranormal.

Let T : [*(N) — I*(N) be defined by
T<x17 T2,T3," " ) = (07 21;17:1:27 2.1;37374, 6'1:57 61’6, e )

In this section, we proved that 7" is a 2-quasi (1, 1)*-paranormal operator . From

Theorem 2.2.3, T' is 1-quasi (1, 1)*-paranormal operator if and only if
|1 P anya]® — 2 @ |an|® +a* >0, Va >0, Vn € N. (2.12)

If n=1and a =4, (2.12) is not satisfied. Hence T is not 1-quasi (1, 1)*-paranormal

operator.
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Remark 2.2.2.

From Theorem 2.2.5 it is clear that for any non negative integer k,
k-quasi (m, n)-paranormal C (k + 1)-quasi (m, n)-paranormal.

But the converse need not be true. Here we give an example of a 3-quasi (1,1)-

paranormal operator, which is not 2-quasi (1, 1)-paranormal.

Consider T : I*(N) — [*(N) defined by

1 1 1 1 1 1
T(LUI, Lo, X3,y ) = (07 51’1, 5%’2, foiv 51’4, Zl'r57 lefi? T )

From Theorem 2.2.2, T is 3-quasi (1,1)-paranormal. Using Theorem 2.2.2, T is

2-quasi (1, 1)-paranormal if and only if

|tniol?lanyis)® — 2 a |apiol* +a®> >0, Va >0, Vn € N. (2.13)

1

16> (2.13) is not satisfied. Hence 7' is not 2-quasi (1, 1)-paranormal.

Ifn=1landa=

Now we give a matrix representation for k-quasi (m, n)-paranormal operators.

Theorem 2.2.6. Let T € B(H) and R(T*) # H. Then the following are equivalent:

(i) T is a k-quasi (m,n)- paranormal operator.

A B
(i) T = on R(T*) @ N(T**), where A is a (m,n)-paranormal operator
0o C

on R(T*), C* =0 and o(T) = o(A) U {0}.

Proof. Assume that T is a k-quasi (m,n)-paranormal operator. Since R(T*) is

- A B
not dense in H and R(T*) is invariant under 7', we have T = on H =

0 C

R(T*) & N(T**). Since A = T|gzwy, we have
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((T*k(mn%lT*”“T”Jrl —(n+1) a"T"T + MmN a" M NTH)x, x)

((mn%lT*”“T”“ —(n+1) a"T"T + ma n a" M NTFx, TFz), Vo € K.

(At T T — (4 1) a"T*T + mat n a1y, y), Yy € R(T).

(M AHAM _ (n 1) " A A+ m=1 n a" )y, y), Yy € R(T).

Since T'is a k-quasi (m, n)- paranormal operator, we have

<(m%+1A*”+1A”+1 —(n+1) d"A"A + m n a" M)y, y) > 0, for all y € R(TF).

Hence A is a (m,n)-paranormal operator on R(T*).

Let z € N(T**). Then

k—1
Ak Achkflfi 0

TH(x) = ;)
0 (jk x

k=1
Thus C*z = TFz — 5" A'BC* =iz, Since A = Ty, we have Ckx € R(T*). From

1=0
the matrix representation of 7', we have C*z € N(T**). Thus C*z € R(T*)NN(T*).

Hence C* = 0. From Theorem 1.3.4, we get o(T) = o(A) U {0}.

A B -
Conversely, let T = on H = R(Tk) ® N(T**), where A is a (m,n)-
0 C

paranormal operator on R(T*) and C* = 0. Thus

k—1
Ak AiBOkflfi
TF = ;

0 0

k—1 k—1
Ak:A*k + Z Achk—l—i(Z Az‘Bck—l—i)* 0 S 0
i=0 i=0 = , where

0 0 0 0

and TFT* =

k-1 k=1
S = AFA** + S ATBCR (ST ATBOR19)*. Since, S is a positive operator on
i=0 i=0

R(T*) and A = T|W is a (m, n)-paranormal operator, we have
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TET* (st T T — (n 4+ 1)a"T*T + mastna™ )T
S(mn%lA*”“A"Jrl —(n+1)a"A*A + mn%lna”“])s 0

— > 0.
0 0

Let D = T* (mati T+ 1T+ — (4 1)a"T*T +m#r1 na™ L 1)T*. Then, T*DT** > 0.

Let z € H. Then z = y + 2 where y € R(T**), 2 € N(T*). Since y € R(T**), there
exists a sequence (x,,) in 3 such that 7% (x,,) — y. Since z € N(T*), Dz = 0. Since
TFDT** > 0, we have

(Dx,z) = (D(lim T*(x,) + 2),lim T**(x,) + z)
= (D lim T**(x,), lim T**(x,)) + (D lim T**(x,), )
= lim(DT**(z,,), T**(x,)) + lim{(DT**(x,), 2)
= lim(DT*(x,,), T*(,,)) + lim{(T**(z,,), Dz)

> 0.

Hence T is a k-quasi (m, n)-paranormal operator. O



Chapter 3

(m,n)-class Q and (m, n)-class QF

operators

In this chapter, we define two independent new classes of operators (m,n)-class
Q and (m,n)-class Q*, which contains some well known class of operators, (m,n)-
paranormal and (m,n)*-paranormal operators respectively. Here we prove that the
restriction of the operator to its closed subspace is the corresponding operator. Also,
we give characterizations for the weighted shift operators to become (m,n)-class Q
and (m,n)-class Q* operators. Finally we characterize the composition operators of

these two classes on L? space.

3.1 (m,n)-class Q operators

Let m € R* and n € N. Recall that T" € B(H) is (m, n)-paranormal if and only if
m%HT*n—HTn—&-I . (7’L + 1)anT*T + mn%ln CLn—‘,—l ] Z 0’

for all a > 0 ([5]).
Let Q) = mot T T — (n 4 1)T*T + mast n 1.

Now we define (m,n)-class Q operator as follows:

Definition 3.1.1. Let m € R™, n € N. An operator T € B(H) is said to be (m,n)-
class Q if Q) = 0.

39
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For example, let T': 1?(N) — [2(N) be defined by T'(z1, T, 23, -+ ) = (0,21, T2, T3, - - ).
Hence T*T = I and T*"*'T"*+! = . Therefore,

Q) = miT THT™L  (n 4 DT*T + mast n

:(m%—l)(l—kn)[zo, forallm > 1 and n € N.

Hence if m > 1, then T is a (m, n)-class Q operator for every n € N.
Note that if m = n = 1, then (m,n)-class Q operator become class Q ([10]). That
is, class Q operators form a subclass of the classes of all (m,n)-class Q operators. In

general, every (m,n)-class Q operators need not be class Q.

01 0 0
For example, let T' = . Then T*T = and T2 = 0.
0 0 0 1

If m =25, n =3, then
M T (1) T*T + masin [ = —AT*T + 151

15 0
= >0

0 11/
Hence T is a (25, 3)- class Q operator.
By definition, T is class Q if and only if T**T? — 2 T*T + I > 0.

1
T2T?2 —2T*T +1 = -2T*T + 1 = < 0.

Hence T is not a class Q operator.

Now we prove some characterizations of (m,n)-class Q operators.

Theorem 3.1.1. Let T' € B(H). Then T is (m,n)-class Q if and only if

2

o
172l < == (17" 2P + nlle]?) , Vo € 3.
Proof. T is a (m,n)-class Q operator

& mar T (4 )T +mast n [ >0,
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& ma (T 2y — (n+4 1) (T*Ta,z) +mot n (z,z) >0, Vo € H.

o mat [T 2|2 = (n+ V)| Tz|® + ma n|lz)? >0, Vo € H.
2

n+1
e T2 < 2 (T 2] + ), Vo € K.
n-+1

]

Theorem 3.1.2. Let T' € B(H). T is (m,n)-paranormal if and only if XT' is (m,n)-

class Q operator, for each A > 0.

Proof. AT is (m,n)-class Q

& mart | APOEDTATL (L 1) AR T 4+ mat n I >0, VA > 0.

1 n 1 n+1
& mar et (n+1) (ﬁ) T*T + m=1 n (ﬁ) I'>0, VA>0.

1
& maa T HIT (4 1) @ T*T +mat na™™ 1>0, a= >0

< T is (m,n)-paranormal.

]

From the above theorem, it is clear that every (m,n)-paranormal operator is (m,n)-

class Q.

Theorem 3.1.3. Let T € B(H) be a (m,n)-class Q operator and M be a closed

subspace of H which is invariant under T. Then Ty is a (m,n)-class Q operator.

Proof. Let x € M. Since T' is (m,n)-class Q, we have

T lncz||* = (| T2]®

2

mnit ntl |2 2
< T (Tl + o)
2
o
= o (T k)™ 2l + nl])
Hence T'|y is a (m, n)-class Q operator. O
l
Theorem 3.1.4. Let T € B(H) and ¢ = —5——, where l > n+ 1. If \Je T is a
mn+l n

contraction, then T is a (m,n)-class Q operator.



3.1. (m,n)-CLASS Q OPERATORS 42

Proof. Since y/c T is a contraction, (v/c T)*(y/c¢ T) < I. Therefore, —c T*T'+ 1 > 0.

T*n+1Tn+1
Since ——— is a positive operator, we have
n
T*n+1Tn+1
—cT"'T+1>0.
n
Hence,
T*n+1Tn+1 l
— > TT+12>0.
n mntl n
mat T T 4ot n [ > 0.

Therefore,

maT T (- )T T 4+mt n I > maa T T* Tt n [ > 0.

Thus T is a (m, n)-class Q operator. O

From Theorem 3.1.2, every (m,n)-paranormal operator is (m, n)-class Q. In gen-

eral, the converse need not be true. For proving this, we use the following result.

Theorem 3.1.5. Let T € B(I*(N)) be a weighted shift operator with non zero weights
{ar}, (k = 1,2,....), defined by Ter = au egy1, where {ex}2, is an orthonormal

basis of I*(N). Then T is a (m,n)-class Q operator if and only if

n+1
—5— (|ak]2) < |Oék’2 ]ak+1|2 ...... ]aHn]Q + n, V ke N.

mn+t

Proof. Since Te, = ay, €41, we have T" e, = ap Qpyteeoo - Qhgn Chontt-

T is a (m,n)-class Q

2

mn+1
& ||Tx)]* < —— (17" 2))* + nllz]?), Vo e 3.
n+1

2

nt1
& |ITel < 2= (1T eel® +nlles]?) . ¥k €N.
n+1
—5— |Ozk|2 < |Ozk|2 |Ozk+1|2 ..... |Olk+n|2 +n, vV keN.
mn+1



3.1. (m,n)-CLASS Q OPERATORS 43

Let T : [*(N) — [*(N) be defined by

for k > 2. From Theorem 3.1.5, we get T is a (%, 3)-class Q

Herealzé, ak:;ll 3

operator. From Lemma 1.3.6, T is (m, n)-paranormal if and only if
low "™ < m Jag] Jagga] oo |hgn], V k€N, (3.1)

If m = 3, n =3k = 4, then (3.1) is not satisfied. Hence T is not a (%,3)-

1
3

paranormal operator.

Theorem 3.1.6. Let T € B(H) be a (m,n)-class Q operator and A € B(H) be an
isometric operator such that AT =TA. Then TA is a (m,n)-class Q operator.

Proof. Let S =TA. Since AT =TA and A*A = I, we have
miT Gl gntl (n+1)S*S + mit n I

= (AT TA) = (0 DATTA + mis nl

_ e el (n+1)T"T + mit oy I

Since T is (m,n)-class Q, miT Gl gntl _ (n+1)S*S + m#1 n I > 0. Hence

S =TAis a (m,n)-class Q operator. O

Theorem 3.1.7. Let T € B(H) be a (m,n)-class Q operator and T be unitarily

equivalent to an operator B € B(H). Then B is a (m,n)-class Q operator.

Proof. Since T is unitarily equivalent to B, there exist an unitary operator U such
that B = U*TU. Now,
mw1 BB (n 4 1)B*B 4 mait n [

—U <mn%T*"+1T"+l — (n+ D)T*T + m= n [) U
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Since T is (m,n)-class Q, U* (WMLHT*”“T”+1 —(n+ 1)T*T + meT n I) U > 0.

Hence B is a (m,n)-class Q operator. O

3.2 (m,n)- class Q* operators

Let T € B(H). Let m € R™, n € N. Recall that T is said to be (m, n)*-paranormal
if [|T*z||" ™ < m||T" 1 z||||x||", for all z € H. Equivalently, T is (m,n)*-paranormal

if and only if
mat T (4 1)a"TT* +marin o™ >0,

for each a > 0 ([5]). Now we define a new classes of operator namely (m,n)-class
Q* operators, which contains the classes of all (m,n)*-paranormal operators.

Let Qe = mai T — (n + DTT* +mast n 1.

Definition 3.2.1. Let m € R*, n € N. An operator T € B(H) is said to be (m,n)-
class Q" if Q) = 0.

For example, let T' : [*(N) — [2(N) be defined by T'(x1, 22, 23, -+ ) = (0, 21, T2, T3, -+ ).
Then TT*(x1,xo, 3, ...... ) = (0,29, 23, ...... ) and T = [ for all n € N.

(Qunmnyr, ) = <(m"%lTMHTTLJrl —(n+1)TT* + m I) x, x>
- <(1 +n) <mn%1] - TT*) z, x>

= (14 n) (M7 o2+ (meF = Dol 4 ) >0,

for every n € N and m > 1. Hence T is a (m,n)-class Q* operator, for m > 1 and
n € N.

Note that if m = n = 1, then (m, n)-class Q* is class Q*. That is, class Q* operators
form a subclass of the classes of all (m, n)-class Q* operators. But, every (m,n)-class

Q* operator need not be a class Q* operator.

01 10
For example, let T = . Then TT* = and T2 = 0.
0 0 0 0
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If m =25, n =3, then

man T (1) TT* + mavin [ = —ATT* + 151

= > 0.

Hence T is a (25, 3)-class Q* operator.

By

definition, T is class Q* if and only if T*?T?% — 2 TT* + I > 0. Here

T2T? —2TT* +1=—-2TT*+ 1

-1 0
= < 0.
0 1

Hence T is not a class Q* operator.

That is, every (m,n)-class Q* need not be class Q*.

Now we prove some characterizations of (m,n)-class Q* operators.

Theorem 3.2.1. Let T € B(H). Then T is (m,n)-class Q* if and only if

2

mnr+1
IT*2)? < ——] (1T z|? + nllz]?) , V2 € I

Proof. T is a (m,n)-class Q* operator

& maa Tl (n+1)TT" + mt n I > 0.
& mm (T 0y — (n+ 1) (TT e, 2) +maT n (z,2) >0,V € K.

& mat |[T"g|? = (n+1)|| T[> + m=1 n ||z >0, Vo € K.
2

nt+1
& Tl < —= (17" 2l + nlle]?) Vo € 5.

]

Now we give a characterization for the weighted shift operator become (m,n)-

class Q*.
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Theorem 3.2.2. Let T € B(I*(N)) be a weighted shift operator with non zero weights
{ar}, (k = 1,2,....), defined by Tep = oy, egy1, where {ex}3>, is an orthonormal

basis of [*(N). Then T is a (m,n)-class Q* operator if and only if

n+1
— (laxl?) <lawpal? langel® - - laginn]? +n,¥ ke N.
mn+1
Proof. Since Tej, = ay €41, we have T" ey = g 1. .Qppn €hpng1, V k € N

and T e, = ap_1 ex_1, V k> 2. Now,

T is (m,n)-class Q*

2

n+1
o 1Tl < 2 (1T ] + ), Va €

n+1
2
CEsy
& T el* < e (177 eul” 4 mlled]?) ¥ k€ N
n+1
— Ja* < o |owgol* oo |k inia])® + 1,V k € N
mn+1
0
l
Theorem 3.2.3. Let T € B(H) and ¢ = —5——, where l > n+ 1. If /e T* is a

mn+l n
contraction, then T is a (m,n)-class Q* operator.

Proof. Since \/c T* is a contraction, we have —¢ TT* + I > 0. Hence

T*n+1Tn+1
—cTT "+ 1>0.
n
T*n—l—lT’rH—I l
. TT*+1>0.
n mn+i n

ma T T T 4ot n T > 0.
ma T T T (- )T +mt n I > maa T TT* 4t n I > 0.
Thus T is a (m,n)-class Q* operator. O

Now we show that the class of all (m,n)*-paranormal operators is contained in

the class of all (m,n)-class Q* operators.
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Theorem 3.2.4. Let T' € B(H). Then T is (m,n)*-paranormal if and only if NT is

(m,n)-class Q*, for each X\ > 0.

Proof. We have AT is (m,n)-class Q*

& mart AP TE g L1 A2 TT +mat n >0, YA > 0.

1 n 1 n+1
emaT el (n+1) (ﬁ) TT* +m=1 n (F) I'>0,YA>0.

1
& man T (n 4 1) @ TT* +mat na™™ 1 >0, a= 1> 0.

& T is (m,n)"-paranormal.

]

By the above theorem, every (m,n)*-paranormal operators is (m,n)-class Q*

operator. In general, the converse need not be true.
01 10
For example, let T = . Then TT* = and T2 = 0.

00 00
If m =25, n =3, then

man T (1) TT* + matin [ = —ATT* + 151

= > 0.

Hence T is a (25, 3)-class Q* operator.
If m =25, n =3, then

ma T T (g 4 1) @ TT* + matin o™ = —4a¥TT* + 1541
—4a® +15a* 0
0 154

If a = 1, then —4a*TT* + 15a*I < 0. Hence T is not (25, 3)*-paranormal.

Theorem 3.2.5. Let T € B(H) be a (m,n)-class Q* operator and M be a closed

subspace of H which is invariant under T. Then Ty is a (m,n)-class Q* operator.



3.2. (m,n)- CLASS Q* OPERATORS 48

Proof. Let x € M. Then

(Tl ]| = || 7|

2

mn+1
n—l— 1

=m—<u< Th)™ | + nllz|?) .

IN

(17 )| + nll=]?)

Hence T'|y is a (m, n)-class Q* operator. O

Theorem 3.2.6. Let T' € B(H) be a (m,n)-class Q* operator and T be unitarily

equivalent to an operator B € B(H). Then B is a (m,n)-class Q* operator.

Proof. Since T is unitarily equivalent to an operator B, there exist an unitary op-
erator U such that B = U*TU.
matt BB (4 1)BB* + mait n [

_ m%‘HU*T*n+1Tn+1U _ (TL + 1)U*TT*U + m%-l-l nl.

— U <m%+1T*"+1T"+1 — (n+ )TT* +mat n I) U.

Since T is (m,n)-class Q*, U* (mrb%lT*"“T”Jrl —(n+1)TT* + mT n ]) U>0.

Hence B is a (m,n)-class Q* operator. O

Now we show that the newly defined classes of operators, (m, n)-class Q and class
of (m,n)-class Q* are independent. For example, let T : [*(N) — [*(N) be defined

by
1 1

T(x1, 29, 23,--+) = (0, 1%

ST, T3, ).

1

2
1 1 1

Here ay = 5, ap = 3 for k> 2. 1f m =

2 - 9.00033’
a (m,n)-class Q operator.

n = 3, using Theorem 3.1.5, T is

From Theorem 3.2.2, we have T is a (m, n)-class Q* operator if and only if

(lowl?) < lawsal lawsel® - Japsna [* + 0,V & €N. (3.2)
mn+1
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If m n = 3 and k£ = 1, (3.2) is not satisfied. Hence T is not a

~ 9.00033’
(m, n)-class Q* operator.

Next we consider an operator T : [*(N) — [?(N) defined by
T(xh Lo, T3y ) - (07 2371, 4[L'2, 3[E37 4374, 6$57 6[E67 T )

Here oy =2 as =4, a3 =3, ay =4, a,, =6 forn > 5.
If m=2x10"", n =3, using Theorem 3.2.2, T is a (m,n)-class Q* operator.

From Theorem 3.1.5, T" is a (m, n)-class Q operator if and only if

n+1
5 (|ak]2) < |ak]2\ak+1|2 ...... ‘Oék+n‘2 + n,v k € N. (33)

mn+t

Ifm=2x10""7, n=3and k = 2,(3.3) is not satisfied.
Hence T is not a (m,n)-class Q operator.

That is, the classes of operators (m,n)-class Q and (m, n)-class Q* are independent.

3.3 (m,n)-class Q and (m,n)-class Q* Composition op-
erators

In this section, we give some characterizations of (m,n)-class Q and (m,n)-class Q*
composition operators defined on L? space. For a non singular measurable function
T on X, let C7 denotes the composition operator of T on L?*(u) and h,, denotes the
Radon-Nikodym derivative of p(T~!)" with respect to u. We denote h; by h and
adjoint of Cp by C7..

Theorem 3.3.1. Cr is a (m,n)-class Q operator if and only if mn%l(hnﬂ +nl) >
(n+1)h

Proof. By definition, we have Cr is a (m,n)-class Q operator if and only if

mat O Ot — (n 4 1)CECr +mast n I > 0.
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From Theorem 1.4.3, for any f € L*(u), we have (n + 1)CxCrf = (n + 1)hf and

mAT OO f = ma O (f o T,
= Mt hy B(f o T"1) o T~
= mari by E(Lf o T o T4,
= m%“hnHE(l)f

= M by f.
Hence, Cr is a (m,n)-class Q operator if and only if
(mn%lhnﬂf —(n+1hf+ mn%lnf, f) >0, for every f € L*(u).
That is, Cr is a (m,n)-class Q operator if and only if

matt (st +nl) > (n+ 1)h.

Example 3.3.1. Let X = NU {0}, A = P(X) and p be the measure defined by

M(A) = Z mg,

k€A
where
1 if k=0.

LetT : X — X be defined by

0 ifk=0,1.
k—1 ifk>2.
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Then for q > 1, we have

0 ifk=0,1,2,...,q.
k—q ifk>q+1.

Hence,  h(k) = —“T_I,(g{k}) — 2 k=0
. Loifk>1.
B 2+ 14+ L4 4+ L ifk=0.
_ HTTI({kD) 17T 40T
For g > 1, hy(k) = T = X

1 if k> 1.

449

By computation, it can be seen that if m > 2 and n = 1, then m(hy + I) > 2h.

Hence Cr is a (m,n)-class Q operator for m > 2 and n = 1.

Theorem 3.3.2. C7 is a (m,n)-class Q operator if and only if

M (s 0 T 4 D) > (n+ 1o T.

Proof. We have, C. is a (m, n)-class Q operator if and only if
maT CIL Ot — (0 4 1)CpCoi + matt n I > 0.
Let f € L*(p). From Theorem 1.4.3, we have
(n+1)CrCif = (n+1)(ho T)PS = (n+ 1)(hoT)F,

where P is a projection onto R(C7r). Also from Theorem 1.4.3, for any f € L?*(u)

we get

Mt CRCE L = mi O (g B(f) 0 T-0F),
= (b1 B(f) 0 T-7D) 0 T,
— it ((Bypg 0 T"H)(B(f) o T-FD o TH1))
=m0 TTUE(f).

2
— M+l hn—i—l o Tn+1f,
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Thus C}. is a (m,n)-class Q operator
& (Mt hyyy o T f — (n+ 1) (ho T)f +mmTnf, f) > 0,¥f € L*(p).
YEN mniﬂ(hn_’_l oT"™ +nl) > (n+1)hoT.
O

Example 3.3.2. In example 3.3.1, if we choose m > 2 then C5 is a (m,1)-class Q

operator.

Theorem 3.3.3. Cr is a (m,n)-class Q* operator if and only if mn%l(hnﬂ +nl) >
(n+1)hoT.

Proof. We have, Cr is a (m,n)-class Q* operator if and only if
maT G Ot — (0 4 1)CpCoi + matt n I > 0.

From Theorem 1.4.3, we get
(n+1)CrCyf = (n+1)(ho T)Pf = (n+ 1)(ho T)f, Vf € L2(s).
Also, for every f € L?(u), we have

m OO f = m O (f o T,
= mtt hy o B(f o T") o T (D),
= mn%lhnHE(l.f o Tty o (D),
= mari by E(1) £,

2
= mn+l hn+1f.
Hence Cr is a (m,n)-class Q* operator

& (M Thy1f = (4 (ko T)f +mafing, f) > 0,9f € L*(u).

& mn%l(hnﬂ +nl)>(n+1)hoT.
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Example 3.3.3. In example 3.3.1, if we choose m > 4 and n = 1 then Cr is a

(m,n)-class Q* operator.
Theorem 3.3.4. C7. is (m,n)-class Q% if and only z'fmn%l(hnHOT”H%—nI) > (n+1)h.

Proof. By definition, C. is a (m, n)-class Q* operator if and only if
mat IOt — (n 4+ 1)CECr +mat n I > 0.
From Theorem 1.4.3, we get (n+ 1)C5Crf = (n+ 1)hf, Vf € L*(n). Also,

mat O Ot f = it O3 (b E(f) 0 T-0FD),
= mat1 (et E(f) o T-D) 0 T,
— mtt ((hpyy o T"H)(E(f) o T~ 0 T7F1))
= m"%lhnﬂ o T"HE(f).

= mitihy, ., o T, Y € L2(p).
Hence C7 is a (m,n)-class Q* operator

& (M hy g o T f = (n+ Dhf +miinf, £) >0, Vf € L¥().

& mit (hysy o T+ nl) > (n+ 1)h.

]

Example 3.3.4. In example 3.5.1, if we choose m > 2 then C}. is a (m,1)-class Q*

operator.

Now we prove some characterizations of (m, n)-class Q and (m, n)-class Q* weighted
composition operators. For a non empty set X, let T': X — X be a measurable
function and 7 be a complex valued measurable function defined on X. Let W de-
notes the weighted composition operator on L?(u), induced by T and .

For f € L*(u) and k € N, let Jpf = hp E(|m|?)oT % f and Ly f = mp(hpo TF) E(71f),

where m, = m(mo T)(m o T?)... (w0 TF ).
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Theorem 3.3.5. W is a (m,n)-class Q operator if and only if
it (Jpsr +nl) > (n+1)J;.
Proof. We have, W is a (m,n)-class Q operator if and only if
ma T W _ (n £ DWW 4+ mart n I > 0.
By Theorem 1.5.1, for any f € L*(u), we have

(n+DW*W§f=(n+DhE(x|*) o T f.
mn%lw*nﬂwnﬂf — T Bt E(|mnp|?) 0 T—(n—i—l)f'

= m%ﬂjn+1f'
Hence, W is a (m,n)-class Q operator

& (mTT S f = (0t )RS +mTnf, f) = 0,9 € L(u)

& mt (Jopy +nl) > (n+ 1)

Theorem 3.3.6. W is a (m,n)-class Q* operator if and only if
matt (Jop1 +nl) > (n+ 1)Ly
Proof. We have, W is a (m, n)-class Q* operator if and only if
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By Theorem 1.5.1, for any f € L*(u), we have

(n+ D)WW f = (n+1)(h o T)E(Tf).
mast W W = ms g E(mgal?) o TV,

2
= mmn+l1 Jn+1f.
Hence, W is a (m,n)-class Q* operator

& (mTT S f = (n+ DI +mafing, £) 2 0,9f € L(u).

& matt(Jyg +nl) > (n+ 1)L,

Theorem 3.3.7. W* is a (m,n)-class Q operator if and only if
Mt (Lygy +nl) > (n+ 1)Ly
Proof. By definition, W* is a (m,n)-class Q operator if and only if
ma T W (n £ D)WW* +mast n [ > 0.
Let f € L?(u). From Theorem 1.5.1, we have

(4 DWW f = (n+ 1)(h o T)E(T).
=(n+1)Lf.
mast WL f = Tt (g1 o T B f).

2
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Hence, W* is a (m,n)-class Q operator

& (mP Ly f = (n+ DI +miinf, £) > 0,9f € L(u).

& matt (Lypy +nl) > (n+ 1)Ly

Theorem 3.3.8. W* is a (m,n)-class Q" operator if and only if
mitT (Lpsy +nl) > (n+ 1)J;.
Proof. W* is a (m,n)-class Q* operator if and only if
ma T W _ (n £ DWW 4+ mart n I > 0.
From Theorem 1.5.1, for any f € L?*(u), we have

(n+ DWW = (n+ DhE(|xf2) o T,
mn%lW"HW*"Hf — mast Tos1(hnsr o T ) E(mai1f).

2
= mmn+l1 Ln+1f.
Hence, W* is a (m,n)-class Q* operator

& (mTT Ly f = (0 + 1) f +mAing, £) 2 0,9f € L(u).

& mit (Lysy +nl) > (n+1)J;.



Chapter 4

k-quasi (m,n)-class Q and k-quasi

(m, n)-class Q* operators

In this chapter, we define two independent new classes of operators namely k-quasi
(m, n)-class Q and k-quasi (m, n)-class Q* operators which contains some well known
classes of operators, k-quasi (m,n)-paranormal and k-quasi (m, n)*-paranormal op-
erators respectively. Here we give some characterizations, examples and a 2 x 2
matrix representation for these classes of operators. Finally we characterize the

composition operators of these classes on L? space.

4.1 k-quasi (m,n)-class Q operators

Let T € B(H) and m € R*, n € N. Recall that T is said to be (m,n)-class Q if
mast T (g 4 )YT*T + mast n I >0,
(Definition 3.1.1). Also, T is k-quasi (m,n)-paranormal if and only if
i TP HnTE _ (4 1) @ TRTTT + matt n o™ 7T > 0,Va > 0,

(Theorem 2.2.1).

o7



4.1. k-QUASI (m,n)-CLASS Q OPERATORS 58

Definition 4.1.1. (/19]) Let k be a non-negative integer. An operator T' € B(FH) is
said to be k-quasi class Q operator if T** (T*2T? — 2T*T + I)T* > 0.

Now we define k-quasi (m,n)-class Q operators which includes k-quasi (m,n)-

paranormal and (m,n)-class Q operators.

Definition 4.1.2. Let m € R, n € N and k be a non-negative integer. An operator

T € B(H) is said to be k-quasi (m,n)-class Q operator if
T+ <m%+1T*"+1T"+1 — (n+ )T + m+1 n I) T+ > 0.

Note that 1-quasi (m,n)-class Q operator is said to be quasi (m,n)-class Q op-

erator.

0 0
For example, let T' = . Then T? = 0. From the definition, it is clear that if
10

k > 2, then T is a k-quasi (m,n)-class Q operator for any m, n.

If m =n =1, then k-quasi (m, n)-class Q operators coincides with k-quasi class Q
operators ([19]).

Note that if & = 0, then k-quasi (m,n)-class Q operator becomes (m,n)-class Q
operator introduced in chapter 3 (refer definition 3.1.1). That is, the class of all
(m, n)-class Q operator forms a subclass of the classes all k-quasi (m, n)-class Q op-
erators. In general, every k-quasi (m,n)-class Q operator need not be (m,n)-class

Q operator.
0

10

For example, the operator T defined by the matrix T" =

If m =n =1 and for any integer k > 1, we have

mE TR TR (1) THRTTTY 4 mitt n T

=T*M(T**T? — 27T + I)T*

11 -1 0 10
0 0 0 1 10
00

]
]
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Hence T is a k-quasi (1, 1)-class Q operator for any k > 1.

Now for m = n = 1, we have

Mt T (g 4 DT*T + mvin [ =T*2T% — 2T°T + [
=TT -2T"T+1
(") <o
0 1
Hence T is not a (1,1)-class Q operator.
That is, T is a k-quasi (1, 1)-class Q operator for any k£ > 1 but 7" is not (1, 1)-class
Q operator.
Now we give some characterizations of k-quasi (m, n)-class Q operators.

Theorem 4.1.1. Let T' € B(H). Then T is a k-quasi (m,n)-class Q operator if and
sy
only if mTJrl (| T* " z|* 4+ n||T 2 |?) > ([T 2||* for all z € K
n

Proof. Let x € H. T is a k-quasi (m, n)-class Q operator

= <(T'“ (m%ﬂT*"HT"“ — (n+ DT + m+ n 1) T’“) a:x> > 0.
& mt (TR 0y (e 1) (T T g ) 4 om (T ) > 0.

& mA T2 (0 DT a]? + m n | T > 0.

2

mn+l

<:>n+1(

T ]| 4 | T ]?) > (|7 ],

]

Theorem 4.1.2. Let T € B(H). Then \v+1T is k-quasi (m,n)-class Q for all X > 0

if and only if T is k-quasi (m,n)-paranormal.

Proof. Let A > 0. A\nriT is a k-quasi (m,n)-class Q operator

& (AT T)k [m%ﬂ(A%ﬁT)*"H(A%T)"H — (n+ DA T*T + marin I| (At T)F > 0.
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& (T [mT A2l (g L AT T+ mn%ln[} T" > 0.

—2mk

& (AT A2mek [mn%T*n“T”“ — (n+ DA TT + matin Asz} T+ > 0.

o T [mn%T*”“T““ — (n+ DOGE)TT + mast 0 (Af%)”“f] T* > 0.
& T [m%ﬂT*”ﬂTW — (n+1)a"T*T + me na”“I] T+ > 0,a > 0.

< T is a k-quasi (m,n)-paranormal operator.

]

From the above theorem it is clear that every k-quasi (m, n)-paranormal operator
is k-quasi (m,n)-class Q. In general, the converse need not be true. For proving this,

we use the following theorem.

Theorem 4.1.3. Let T € B(I*(N)) be a weighted shift operator with non zero weights
{an},(n = 1,2,....), defined by Te, = «, e,i1, where {€,}°2, is an orthonormal

basis of 1*(N). Then T is k-quasi (1,1)-class Q if and only if
|tk ninit]® — 2 |angr|> +1>0, Vn € N. (4.1)
Proof. From the proof of Theorem 2.2.2, we get
T*k(T*sz)Tken = |04n|2|04n+1|2 T |an+k—1|2|an+k|2|an+kz+1|2€m for any k € N.

THT*T)T e, = ||| onia|? - - |onsi—1]?|Qnar]*en, for any k € N.

and

T*T e, = |an*lania|* - - |ansr_1]%en, for any k € N.

Now, T is k-quasi (1, 1)-class Q

STHT2T? - 2T*T + 1T* > 0.

S((T*H(T*T* = 2T*T + )T*)e,, e,) > 0, ¥n € N.
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Slanllanal? - lanie-1 P (lan ik’ |aniria* = 2 lan k> +1) > 0, ¥n e N.

Elanirllaniri|* = 2 |oangk]* +1 >0, ¥n € N

Let T : [*(N) — [*(N) be defined by

1 1 1 1 1 1
T(xlv Lo, L3, - ) = (07 51’1, 53727 fo}) gwﬁla Z'IEH ZIxG, T )

—1

1 1
Here oy = 35, o =5, a3 = §, ay =

and «, = i forn > 5.
From Theorem 4.1.3, it can be seen that 7" is a 2-quasi (1, 1)-class Q operator.

Also, from Theorem 2.2.2, T is k-quasi (1, 1)- paranormal if and only if
|kl ninit)® — 2 a |apsn]* +a* >0, Ya >0, ¥n € N. (4.2)

If k=2,n=1and a =1, we get |as|*|ou|® — 2 a |as|* + a* < 0. Hence, from (4.2),
T is not 2-quasi (1, 1)- paranormal.

That is, every k-quasi (m,n)-class Q operators need not be k-quasi (m, n)- paranor-
mal.

Now, we give some characterization of k-quasi (m,n)-class Q operators.

Theorem 4.1.4. Let T' € B(H) be a k-quasi (m,n)-class Q operator and A € B(H)
be an isometric operator such that AT = TA. Then T A is a k-quasi (m,n)-class Q

operator.

Proof. Let S =TA. Since AT =TA, and A*A = I, we have

M SHERELGRENEL (4 1) SHRHLGR i g kR

_ mni-!—? (A*T*)k—i-n—i-l(TA)k-i-n-i-l . (TL + 1)(A*T*)k:+1(TA)k+1 + m%_Hn(A*T*)k(TA)k

— g kAL phtngl (n+ 1)THHITH1 4 mT n, TRk
Since T is a k-quasi (m, n)-class Q operator, we get

matt SR HLGR AL (g 4 1) GHRFLGERL sy G GR >,
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Hence S = T'A is a k-quasi (m,n)- class Q operator. ]

Theorem 4.1.5. Let T € B(H) be a k-quasi (m,n)-class Q operator and T be uni-
tarily equivalent to an operator B € B(H). Then B is a k-quasi (m,n)-class Q

operator.

Proof. Since T is unitarily equivalent to B, there exist an unitary operator U such
that B =U*TU.
Now, for any non-negative integer k£ we have,

B (m 1 BB (n o+ )BB 4+ miT 1) Bt

—Ur TRy [U* (mn%T*”“T”“ — (0 + DT*T + met n1> U} UTEU

—yrT <mn%T*”+1T”+1 — (n+ 1)T*T +m n J) T+
Since T is a k-quasi (m, n)-class Q operator, we get
U (T*’“ <m%+1T*”+1T”+1 — (n+ D)T*T + m+ n 1) T’“) U>0.

Thus, B** <mni+1B*”“B”Jrl —(n+1)B*B+ mT n ]> Bf > 0. Hence B is a k-

quasi (m,n)-class Q operator. O]

Theorem 4.1.6. Let T € B(H) be a k-quasi (m,n)-class Q operator. If R(T*) = K,

then T is a (m,n)-class Q operator.

Proof. Let y € H. Since R(T*) = H, there exist a sequence (z;) in H such that

(T k(azl)) converges to y in H. Since T' is a k-quasi (m, n)-class Q operator, we have
<(T*k (mn%T*”HT”“ (4 D)TT +m™ 0 I) T’“) zi, x> > 0, Vi,

Hence, <(m%ﬂT*"+1T”+1 —(n+ 1)T*T + mat I) Tkxi,Tkxi> > 0, Vi.
Since (T*(z;)) — y, we get

<(m%+1T*"+1T"“ — (n+ O)I°T - mst n I)y’y> =0

Hence T is a (m, n)-class Q operator. O
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Theorem 4.1.7. Let T' € B(H) be a k-quasi (m,n)-class Q operator and R(T*) # H.

If
A B S N
T = on R(T*) ® N(T*),
0 C

then A is a (m,n)-class Q operator on R(T*), C* =0 and o(T) = o(A) U {0}.

Proof. Since T is a k-quasi (m, n)-class Q operator, we have
mast (| Tyl T |?) > (n+ DTy, vy € 9
Let z = T*y, then we get
mat (J[T"2]? + nllz]?) = (n+ 1|2
Since A = T|m, we get

maT (A" 2P + nl|2]|?) > (n+1)|| Az, vz € R(TF).

Hence A is a (m,n)-class Q operator on R(T*).

Let z € N(T**). Then

Al S Aokt [0

T"(x) =
0 C* T

Hence, C*z = T*z — ¥ A\BC* '~z Since A = Ty, we get C*x € R(T™).
We have C' = T|y(p++). Hence, C*z € N(T**). Thus C*z € R(T*) N N(T**). Hence
C* = 0. Therefore, o(C) = {0}. Now o(A) Na(C) = o(A) N {0} and hence it has

no interior point. Using Theorem 1.3.4, we get o(7T) = o(A) U {0}. O

4.2 k-quasi (m,n)-class Q* operators

In this section we define a new class of operator, k-quasi (m,n)-class Q* operator,

which contains the classes of k-quasi (m, n)*-paranormal and (m, n)-class Q*. Recall
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that an operator T € B(H) is k-quasi (m, n)*-paranormal if and only if
st TR _ (g 4 1) @ TRTT* T + mat n o™ T > 0,Va > 0,
(Theorem 2.1.1). T € B(H) is said to be (m,n)-class Q* operator if
mat T (g 4 DTT* 4+ mast n I >0,

(Definition 3.2.1).

Definition 4.2.1. Let m € R, n € N and k be a non-negative integer. An operator

T € B(H) is said to be a k-quasi (m,n)-class Q* operator if

T+ <mn%T*"+1T"+1 — (n+ )TT* + m#1 n I) T+ > 0.

For example, let T' = . Then T? = 0. Hence T is k-quasi (m,n)-class Q*
00

operator for £ > 2 and for any m, n.

Note that if & = 1, then 7" is said to be a quasi (m, n)-class Q* operator. Also, every
(m,n)-class Q* operators are 0-quasi (m,n)-class Q* operators. It can be proved
that every k-quasi (m,n)-class Q* operators need not be (m,n)-class Q* operators.

For proving this, we use the following theorem.

Theorem 4.2.1. Let T € B(I*(N)) be a weighted shift operator with non zero weights
{an},(n = 1,2,....), defined by Te, = o, e,+1, where {e,}>2, is an orthonormal

basis of 1*(N). Then T is k-quasi (1,1)-class Q* if and only if
kP oninit])® — 2 |angr1/? +1>0, Vn € N. (4.3)
Proof. From the proof of Theorem 2.2.3, we get
T*k(T*zTQ)Tken = \anﬂanH]Q c |O‘n+k71|2’Qn+k’2‘an+k+1‘2em for any k € N.

T*k(TT*)Tken = |an‘2|an+1‘2 T ’Oén+k71’2‘an+k71‘2ena for any keN.
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and

T*T% e, = |an|*|ans1]® - - - |nsr—1]|*en, for any k € N.

Thus, T is k-quasi (1, 1)-class Q*

STH(T?T?* - 2TT* + )T* > 0.
SUT*HT*T? - 2TT* + 1)T*)e,, e,) > 0, ¥n € N.
Slanllanl? - lense1 (sl |enre|* = 2 |angp | +1) > 0, Vn e N.

<:>‘Oén+k‘2|an+k+1|2 -2 |Oén+k71‘2 +1 Z 0, Vn € N.

]

Let T : [*(N) — [?(N) be defined by T'(z1, T2, 23, - ) = (0,221, x9, 223, T4, 625, 676, - - - )
Here oy =2 ap =1, a3 =2, a4 = 1 and o, = 6 for n > 5. From Theorem 4.2.1,
we get T'is a 2-quasi (1, 1)-class Q* operator.

From Theorem 3.2.2, T is a (m,n)- class Q* operator if and only if

n+1
- (lul*) <l lagol? - |lagna [P + 0,V L e N. (4.4)

mn+l

If m=n=10=1, (4.4) is not satisfied. Hence, 7" is not (1, 1)- class Q*.
That is, every k-quasi (m,n)-class Q* operators need not be (m,n)-class Q*.
Now we show that the classes of operators k-quasi (m, n)-class Q and k-quasi (m, n)-

class Q* are independent.

For example, let T : [?(N) — [*(N) be defined by

T(l‘l, Lo, T3, " ) = (07 21"17 X2, 23:37 Xyg, 63:57 Gxﬁa T )

From Theorem 4.2.1, we get T is 2-quasi (1, 1)-class Q.
Also from (4.1), T is 2-quasi (1, 1)-class Q if and only if

|nial?[amis)® — 2 |ansal* +1 >0, ¥n € N. (4.5)

If n = 1, the above relation does not holds. Hence T is not 2-quasi (1, 1)-class Q.
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Next we consider the operator T defined by the matrix

In section 4.1, we proved that T is k-quasi (1, 1)-class Q for any k& > 1.
But, for m =n =1,

m%ﬂT*kT*n+1Tn+1Tk _ (n + 1)T*kTT*Tk + mn%ln T*ka

=T (T**T? — 2TT* + I)T"
11 1 -2\ (10
00/ \-2 -1/ \10
—4 0

= < 0, for any k.
0 O

Hence T is not k-quasi (1, 1)-class Q* for any k.

Now we give some characterizations for k-quasi (m,n)-class Q* operators.

Theorem 4.2.2. Let T' € B(H). Then T is a k-quasi (m,n)-class Q* operator if and
2
+1
1

m@qg%—qw“mww+nmﬁm%ZHTT%Wm@e%.

Proof. Let x € H. T is a k-quasi (m, n)-class Q* operator

o <<T"’ (mn%T*”HT"H —(n+ DTT* +m™ 0 I) T’“) :ca:> > 0.
& mart (TPt ) (4 D) (TFTT* T 2, 2) +mat n (T 2, 2) > 0.
& mar [T 2|2 = (n+ )| T TF 2|2 + mas n |Trz|? > 0.
2
n+1l
& e (Il 4l Thl?) = 17T
]

Theorem 4.2.3. Let T € B(H). Then A\itiT is a k-quasi (m,n)-class Q* operator

for all X > 0 if and only if T is a k-quasi (m,n)*-paranormal operator.
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Proof. Let A > 0. A\at1T is a k-quasi (m, n)-class Q* operator

m

& (AT [m%ﬂ(A%ﬁT)*n“(A%ﬂT)"ﬂ — (n+ DAFETT* + matin f} (AHT)E > 0,
& (AW )T [mn%x?mT*”“T”“ — (n+ DA TT* + mn%lnl} T > 0.

o (ATH ) A2k [mn%T*"“T"“ — (n+ DAFHTT + mn%m?mf] T" > 0.

ST [mn%T*"“T"“ — (n+ DA TT + mn%n(ﬁ%)"“l] T* > 0.

ST [mn%lT*"J’lT"Jrl —(n+1)a"TT" + m%ﬂnanﬂl] T" >0,a > 0.

< T is k-quasi (m,n)"-paranormal .

[]

From the above theorem, it is clear that every k-quasi (m, n)*-paranormal oper-
ator is k-quasi (m, n)-class Q* operator. But the converse need not be true.

For example, let T : I*(N) — [*(N) be defined by

1 1 1
T(xy,x9,%3, ...... = —X1, =X, — L3, un... )
(x17$27$3a ) (Oa 23:1741‘2741:37 )

From Theorem 4.2.1, T is k-quasi (1, 1)-class Q* if and only if
|al+k|2|al+k+1|2 -2 |Oél+k_1|2 +1 Z 0, VI e N. (46)

If k=1, (4.6) holds. Hence T is 1-quasi (1, 1)-class Q*.

From Theorem 2.2.3, we have T is k-quasi (1, 1)*-paranormal if and only if
\al+kl2\al+k+1|2 —2a |Oél+k71’2 + CL2 Z 0, Ya > O, VieN. (47)

If k=1, 1=1and a = §, (47) is not satisfied. Hence T is not 1-quasi (1,1)*-
paranormal.
That is, every k-quasi (m, n)-class Q* operators need not be k-quasi (m, n)*-paranormal

operators.

Theorem 4.2.4. Let T € B(H) be a quasi (m,n)-class Q* operator and A € B(H)

be an isometric operator such that AT = TA. Then T A is quasi (m,n)-class Q*.
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Proof. Let S =TA. Since AT =TA and A*A = I, we have

matt SRS (4 1)S* 5SS + miit n S

— maE (AT 2 (TA)? — (n+ DA T TAA T TA + mat n A*T*TA

= mat T 2T (4 )WT*TT*T + miati n T*T
Since T is a quasi (m,n)-class Q* operator, we get
ma1 §* 282 (1 4 1)S*85%S + mT n §*S > 0.

Hence S = T'A is a quasi (m, n)-class Q* operator. ]

Theorem 4.2.5. Let T' € B(H) be a k-quasi (m,n)-class Q* operator and is unitarily

equivalent to an operator B € B(H). Then B is a k-quasi (m,n)-class Q* operator.

Proof. Since T is unitarily equivalent to B, there exist an unitary operator U such
that B = U*TU. Now,
B <mn%B*n+1Bn+1 — (n+1)BB* +m"1 n I) B

— UT*U [U* <m%+1T*"+1T"+1 ~ (n+ D)TT* + man n1> U] UTrU

= U <m%+1T*“+1T”+1 — (n+ 1)TT* +ma n I) Ty
Since T'is a k-quasi (m,n)-class Q* operator, we get
U (T*k <mn%T*"+1T”+1 — (n+ 1)TT* +m1 n 1) T’f) U>0.

Thus B** <m%B*n+an+1 — (n+1)BB* + m"1 n [> BF > 0. Hence B is a k-
quasi (m,n)-class Q* operator. ]

Theorem 4.2.6. Let T' € B(H) be a k-quasi (m,n)-class Q* operator. If R(T*) = H,

then T is a (m,n)-class Q* operator.
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Proof. Let y € H. Since R(T*) = H, there exist a sequence (x;) in H such that

(T"(x;)) converges to y in H. Since T is a k-quasi (m, n)-class Q* operator,
T*k 2 sn41gmal . * 2 k . . )
mat T n+D)TT*+mnrt n )T x5,z ) >0, Vi.

Then, <(m%+1T*n+1T"+1 — (n+ 1)TT* +min I) T’f:ci,Tkxi> > 0, Vi,

Since (T*(x;)) converges to y, we get
<(77”L71L+1T*"+1T"+1 —(n+1D)TT" + m n ])y,y> > 0.

Hence T is a (m,n)-class Q* operator. O

Theorem 4.2.7. Let T' € B(H) be a k-quasi (m,n)-class Q* operator and R(T*) # .

If
A B _
T = on R(T*) @ N(T*),
0 C

then A is a (m,n)-class Q* operator on R(T*), C* =0 and o(T) = o(A) U {0}.
Proof. Since T is a k-quasi (m,n)-class Q* operator, we have
mat ([T y 2 4 || TRy |2) > (n+ DT THy|?, vy € 3.
Let z = T%y. Then we get
mst ([T 2] 4 nll]?) 2 (0 + DIT 2]

Hence, ma+t (||A™2|2 + n||2|[2) > (n+1)|A*z||?, V= € R(TF). Thus A is a (m, n)-

class Q* operator on R(T*).
Let z € N(T**). Then

k i —1—i
Ak S ATBOR 0
0 C*k T

Hence, C*z = T*x — ].:1 A'BC* 1=z Since A = T'|=—, we have C*x € R(T*).
=0 R(T*)
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Also, C*x € N(T**). Thus C*x € R(T*) N N(T**). Hence C* = 0. Therefore
o(C) = {0}. From Theorem 1.3.4, we get o(T) = o(A) U {0}. O
Remark 4.2.1.

(i)

From the earlier sections, it can be seen that

(m,n)-paranormal C k-quasi (m, n)-paranormal C k-quasi (m, n)-class Q and

(m,n)*-paranormal C k-quasi (m,n)*-paranormal C k-quasi (m, n)-class Q

Also, (m,n)-class Q C k-quasi (m,n)-class Q and

(m,n)-class Q* C k-quasi (m,n)-class Q*

The classes of k-quasi (m, n)-paranormal and (m, n)-class Q are independent.
10

10
In section 2.2, we proved that T is k-quasi (1, 1)-paranormal for any k£ > 1.

We know that T is (1, 1)-class Q if and only if T**T% — 2T*T + I > 0. Now,

For example, consider the operator 1" defined by the matrix T" =

- 11 10 20 10
7T =2T"T + I = -2 +
0 0 10 0 0 01
-1 0
= <0
0 1

Hence T is not (1, 1)-class Q.
Next let T : [*(N) — [*(N) be defined by

1 1 1 1 1 1
T(xlv Loy, T3, ) = (07 51;1’ 51)2, sz’ gwﬁla Z'TEJ? ZIxG, Tt )

Here o = for n > 5.

_1 _ 1
y Qg = 5, On = 7

NI

1
Qg = 5,03 =

N[

From Theorem 3.1.5, we get T" is a (1, 1)-class Q operator. From Theorem

2.2.2, T is k-quasi (1, 1)- paranormal if and only if

|Oél+k‘2|04l+k+1|2 —2a |Oél+k|2 + a’ >0, Va > 0, VI e N. (48)
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(iii)

4.3

If a = 55, [ =1, then (4.8) is not satisfied for & = 2. Hence T is not 2-quasi

(1,1)- paranormal.

The classes of operators, k-quasi (m,n)*-paranormal and (m,n)-class Q* are
independent.

Consider T : I*(N) — [?(N) defined by
T<x17 Lo, T3, - ) = (07 2%1,[172, 21’3,374, 61’5, 6x67 U )

In section 2.2, we proved that T is 2-quasi (1, 1)*-paranormal.

From Theorem 3.2.2, T is a (m, n)-class Q* operator if and only if

n+1
— (Jwl*) < lawnl? lawsel® - laginn [P + 1,V k€ N. (4.9)
mn+1

Ifm=n=Fk=1, (4.9) is not satisfied. Hence, T" is not (1, 1)-class Q*.
Let T : [*(N) — [*(N) be defined by

T(ajla X2, X3, """ ) = (07 2$1, 4.I2, 3.%'3, 4.’[’4, 6$57 6x67 T )

Here oy =2 ap = 4,03 =3, ay =4, o, =6 for n > 5. Using Theorem 3.2.2,
T is a (1, 1)-class Q* operator.
From Theorem 2.2.3, T'is 1-quasi (1, 1)*-paranormal if and only if

| Plarie)®* — 2 a |y|* +a* >0, Va >0, VI € N. (4.10)

If a = 16, (4.10) is not satisfied for [ = 2. Hence T is not l-quasi (1,1)*-

paranormal.

k-quasi (m,n)-class Q and k-quasi (m,n)-class Q*

Composition operators

In this section, we give some characterizations for k-quasi (m, n)-class Q and k-quasi

(m,n)-class Q* composition operators on L2-spaces. For a non singular measurable
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function T on X, let C7 denotes the composition operator of T on L?*(x) and C be
the adjoint of Cr. Let h, denotes the Radon-Nikodym derivative of pu(7')" with

respect to . We denote hy by h.

Theorem 4.3.1. Cr is a k-quasi (m,n)-class Q operator if and only if

Mt (Rgngs + 1 hy) > (n+ )by (4.11)
Proof. Cr is a k-quasi (m,n)-class Q if and only if
<(m%ﬂc;k+"+lc§+"“ — (n+ D)OFCE 4o g c;%;) f, f> > 0,Vf € L*(n).
For any f € L?(u), using Theorem 1.4.3 we get,

C;:k+n+1 C§+n+1f — C;:kJrnJrl(f o Tk-i—n—i-l)
_ hk+n+1E(f o Tk+n+1) o T*(k‘i”ﬂri’l)
_ hk+n+1E(1-f o Tk:-i—n—i—l) o T—(k—i—n-l—l)

_ hk+n+1E(1>(f o Tk+n+1 o T—(k+n+1))

= N1 f-
C;Hlo%“f = hk+1f—
CFCLf = hy.f.

Hence, Cr is k-quasi (m, n)-class Q

& <m7%*‘1hk:+n+1f —(n+ Dhgyr f + m“%l n hyf, f> > 0,Vf € LQ(M)-

2
& mmT (hpyngr + 1 hi) > (n+ )hgy.

Example 4.3.1. Let X = NU{0}, A = P(X) and p be the measure defined by

,U(A) = Z mg,
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where
1 if k=0.
) if k> 1.
LetT : X — X be defined by
0 if k=0,1.
T(k) = /
k—1 ifk>2.
Then for g > 1, we have
0 ifk=0,1,2,...,q.
T(k) = / g
k—q ifk>q+1.
- 2 ifk=0.
Hence, h(k) = % _ f
Loifk> 1.

- 2+i4 L4 4+ L ifk=0.
Forq>1,hq(k;):w: 1t T if

i L ifk>1.

If m > 2 and n = 3, (4.11) is satisfied for k = 2. Hence Cr is a 2-quasi

(m, 3)-class Q operator for m > 2.

Theorem 4.3.2. C%. is a k-quasi (m,n)-class Q operator if and only if

T (hpnir © TH o (hy o TF)) > (n 4 1)hgyy 0 TH.
Proof. By definition, C. is a k-quasi (m,n)-class Q operator if and only if
((mATCEm At — (£ 1)CE O 4 mTT 0 CECRE) L, f) 2 0,9F € LA ().
For f € L*(u), using Theorem 1.4.3 we get,

C:l;+n+1c;k+n+1f _ C§+n+1 (hk+n+1E(f) o T*(k+n+1))

— (hk+n+1- E(f) o T—(k+n+1)> o Tk+n+1



4.3. k-QUASI (m,n)-CLASS COMPOSITION OPERATORS 74

= (s o TS1) (B(f) o =071 0 T71))
= Rjiny1 0 T TLE(F)
= hpnsr 0 THIHLf

C’ilf“—i_lo;kﬂf = hpq1 0 Tka

CRECHFf = hy o TFf.
Hence, C5 is a k-quasi (m,n)-class Q operator

= <m%+1hk+n+1 o THan — (n+1)hgq 0 Tka + m"%l n (hy o Tk)f’ f> =0,
for every f € L*(p).

N mn%l (hk+n+1 o TH+n+l 4 (hk OTk)) > (n+ 1>hk+1 o Th+1

]

Example 4.3.2. In ezample 4.3.1, if m > 14 and n = 3 then C3. is 2-quasi (m, 3)-
class Q operator.

Theorem 4.3.3. Let P be a projection from L*(u) onto R(Cr). Then

(i) Cr is a k-quasi (m,n)-class Q* operator if and only if

M (Bpngr + 1 h) > (n+ Dhyho TVF,

(ii) C% is a k-quasi (m,n)-class Q% operator if and only if

Mt (higngr © T 4 (b o TF)) > (n + 1)(h o TF)(hy o TF).

Proof. (i) Cr is k-quasi (m,n)-class Q* if and only if

((mArct ek — (n 4+ )CFECrCiCE + mtT 0 CFECE) £, f) 2 0,9F € L* ().
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From Theorem 1.4.3, for any f € L?*(u) we have

C;k+n+1c§+n+lf _ C;k+n+l(f o Tk-i—n-i—l)

_ hk—i—n—i—lE(f o Tk:+n+1) o T—(k-i—n-l—l)

- hk+n+1f'

CFCLf = hy.f.
Also, from Theorem 1.4.3 and for any f € L?(u), we have

CrCrCrCrf = C3*CrCh(f o TF)
= CHFhoT)P(foT")
= hp.E((hoT)P(foT")oT™*
=hp. (E(hoT)P(foT*)oT™*
=hp.E(hoT)oT " f
= hy.ho T 7FF.

Hence Cr is k-quasi (m, n)-class Q*

& (M T bt f = (04 Dheho TFf 4 miT 0 by f, f) > 0,9f € L¥(p).

< m"%l(hmnﬂ +n ) > (04 1)hgho THF.

(ii) C% is a k-quasi (m,n)-class Q*

& mAT OO (0 4 1CECEOrCf + mt n CECHE > 0.
& ((mckm o — (04 )ORCIOrCHE + mitt n CECHE) £ f) >0,

for every f € L*(u).
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From Theorem 1.4.3, for any f € L?*(u) we have

C;+n+10;k+n+lf _ C§+n+1 (hk-i-n—i-lE(f) o T—(k+n+1))
_ (hk-‘rn—i—l E(f) o T—(k+n+1)) o Tk+n+1
- hk+n+1 o Tk+n+1f‘

CRECHFf = hy o TFF.
Also, for every f € L?(u) and from Theorem 1.4.3, we have

CrCrCrCFE f = CRCRCr (R E(f) o TF)
= C} h. (E(f)oT™F)
= [h. (ME(f) o T %) o T*
= (hoT*) (he.E(f)oT *)oT"
= (ho T*)(hy o TF)E(f)
= (ho T*)(hy o T*)f.

Hence C7 is k-quasi (m, n)-class Q*

& (M o T — (4 1)(ho T)(hi o T f +m1 m (hieo TS, f) 20,
for every f € L*(u).

& Mt (hgansr © T 4 (hy 0 T%)) > (n+ 1)(h o TF) (hy, o TF),

[]

Example 4.3.3. Consider the example 4.3.1. It can be seen that if m > 4 and n = 3,
Cr is a 1- quasi (m,n)-class Q* operator.

Also if m >4 and n =3, C5 is a 2- quasi (m,n)-class Q* operator.

Now we give some characterizations for k-quasi (m, n)-class Q weighted compo-

sition operators on L?(p).
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Let T : X — X be a measurable transformation on X and 7 be complex valued
measurable transformation on X. Let 1, = m(roT)(roT?)--- (moT* 1) and W be
the weighted composition operator induced by T and 7. For f € L*(u), we denote
hi E(|mx|?) o T=*(f) by Jif and 7 (hy o T*)E(7x f) by Ly f.

Theorem 4.3.4. W is a k-quasi (m,n)-class Q operator if and only if
Mt (Jynit + ndy) > (n+ 1)1
Proof. We have, W is a k-quasi (m, n)-class Q operator if and only if
<(mn%1W*k+n+1Wk+n+1 ~ (n 4+ WL I W*kwk)f7f> >0,
Vf e L*(u). Let f € L?(u). Using Theorem 1.5.1, we get

W*k+n+lwk+n+1f _ hk+n+1 E(|7Tk+n+1|2) o T—(k+n+1)f

= Jins1f
WHHIWIHf = by B(|mgeia ) o T~V f
= Jp1f
WHWES = hy B(|mif?) o T4
= Jif.

Hence W is a k-quasi (m, n)-class Q operator

& (P ynerf = (ot D f +m 0 Jif, f) > 0,9F € L2(p).

= m%“(Jk-Hw-l + an') > (n + 1)Jk+1'

Theorem 4.3.5. W* is a k-quasi (m,n)-class Q operator if and only if

maiT (Lignr +nly) > (04 1)Ly
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Proof. We have W* is a k-quasi (m, n)-class Q operator if and only if
e e (R V) T R G LA VD )
for every f € L?*(u). From Theorem 1.5.1, for any f € L?(u), we have

WA — it (g1 © TP BT f)

= Lisn+1f
WHAWHf = 11 (B 0 T E(miia f)
= L1 f
WEW*F f = 1 (hy o TF)E (70 f)
= Lyf

Hence W* is a k-quasi (m, n)-class Q operator

S <m%+1Lk+n+1f — (TL+ ].)Lk-}—lf _’_m"i"'l n ka7f> Z O,Vf € LQ(M)

& maT (L +nLly) 2 (n+ 1) L.

[]

Theorem 4.3.6. Let W be the weighted composition operator induced by T on L?(i).
Then

(1) W is k-quasi (m,n)-class Q* if and only if
<(m’%“ Jienirf — (n+ Dhi| E(@m)? o T8 o T8 f 4 mast n Jif, f> >0,

for every f € L*(u).

(i1) W* is k-quasi (m,n)-class Q* if and only if
(™ L f = (0 + ey 0 T (i 0 THE(Rf) +m5 n Lif. ) >0,

for every f € L*(u).
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Proof. (i) W is a k-quasi (m, n)-class Q* if and only if
<(mni+lw*k+n+lwk+n+l - (TL + 1)W*kWW*Wk + mn%l n W*ka)f, f> > O,
Vf € L*(u). From Theorem 1.5.1, for any f € L*(u), we have

W*k+n+ka+n+lf _ hk+n+1 E(’WkJrnJrl‘z) o T—(k+n+1)f

= Jitns1f-
W*WEF = by, BE(Jmg|*) o T7Ff

= Jipf.

WWW*WE f = W*WW*(my,. f o TF)
=W* (n(ho T)E(Fmy.f o T"))
= hE [(Tm(h o T)E(Rmy.f o T"))] o T7*
= hi [E (fxm(hoT)) E(7my.foT*)] o T7F
= hy, [|E(mer)(ho T).(f o TF)] o T7F

= hy |E(mem)|Po T hoT' 7k
Hence W is a k-quasi (m,n)-class Q* operator if and only if
(T Jysnsrf = (n+ Dy |B(@m) o T ho THf 4 mitT 0 Jif, f) 20,

for every f € L*(p).

(ii) W* is k-quasi (m,n)-class Q* if and only if
(AT W R (s DWW WIS T W ) > 0,
for every f € L*(u). Let f € L?(u). From Theorem 1.5.1, we have

WL — 1 (P © TP B g f)

= Lk+n+1f-



4.3. k-QUASI (m,n)-CLASS COMPOSITION OPERATORS 80

WEW** f = 7. (hy o TF)E(7k f)
— L f.
WEW W f = WAW*W (hB (7 f) o T)
= W* (i E(m ) o TF)
= m [(JihkB(7if) o T~F)] o T
= 1 (Jy o TF)(hy, 0o TFYE (771 f)

Hence W* is a k-quasi (m, n)-class Q* operator if and only if
<(m”%1Lk+n+1f — (n+ Vm(Jy o T")(hy o T*) (i f) + mTT 0 Ly f, f> > 0,

for every f € L*(u).



Chapter 5

Totally (m,n)*-paranormal operators

In this chapter, we introduce a new class of operators namely totally (m,n)*-
paranormal operators which is contained in the class of (m,n)*- paranormal op-
erators. Here we show that this class of operators has certain nice properties like
translation invariant, finiteness, spectral continuity and range kernel orthogonality.
Moreover, we define another class of operators, k-quasi totally (m,n)*-paranormal,
which contains the class of totally (m,n)*-paranormal operators. Also we give a

2 x 2 matrix representation for k-quasi totally (m,n)*-paranormal operators.

5.1 Totally (m,n)*-paranormal operators

Let T € B(H). T is said to be (m,n)*- paranormal if |T*z||""* < m| T z||||x]|,
for all z € 3 ([5]). Recall that, T is said to be *-paranormal if ||T*x||? < | T?x||||z]|,
for all x € H. In (][25]), E. Ko, H. Nam and Y. Yang defined the class of totally *-
paranormal operators which is a sub class of *-paranormal operators. T is said to be
totally *-paranormal if ||(T — I )*z||* < ||(T — M )*z||||z||, for all z € Hand X € C.

Now we define, totally (m,n)*-paranormal operators.

Definition 5.1.1. Let m € R™, n € N. An operator T € B(H) is said to be totally

(m, n)*-paranormal if

(T — XDz ||"™ < m|(T — X" z||||z||", for allz € Hand X € C.

81
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If m = 1, then totally (m,n)*-paranormal operator is totally n*-paranormal
([46]). If A = 0, then totally (m,n)*-paranormal operator is (m,n)*-paranormal. If

A =0, m =n =1, then totally (m,n)*-paranormal operator is *-paranormal.

Lemma 5.1.1. (/25]) Let T € B(I*(N)) be a weighted shift operator with non zero
weights {a,}, (n = 1,2,....), defined by Te, = «, eny1, where {e,}>2, is an or-
thonormal basis of 1*(N). If 2|ag|* < |ag_1|? for some k € N, then T is not totally

x-paranormal.

We know that every totally (m,n)*-paranormal operator is (m,n)*-paranormal
operator. But the converse need not be true.

For example, let T : [?(N) — [*(N) be defined by

1 1
T(xh X, T3, " ) = (07 51?1, §$27 X3, T4, T5,Lg, " " )

From Lemma 1.3.2, T is a (1,1)*-paranormal operator. We can see that the in-
equality 2|ay|? < |ap_1|? holds for k = 2. Hence from Lemma 5.1.1, T is not totally
«-paranormal. Therefore, T" is not a totally (1, 1)*-paranormal operator.

Next we give some characterizations for totally (m,n)*-paranormal operators.

Theorem 5.1.1. Let T € B(H). Then T is totally (m,n)*-paranormal if and only if
matt (T — A T =A™ = (n+1) @ (T=A)(T=AI)*+ma1 n a1 >0 (5.1)

for alla >0 and X € C.
Proof. T is a totally (m,n)*-paranormal operator

(T = M)z||" < m||(T = A" e [lz]", Vo € 3, YA € C.

S||(T = M) z||2 < ma | (T — A" |71 ||z||+41, Vo € H, VA € C.

1

& (T = M)(T = M) z,z) < mat (T — X" (T — A, 2) 7 (2, )75,

for every x € JH{ and A € C.
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& (T = AD* [z, ) < mast (|(T — X" 2z, )7+ (2, 2) 741, Vo € H, VA € C.
(5.2)

Thus, T is a totally (m,n)*-paranormal operator if and only if T" satisfies (5.2).
For any a > 0, by weighted arithmetic mean-geometric mean inequality (1.1) and
(5.2), we have

nLHWWm"L“KT — A" e, @) + (e mia, @)

> (a_"mn%ﬂ(T—)\I)"J“1|29c,:£)n%rl (a mn%lx,:wn%l

= mat (|(T = )™ P, 2) 7 (z, 2) 7

> ((T — XI)* |z, x),Vo € H, YA € C.

@t att (|(T — A" 2z, 2) + 1 miti (z,z) — (T — AI)(T — \)*z,z) > 0,
Vo € H,Va > 0,V\ € C.

Hence,
mat (T — AT = A" = (n 4 1) (T = AI)(T — AI)* +mait n a1 >0,

for all a > 0,V € C.
Conversely, suppose that (5.1) holds. Then

it (T — AT =AD"z, ) — (n+1) @ ((T—N)(T=AI)*z, 2)+m+1 na™ ™z, z) > 0,
(5.3)

for every x € H and \ € C.

Let z € H be such that {|(T'— AI)"™ >z, z) = 0. From (5.3), we get

2

m»1 na(z,z) — (n+ 1)(T = X)(T — A\)*z,z) >0
Letting a — 0, we get ((T"— A\I)(T — X\ )*z,z) = 0. Hence

_n_

((T = AL)*Pa, ) < mast (|(T — A" 2, 2) 7 ()75,
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Thus (5.2) is satisfied.
Let x € H be such that (|(T — X)"*|?>z,z) > 0. Hence (z,z) > 0.

By taking a = (W> "ip (5.3), we get

(z,x)
T — M\ n+1|2
m%ﬂ«T—)\I)*H—H(T—)\I)n+1l’,13> —l—mn%l n <|( < ) > | CL’,[E)
xX,T

(z, )

((T =AD", x)

(z, )

> (n+ 1)< )+ (T = \XI)(T = M)*z, z)

mast ([(T = A" 2, 2) + mat n (T — )" P, )

((T =N, )

(z, )

Z(n—l—l)( )nil((T—)\)(T—)\)*x,x).

Hence, ma+1 (1 + n){|(T — A)™ |22, z)

(T =AD" P,

(z, )

> (n+1) ( >>n+1<(T—/\])(T—>\I)*x,x>.

Therefore, m%ﬂ(|(T—)\I)”+l|2x, ) TR (g, )1 > (T—=N)(T—A)*z, x). Hence,
Mt (T =AD" P, a) 77 (e, 2) 70 2> ((T = AP, )

Thus (5.2) is satisfied. Therefore, T" is totally (m, n)*-paranormal. O

Theorem 5.1.2. Suppose that T € B(H) is a totally (m,n)*-paranormal operator
and M is a closed subspace of H which is invariant under T. Then Ty is a totally

(m,n)*-paranormal operator.

Proof. Let Ty = T|y and P be an orthogonal projection onto M. Since M is invariant

under 7', we have (T'|y)* = PT™*|y. Let x € M.

I(Ty = XD)*z||"* = | PT*x — Az|"*!
= ||P(T* — XI) Px||"
< (T = XDz

< m|(T = A" a]f||=]"
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=m||(T1 =AD" ][ ||=]"

Hence T'|y is a totally (m,n)*-paranormal operator. O

Theorem 5.1.3. Let T € B(H) be a totally (m,n)*-paranormal operator. Then

T — al and oT are totally (m,n)*-paranormal operator for every o € C.

Proof. Suppose that T is a totally (m,n)*-paranormal operator. Let x € H and

A, a € C, we have

(T = o) = A"z ||"*" = [[[T = (o + M) I]*]|"
<m||[T = (a4 NI]" |||z

=m|[(T = aI) = A" [l

Thus T — ol is totally (m,n)*-paranormal.
If & = 0, then T is totally (m,n)*-paranormal.
Let o # 0. For x € H and A € C, we have

a(T—i[) T
o

n+1
(T = AT+t =

)\ n+1
< mla|™t! (T - —I) x| ||z]|”
a
= ml|(aT — \)"a|||Jz]"
Hence aT is totally (m,n)*-paranormal. ]

Theorem 5.1.4. Let T € B(H) be a totally (m,n)*-paranormal operator. Then
N(T — X) C N(T — A\I)*, for all X € C.

Proof. Since T is a totally (m,n)*-paranormal operator, we have
(T — MD)*z||"™ < m|(T — A" 'z||||z]|", for allz € Hand A€ C.  (5.4)

Let x € N(T — AI). Then (T — MX)"*'z = 0. From (5.4), we get (T — A\ )*z = 0.
Hence x € N(T — AI)*. Thus N(T — \I) C N(T — \I)*, for all X € C. O
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Lemma 5.1.2. Let T € B(H) be a totally (m,n)*-paranormal operator. If o(T) =
{A}, then T = AI.

Proof. Since T is totally (m, n)*-paranormal, using Theorem 5.1.3 we have T'— \I is
totally (m,n)*-paranormal. Also, o(T'—AI) = {0.} But every quasinilpotent totally

(m,n)*-paranormal operator is a zero operator. Hence T' = AI. ]

Let F, denotes the Riesz projection of T with respect to an isolated spectral value
A. In ([46]), M. H. M. Rashid proved that if T' € B(H) is a totally n*-paranormal
operator, then N(T'— AI) = R(E)). Now we prove that this result holds for totally

(m, n)*-paranormal operators also.

Theorem 5.1.5. Let T € B(H) be a totally (m,n)*-paranormal operator and \ be an
isolated point of o(T'). Then N(T — A\I) = R(E)),

Proof. From Theorem 1.3.5, we have N(T'— A) C R(E)) and R(E)) is invariant
under T'. Since T is totally (m, n)*-paranormal operator, from Theorem 5.1.2, T'| g(g, )
is totally (m,n)*-paranormal. Hence from Theorem 1.3.5, o(T'|g(g,)) = {A}.

If A =0, then o(T|gg,)) = {0}. Hence from Lemma 5.1.2, T'|g(g,) = 0. Therefore,
R(E)) C N(T).

If X # 0, then o(T|r(e,) — M|rE,)) = {0}. From Lemma 5.1.2, (T' — X\)|r(x,) = 0.
Hence R(E\) C N(T — \I). O

5.2 Spectral properties of totally (m,n)*-paranormal
operators

In this section, we prove some properties of different kinds of spectra for totally

(m,n)*- paranormal operators.

Theorem 5.2.1. IfT € B(H) is a totally (m,n)*-paranormal operator then cj,(T) =
oa(T).

Proof. Let A € 0,(T). Then there exist a sequence (z,) in H with [|z,| = 1 such

that || (T'—AI)z,|| — 0 as n — oo. Since T is a totally (m, n)*-paranormal operator,
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we have
(T = M) | < ] [(T = XD g |z | < m|[(T = M)PI(T = M|

Hence, ||[(T — M)*z,| — 0 as n — oco. Therefore, A € o,(T™).

Hence 0,(T") C 0j4(T). Also, we have 0;,(T") C 04(T). Hence 0,,(T) = 0,(T). O
Theorem 5.2.2. Let T € B(H) be a totally (m,n)*-paranormal operator. Then
N\ €0 (TN} = o(T).

Proof. Let S,(T) = {A : A € 0,(T*)} and S;o(T) = {\ : X € 0,,(T*)}. Since
T is a totally (m,n)*-paranormal operator, we have 0;,(T") = 0,(T). Obviously,
0ja(T) = S;o(T) C Su(T). Therefore, 0,(T)) C S,(T). From Theorem 1.3.1, we
have o(T') = 0,(T) U S,(T). Hence o(T) C Su(T). Also, S,(T) C o(T). Hence
So(T) =o(T). O

Let K be a Hilbert space containing H and ¢ : B(H) — B(X) be a linear

transformation satisfies certain properties defined in Theorem 1.3.6.

Theorem 5.2.3. Let T € B(H) be a totally (m,n)*-paranormal operator. Then ¢(T)

is a totally (m,n)*-paranormal operator.

Proof. Since T is totally (m,n)*-paranormal, we have
matt (T — M) (T =) = (n+1) @ (T—AI)(T=N)*+m=7 na"1 >0 (5.5)

for all a > 0. From Theorem 1.3.6, we have

M (G(T) — M) (G(T) =AD"~ (n41) @ (&(T) AT (S(T) ATy + mis na™ T

T ((T — A" G(T — M) = (n+ 1) a"d(T — M)($(T — M))* + marina™1

||
+\

— maitg (T = AD)™ ) 6 (T = AD)"™™) = (n+ 1) a"¢(T = M) ((T — A)*) + metna" 1
S <mm(T —AD)NT = AD™Y — (04 1) (T — AI)(T — AI)* + mait n a"“I)

From (5.5) and Theorem 1.3.6, we have

b (mn%(T — DT = AD™ — (n+ 1) (T = M)(T = A +m=1 n a”+1[> > 0.
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Hence,

2

mt (G(T) — M) (1) =A)"™ = (n+1) @™ (§(T) =N (@(T) =) +m=+7 n a1 > 0.

Thus ¢(T') is a totally (m,n)*-paranormal operator. O

Theorem 5.2.4. Assume that T € B(H) is a totally (m,n)*-paranormal operator.
Then the following holds:

(i) If o(T) = {0}, then T is nilpotent.

(ii) The matriz representation of T on H = N(T — X)) ® N(T — X\ )* is given by

MO0
0 B

)

where X is a nonzero eigen value of T. Also A ¢ 0,(B) and o(T) = {\}Uc(B).
Proof. Let T € B(H) be a totally (m,n)*-paranormal operator.

(i) Assume that o(7") = {0}. Hence by Lemma 5.1.2, we have 7" = 0. Thus 7' is

nilpotent.

(ii) Let A be a nonzero eigen value of 7. Since T is totally (m,n)*-paranormal,
from Theorem 5.1.4, we get N(T'—\I) C N(T—\I)*. Hence, N(T'—\I)* is in-
variant under 7. Thus, N (T — AI) reduces T. Hence, the matrix representation

of T on H = N(T — \I) & N(T — X )* is given by

YN
0 B

where B = T'|yp_xp+. Let 2 € N(B — AI). Then

0
(T — ) = =
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Hence x € N(T — \I). Since B = T'| (-, we have x € N(T — XI)*. Thus,
z = 0. Hence, N(B — XI) = {0}. i.e, A ¢ 0,(B). Since T' = A\ & B, we have
o(T)={\}Ua(B).

O

Let £ denotes the set of all compact subsets of C. Recall that the spectral map
o is the function from B(H) to £, which maps T € B(H) to its spectrum.

Theorem 5.2.5. The spectral map, o on the class of totally (m,n)*-paranormal op-

erators 1s continuous.

Proof. Let T € B(H) be a totally (m,n)*-paranormal operator. If o(T") = {0},
then from Theorem 5.2.4, we have T is nilpotent. Also from Theorem 5.2.3, we have
¢(T) is totally (m,n)*-paranormal. Hence from Theorem 5.2.4 and Theorem 1.3.7
we have, the spectral map o is continuous on the set of all totally (m, n)*-paranormal

operators. 0

Theorem 5.2.6. Let T € B(H) be a totally (m,n)*-paranormal operator. Then
o.(T*), residual spectrum of T* is empty and o,(T*) = o(T*).

Proof. Assume that T has no eigen value. Then N(T — \I) = {0}, for all A € C.
Therefore R(T* — M) = %, for all A € C. Thus o,(T*) = 0.

Suppose that T has eigen value. Since T is totally (m,n)*-paranormal operator,
from Theorem 5.1.4, we have N(T — \I) C N(T* — XI). Therefore, (T* — AI) is not
one-one for every A\ € C. Hence, 0,.(T*) = 0. Since o(T*) = 0,.(T*) U 0,(T*) and
o,.(T*) = (), we have o,(T*) = o(T*). O

5.3 Finite operator

In this section, we prove that every totally (m,n)*-paranormal operators are finite
operators. An operator T € B(H) is finite if and only if || — (TX — XT)|| > 1 for
all X € B(H).

Theorem 5.3.1. Let T € B(H) be a totally (m,n)*-paranormal operator. Then T is

a finite operator.
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Proof. Assume that T' € B(H) is a totally (m,n)*-paranormal operator. From
Theorem 5.2.1, we have 0;,(T) = 0,(T). Also from Theorem 1.3.2, 9o (1) C o,(T).

Hence 0;,(T) # 0. Now using Theorem 1.3.9, we have T is a finite operator. O

Let T € B(H). For X € B(H), let o7(X) = TX — XT. Now we show that
R(07) is orthogonal to N (dr) for totally (m,n)*-paranormal operators. We use the

following lemma for proving the result.

Lemma 5.3.1. Let T € B(H) be a totally (m,n)*-paranormal operator and A € B(H)
be a normal operator with AT = TA. Then for all A € 0,(A) and for all X € B(H),

Al < [A=(TX = XT)]|

Proof. Let A € 0,(A). If A =0, then the result holds trivially.

Let A # 0. Since A is normal and AT = TA, from Fuglede-Putnam Theorem
1.3.10 we get A*T" = T A*. Hence N(A — M) reduces T" and A. Thus the matrix
representation of 7 and A on H = N(A — \I) ® N(A — X )t is given by

T, 0 A0
T - s A =
0 T2 0 A2
Let
X1 X,
X5 X,
M — (TiX, — X\Ty) C
Hence A—(TX —XT) = , where C, D, E € B(H). Now

D E

A= (TX = XT)|| = |M - (T:X; — XiTh) |

X X
— - (63 - 3))|

Since N(A — XI) is invariant under 7" and Ty = T'|n(a—ap), from Theorem 5.1.2 we

have 77 is totally (m,n)*-paranormal. From Theorem 5.3.1, 77 is a finite operator.

Hence ||[A — (TX — XT)|| > |)|. O



5.4. k-QUASI TOTALLY (m,n)*-PARANORMAL OPERATORS 91

Theorem 5.3.2. IfT € B(H) is a totally (m,n)*-paranormal operator and A € B(H)
is a normal operator with AT = T A, then R(dr) is orthogonal to N(dr).

Proof. Since A is normal, we have ¢(A) is normal. From Theorem 5.2.3, we have
o(T) is totally (m,n)*-paranormal. Hence ¢(T) is finite. Since AT = T'A, we have
d(A)p(T) = ¢(T)p(A). Let A € 0,(p(A)). From Lemma 5.3.1, we have

Al < [lo(A) = ((T)o(X) — d(X)o(T))l
= [lo(A = (TX = XT))|
= [|A=(TX = XT)]

Hence
A <A = (TX = XT)||, VX € B(H), A € ap(6(A)). (5.6)
Since ¢(A) is normal, we have ||¢p(A)|| = sup ||
A€o (6(A))

From Theorem 1.3.6, we have o,(¢(A)) = o(¢(A)). Thus from (5.6) , we get
I6(A)]| < |4 — (TX — XT), for all X € B(3}).

Thus, ||Al] < ||A— (TX — XT)||, for all X € B(H). Hence R(dr) is orthogonal to
N(o7). O

5.4 k-quasi totally (m,n)*-paranormal operators

In this section, we introduce a new classes of operators namely k-quasi totally
(m, n)*-paranormal operators which includes the class of totally (m,n)*-paranormal

operators.

Definition 5.4.1. Let m € RT,n € N and k be a non-negative integer. An operator

T € B(H) is said to be k-quasi totally (m,n)*-paranormal operator if

(T — AD)*T*z||"™ < m||(T — A\ TFz||[|T%z||™, for all 2 € H and X € C.
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Equivalently by proceeding in the similar way as in Theorem 5.1.1, it can be

proved that T is a k-quasi totally (m,n)*-paranormal operator if and only if
T+ <m%+1(T M) T = MD)™ — (n+ 1) a(T — M)(T — AI)* +m#1 n a”“[) T > 0

for all a > 0 and A € C.

If £ = 0, then k-quasi totally (m,n)*-paranormal operator is totally (m,n)*-
paranormal operator. In particular, if £ = 0, m = n = 1, then T is totally *-
paranormal ([25]).

For example, let T : [>(N) — [2(N) be defined by T'(x1, 29, 23, - ) = (0,21, To, 73, )
is 2-quasi totally (1, 1)*-paranormal operator.

Theorem 5.4.1. Let T € B(H) and R(T*) # H. Then T is a k-quasi totally (m,n)*-

A B -
paranormal operator if and only if T = on R(T*) @ N(T**), where

0 C
maet (A — A A=A = (n+1) a(A=X)(A=XI)*+m=1 n o™ > (n+1)a" BB,
for alla >0 and X\ € C. Also C* =0 and o(T) = o(A)U{0}.

Proof. Assume that T is a k-quasi totally (m,n)*-paranormal operator.

A B _—
Let T = on R(T*) @ N(T**) and P be the orthogonal projection onto

0 C

R(T*). Since T is a k-quasi totally (m,n)*-paranormal operator, we have

P <mn%(T DY T =AD" — (04 1) @(T — M)(T — AI)* +m#i1 n a"+11> P >0,
for all @ > 0 and A € C. Since A = T|W’ from the above relation we get
mirt (A — M) A=A = (n+1) a® (A=) (A—AI)*+ma+T n ™' > (n+1)a"BB*,

for alla > 0 and )\ € C.
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Let x € N(T**). we have

T x) = (Ak Sy AiBCk-1- ) (0)
0 Cc* x

Hence C*z = TFz — Y170 A\BC* =iz Since A = T\ fgzwy» we have Ckz € R(TF).
Also C*z € N(T**). Thus C*z € R(T*) N N(T**). Hence C* = 0. Therefore,
o(C) ={0}. Hence 0(A)No(C) = 0(A)N{0}, has no interior point. From Theorem
1.3.4, we get o(T) = o(A) U {0}.

B

A
Conversely assume that 7" = on R(T*) @& N(T*), where
0 C

M (A = A" (A=A = (n41) @ (A=A (A=A +maT na™ T > (n+1)a" BB,

for all @ > 0, for all A € C and C* = 0. Thus

—_ AkzklAzcrklz
0 0

k pAxk k=1 44 k—1—3 k=1 44 k—1—4\*
g TR AFAT 4 30 AIBCM I (L A'BCH T 0} (S0
0 0 0 0

where S = AFA* 4S04I BORI (SR ATBOR ) Let
T\ = T* <m%+1(T AT = A = (1) (T — AT — A+ m a“+11> ",

Then for any a > 0 and A € C,

i 9D 0
A = )
0 0

where

D = miti (A — A" THA-N)"" —(n+1) a"[(A— ) (A—XI)*+BB*]+ma+i na™ 1.
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Since D > 0, we have TFT\T** > (.
Let € 3. Then there exist y € R(T*), z € N(T*) such that z = y + 2. Since

y € R(T*k), there exists a sequence (z,) in H such that T**(z,,) — y as n — oc.
Also Thz = 0, since z € N(T*). Hence, (T\z,z) = (Th\y,y) > 0. Thus T is a k-quasi
totally (m,n)*-paranormal operator. ]

Corollary 5.4.1. Let T € B(H) and R(T*) # H. If T is a k-quasi totally (m,n)*-
paranormal operator, then
A B

T = on R(T*) @ N(T*),
0 C

where A is a totally (m,n)*-paranormal operator on R(T*), C* = 0 and o(T) =
o(A) U {0}.

Proof. Assume that T is a k-quasi totally (m,n)*-paranormal operator. Then
(T — X)*TFz||" ™ < m||(T — \)" ' Trx|||T*2||", for all 2 € Hand X € C.
Let 2 € H. Let z = T%x in the above equation we get
1T = 22" < m|[(T = A" el l||=]™

Since A = T |y, we have [(A=X)*z||" T < ml[(A=X)"TLz||||z||", for all z € R(T*).

Hence A is a totally (m,n)*-paranormal operator on R(T"%).

Let # € N(T**). Then

AF SRS ARO[

T (z) =
0 Ck z

Therefore, C*z = TFz — .7 AABC*'~z. Thus C*z € R(T*) N N(T**). Hence
C* = 0. Thus o(C) = {0}. From Theorem 1.3.4, we get o(T) = o(A) U {0}. O



Chapter 6

Totally P-posinormal operators

In this chapter, we concentrate on studying the class of totally P-posinormal op-
erators. Here we show that the restriction of totally P-posinormal to its closed
subspace is again totally P-posinormal. Also we show that these operators are finite
and spectral continuous. Finally we study about range kernel orthogonality and

Riesz projection for this operator.

6.1 Totally P-posinormal operators

Definition 6.1.1. (/38]) An operator T € B(H) is said to be totally P-posinormal if
|(P(T — zI))*z|| < M(2)|(T — zD)x| for all x € H and z € C, where P(z) is a

polynomial with zero constant term and M (z) is bounded on compact sets of C.

If P(2) = z and M(z) = M a constant, then totally P-posinormal operator
is M-hyponormal. If P(z) = 2z, M(z) = C, a constant and z = 0, then totally
P-posinormal operator is posinormal. If M(z) = C and z = 0, then totally P-
posinormal operator is polynomially P-posinormal.

For example, let T': R™ — R" defined by T'(z1,xg, - ,x,) = (1,229, 223 - - , 21,)
is totally P-posinormal (]26]).

Let T be a nilpotent operator. Hence T™ = 0, for some n € N. Then T is totally
z?"~Lposinormal ([26]).

Now, we prove that restriction of a totally P-posinormal operator on a closed sub-

space is again a totally P-posinormal operator.

95
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Theorem 6.1.1. Let T' € B(H) and M be a closed subspace of H which is invariant

under T. If T is a totally P-posinormal operator, then Ty is totally P-posinormal.

Proof. Let x,y € M and () be an orthogonal projection onto M.

Since M is invariant under T

(T, y) =

Hence QT |y = (T'|n)*. Therefore, (T|y — zI)*x = Q(T — zI)*z.
Also since M is invariant under T, we have Q(T*)?|x = (T%|)*.
Thus (T)y — 21)%)" 2 = Q(T — zI)**z. Hence ((T|y — 2I)")" z = Q(T — 2I)*"z,
for all n € N. Thus (P(T|y —2I)) "z = Q (P(T — 2I))*z. Since T is totally P-

posinormal, we have

[ (P(Thhe = 20))" ]| = |Q (P(T = 21))" «|
< M@E)|[(T = z1)z|

= M(2)[|(Tlw = 20|

Hence T'|y is totally P-posinormal. ]

Let PB denotes the collection of all totally P-posinormal operators, where P(z) =
n—1 )
243 i e > 0.
j=1

Theorem 6.1.2. [f T € PB, then N(T — z1) C N(T — =I)*.

Proof. Since T is totally P-posinormal operator, we have

(P(T — 2I)) (P(T — 21))" < M(2)X(T — 2z1)*(T — zI), ¥z € C (6.1)
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Let x € N(T — zI). From above equation, we get
(P(T —2I)) (P(T — zI))" 2z = 0.

Therefore, || (P(T — 2I))" z||> = 0. Hence z € N((P(T — zI))").
n—1

Thus, &(T — zI)*c = —(T — 21)"z + . —G(T — 2I)"x.
j=2

Hence,

[ex(T = 21)"=[| < || (P(T = 21))" «|
< M(2)|[(T = zD)z|.

Since x € N(T — zI), we have ¢(T' — zI)*z = 0. As ¢; > 0, we have (T'— zI)*z = 0.
Hence N(T — zI) C N(T — zI)*. O

For T' € B(H), define Ho(T) = {x € H : lim,,_, ||T”;1:H% =0}. Let g e N. T is
said to satisfy the property H(q), if Ho(T — X ) = N(T — AI)? for all A € C. In ([8]),
B. P. Duggal proved that totally P-posinormal operators satisfy the property H(q).
It is known that if 7" satisfies the property H(q) with o(T") = {\}, then T' = A\

([8]). Hence the following theorem holds for totally P-posinormal operators.

Theorem 6.1.3. ([8]) If T € B(H) is a totally P-posinormal operator and o(T) =
{A}, then T = \I.

In ([4]), M. Cho and Y. M. Han proved that if 7" € B(H) is a M-hyponormal
operator, then N(E)) = R(T — M), where E) is the Reisz projection of T' with
respect to an isolated spectral value A. Now we prove this result holds for totally

P-posinormal operators also.

Theorem 6.1.4. Suppose T is a totally P-posinormal operator and X\ is an isolated

point of o(T). Then N(T — \I) = R(E)).

Proof. From Theorem 1.3.5, we have N(T' — A\I) C R(E}).
From Theorem 6.1.1, T'|g(g,) is totally P-posinormal. Since A is an isolated point

of o(T'), from Theorem 1.3.5 we have o(T'|gg,)) = {A}.
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If X =0, then o(T|gs,)) = {0}. Hence from Theorem 6.1.3, we have T'|z(g,) = 0.
Therefore, R(E\) C N(T).

If A # 0, then o(T|gg,) — M|reE,)) = {0}. Now from Theorem 6.1.3, we have
(T' = X)|re,) = 0. Hence R(E)) C N(T — ). O

Theorem 6.1.5. If T' € PB, then 0,(T) = 0;,(T).

Proof. Since T is totally P-posinormal,
M(2)*(T — zD)*(T — zI) — (P(T — 1)) (P(T — 2I))* >0, ¥z € C.

Let z € C. Hence from Theorem 1.3.6, we have

M(2)*(¢(T) = 20)"($(T) = 2I) = (P($(T) — 21)) (P($(T) — 21))"

= M(2)26((T — 2I)")¢(T — 2I) — ¢ (P(T — 21)) ¢ (P(T — 2I)*)
=¢ (M(2)*(T — 2I)"(T — 2I) = (P(T — =I)) (P(T — =1))") > 0.

Hence, ¢(T') is totally P-posinormal. Now, from Theorem 1.3.6, 0,(T) = o,(¢(T)).
Also, from Theorem 6.1.2 N(¢(T) — zI) C N(¢(T) — zI)*. Hence, o,(¢(T)) =
0,p(@(T)). Also from Theorem 1.3.6, 0,(¢(T")) = 0jo(T"). Hence 0,(T") = 0j,(T). O

(
(

Theorem 6.1.6. If T € PB, then the following holds:
(i) If o(T) = {0}, then T is nilpotent.

(ii) Let A be a nonzero eigen value of T. Then the matriz representation of T on

H=N(T—-X)® (N(T —\))* is given by

()\[ o)
T= .
0 B
Also A ¢ 0,(B) and o(T) = {A\} Uo(B).

Proof. Since o(T) = {0}, it follows from Theorem 6.1.3 that 7" = 0. Hence T is

nilpotent.
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Let X be a nonzero eigen value of T. Since T € PB, from Theorem 6.1.2, we
have N(T — X ) C N(T — \I)*. Therefore, N(T — AI)* is invariant under 7. Hence
N(T — M) reduces T. Thus,

M0 |
T = on H=N(T—-N)®NT—-\)",
0 B

where B = T'|yr_xpt. Let x € N(B — AI). Then

0 0 0
(T — \I) = =
x (B— M)z 0
Hence 2 € N(T — AI). Since B = T|yr_xpe and 2 € N(B—X), x € N(T — X)*.
Thus, © = 0. Hence N(B — AI) = 0. i.e, A ¢ 0,(B). Since T' = A\ & B, we have
o(T)={ }Ua(B). O
Let o be the spectral map which sends 7" € B(H) to its spectrum. Now we discuss

the continuity of spectral map on the set of all totally P-posinormal operators.
Theorem 6.1.7. The spectral map o is continuous on the class of all PB operators.

Proof. Let T € PB. Then from Theorem 6.1.6, if o(7") = {0}, then T is nilpotent.
Also we have, ¢(T) is totally P-posinormal. From Theorem 6.1.6 and Theorem

1.3.7, we have the spectral map o is continuous on PB. O

6.2 Finite operator

Recall that, T € B(H) is finite if and only if | — (TX — XT)|| > 1, VX € B(H).
Now we show that every PB operators are finite.

Theorem 6.2.1. If T € PB, then T is a finite operator.

Proof. First we show that 0;,(T") # 0. Let z € 0,(T). Then there exist a sequence
(7,,) in H with ||z,|| = 1 such that |[(T" — zI)z,| — 0 as n — oco. Since T is totally

P-posinormal, we have

I(P(T" = 20)) || < M(2)|[(T = 21|
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Hence ||(P(T — zI))*x,|| — 0 as n — oco. We have,

n—1 .
(P(T —z2I))x, = (T —2I)*"xp,+ > G(T — zI)Yx,,¥n € N.
=1
n—1 .
Hence, (T — zI)*x, = (P(T — zI))*x, — (T — 20)"x,, + > —G(T — z1)" z,,.
j=2
Therefore,

n—1
[ex(T — 21) || < | (P(T = 21))" 2l + (T = 21) "2 + > TG(T = 20)" |
7j=2
<2/ (P(T = 2I))" zy|.

Since ||(P(T — zI))*x,|| — 0 as n — oo, we have |[c1(T — zI)*z,|| — 0 as n — oo.
Hence |[(T' — zI)*z,|| — 0 as n — oo. Therefore, Z € 0,(T*). Thus, z € 0;,(T).
Hence 0,(T) = 0jo(T). From Theorem 1.3.2, 9o (T) C 0,(T). Hence 0,,(T) # 0.

Now by using Theorem 1.3.9, we have T is a finite operator. [

Next we show that if 7" is a PB operator, then R(dr) is orthogonal to N(dr).

For proving the result we use the following lemma.

Lemma 6.2.1. If T € PB and A € B(H) is a normal operator with AT =T A. Then
Al < flA = (TX = XT)|

for all A € 0,(A) and X € B(H).

Proof. Let A € 0,(A). If A =0, the result trivially holds.
If A\ # 0. Let Dy = N(A— AI). Since A is a normal operator with AT = T'A and by
Fuglede-Putnam theorem 1.3.10, we have A*T' = T A*. Hence D, reduces T and A.

Thus the matrix representation of T and A on Dy & Dy is

T, 0O M0
A
0 T2 0 A2

Let
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M — (X, —X\T\) B
Hence A — (TX — XT) = ,
R S

where B, R, S € B(H). Then

A= (TX = XT)|| = M - (11X, = Xy )|

X X
— - (13- )|

Since D, is invariant under 7" and 77 = T'|p,, we have T is a totally P-posinormal
operator from Theorem 6.1.1. Also from Theorem 6.2.1, T7 is a finite operator.

Therefore, ||[A — (TX — XT)|| > |\l O

Theorem 6.2.2. Let T € B(H). If T € PB and A € B(H) is a normal operator with
AT =TA, then R(dr) is orthogonal to N(dr).

Proof. Let ¢ be the function as mentioned in Theorem 1.3.6. Since A is normal,
¢(A) is normal. Since T is totally P-posinormal and from the proof of Theorem
6.1.5, we have ¢(T) is totally P-posinormal. Also from Theorem 6.2.1, ¢(T) is a
finite operator. Since AT = T'A, ¢(A)d(T) = &(T)p(A). Let X € 0,(¢p(A)). From

Theorem 6.2.1, we have
Al < [l@(A) = ((T)o(X) = d(X)(T)I| = [A = (TX = XT)||,  (6.2)
for all X € B(H). Since ¢(A) is normal, we have

[p(A)l = sup [A]
Aea(#(A))

From Theorem 1.3.6, we have 0,(¢(A)) = o(¢(A)). Hence from (6.2), we have

lp(A)|| < J]JA—(TX — XT)||, for all X € B(H).

Thus,
Al < [JA = (TX — XT)||, for all X € B(H).



Chapter 7

Closed densely defined )/ -hyponormal

operators

In this chapter, we define closed densely defined M-hyponormal operator which con-
tains some well known classes of operators namely, closed densely defined hyponor-
mal operators. In this chapter we mainly focus on proving asymmetric Fuglede -

Putnam theorem for this classes of operators.

7.1 Closed densely defined M -hyponormal operators

Let H be a Hilbert Space. We denote the classes of all linear operators and closed
linear operatos on H by L£(H) and C(H) respectively. Recall that a closed operator
T € L(H) is said to be densely defined if D(T) = 3. Recall that a densely defined
operator T' € C(XH) is said to be hyponormal if D(T) C D(T*) and ||T*z| < ||Tz||
for all x € D(T).

Now, we define a new classes of operators, closed densely defined M-hyponormal

operators which contains the class of all closed densely defined hyponormal opera-

tors.

Definition 7.1.1. A densely defined operator T € C(H) is said to be M-hyponormal
if D(T) C D(T*) and || (T —zI)*zx |[<K M || (T —zD)x || for all z € C and x € D(T),

for some constant M > 0.
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In particular, if z = 0 and M = 1 then the M-hyponormal operator are hyponor-
mal. In general, the converse need not be true.

For example, let T : [*(N) — [*(N) be defined by
T(.Il, X2, X3, " ) - (07'2717 2$Q7$3, 4.@47 51‘5, e )

) ) 1 if j=1,3
Here the weights are given by «o; =
j it j=2and j >4

Let D(T) = {(21,22---) € P(N) : 3772, || < oo}, Since Coo € D(T), and Coo
is dense in [*(N), D(T) is dense in [*(N). Since (a,,) is eventually increasing, T is

M-hyponormal ([18]). The adjoint of T',T* is given by
T*(x1, 29, 23, -+ ) = (T2, 2x3, 324, 425, Dxg, - -+ ).
Let e; = (0,0,-+-,1,0,0,---), where 1 occurs in the i*" place. Then
Tey =eg,Tey = 2e3,Tes = ey, Te; = ie; 1 for i > 4.

T e; =0,T ey = €1, T e3 = 2e9, T ey = €3, T"¢; = (i — 1)e;_q for i > 5.

Since ||T*es|| = 2 and [|Tes|| = 1, it follows that 7" is not hyponormal.
Let M be a closed subspace of H. We define T'|)r as an operator on M with

domain
D(T|y) ={z e DT)NM: Tz e M} and T|yz =Tz, x € D(T|n).

Let B = T'|y, then we say that M reduces T' to an operator B.
Now we show that restriction of a closed densely defined M- hyponormal operator

is again M-hyponormal.

Lemma 7.1.1. Let T' € C(H) be a densely defined M -hyponormal operator and M
be a closed subspace of H which is invariant under T. Then Ty is a closed M-

hyponormal operator.
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Proof. Let x € D(T|y) and P be an orthogonal projection onto M. Since T' is

M-hyponormal, we have

(Tl = A" || =[] P(T = M)*z ||
<M (T = Az ||
=M |[ (T = Az || .

Hence T'|y is a closed M-hyponormal operator. O

Now we prove a characterization for closed densely defined M-hyponormal op-

erators.

Lemma 7.1.2. Let T' € C(H) be a densely defined M -hyponormal operator. Then
1

there exist a contraction Cy € B(H) such that M<T — M) C (T — XI)*C) for every

A e C.

Proof. Define K : R(T — \) — R(T* — \I) by

1 —
K (T —-X)zx) = M(T* — M)z, forall x € D(T).
1 _
Since T'is M-hyponormal, K is a contraction with K(T'—\I) C M(T*—)\I). Now we
S = 1 —
extend K to K’ € B <R(T M), R(T* — M)) such that K'(T=AI) € — (" =XI).
K'z if z€R(T — M)

Let A € B(H) be defined by Az = .
0 if z€ R(T -\

It is clear that A ia a contraction. Also

1 —
A(T — NI C M(T* —Al).
Hence,
%(T ) C (T = M) A",
Let A* = C), then %(T — M) C (T — A\I)*C)y, where C), is a contraction. O

Stochel ([52]) proved if T" € C(H) is hyponormal operator and M is a closed

subspace of H which is invariant under 7" with T'|); is normal, then M reduces 7.
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Now we prove this result holds for closed densely defined M-hyponormal operators.

Theorem 7.1.1. Let T' € C(H) be a densely defined M -hyponormal operator. Let M
be a closed subspace of H which is invariant under T and T |y is normal. Then M

reduces T

Proof. Let H; = M and Fy = M*. Then H = H; @ Hs,. Let Py, denotes the or-

thogonal projection onto H;, for ¢ = 1,2. Then T has a block matrix representation,

Tll T12
T21 T22

T —

9

where Ti; : D(T) N H; — H; is defined by Ti; = Py, T Py, | p(r)nsq; for j = 1,2. Since

M is invariant under T', we have

Ty Tio
0 Ty

T =

Let y € D(T) N M*. By Lemma 7.1.2, we have

%(T _ ) C (T = AI)'Ch

for every A € C, where C) is a contraction. Thus, R(T — A\I) C R(T — A\I)* for
every A € C. From Theorem 1.3.14, there exist a densely defined operator B such
that (T'— M) = (T — M)*B. Then on H = M & M* we have

T11 — A T12 0 (TH — /\])* 0 BH 312 0

0 T22 — A Yy T1*2 (T22 - /\])>|< B21 B22 Yy

where Bj; : D(T) N H; — H; is defined by By = P, T Py |prynsq; for j = 1,2.
Hence T12(y) = (T11 — M )*Byay. Then Tio(y) = (T11 — M) *u, where u = Boy € M.
Since T1; = Ty is normal, we have N(Ty; — AI)* = N(Ty; — ). From Theorem
1.3.13, we have R(T1; — AI)* = R(T1; — AI). Thus we can choose v € D(T) M such
that (711 — A)*u = (T11 — A)v. Therefore, Th2(y) = (111 — M )v for every A € C.
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Hence,

Tia(y) € () R(Tu — M).

From Theorem 1.3.15, we have Ti5(y) = 0. Hence T = 0. O

Now we prove some properties of closed densely defined M-hyponormal opera-

tors.

Theorem 7.1.2. Let H and X be Hilbert spaces. Assume that S € C(H) is normal
and T € C(X) is M-hyponormal. Let A € B(H,K) be such that AS C TA. Then
the following holds:

(i) |AlS € S|A]
(i) If A>0,N(A) = {0} and X = H, then S =T.

Proof. (i) Suppose T is M-hyponormal. Then by Lemma 7.1.2, there exist a con-

traction C) such that

%(T — M) C (T —XMI)*C)y forall A e C. (7.1)

Let E be a spectral measure of S. Let © be a compact subset of C and x € R(E(1?)).
We have F is regular. Hence from Theorem 1.3.18, it is sufficient to prove that
|A|E(Q2) = E(Q)|A]| for every compact set © of C. Since S is normal, from Theorem
1.3.18, we have R(E(Q2)) reduces S — A and R(E(Q2)) C D(S — ) for every A € C.
Define the function ¢ : C\ Q — R(E()) by
V) = [ o) = (Slaeoy = M) A g 0
Q

([52]). Then z = (S — A)Y(N\), A ¢ Q. Thus, Az = A(S — A\)Y(A), for A ¢ Q.
Since AS C TA, we have Az = (T — N\)AY(N), for A ¢ Q. Hence from (7.1), we
get A*Ax = MAY(T — N)*Ch\Ap(N). Since A(S — ) C (T — M)A, for A € C,
A*Ax = M(S — N)*A*C\Ap()N), for A ¢ Q. Hence A*Ax € (| R(S* — z), where

zeC\Q*
O* ={z:z € Q}. From Theorem 1.3.19, we have E(C\ Q)A*Az = 0.
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Therefore, A*Ax = E(Q)A*Ax. Since x € R(E(Q)) is arbitrary,

ATA(R(E(Q))) € R(E(Q)).

Since A*A is selfadjoint, R(E(S2)) reduces A*A. From Theorem 1.3.18, we have
A*AE(Q) = E(2)A* A, for every compact set €2 of C.

(ii) Since A > 0, from (i) we have SAx = ASx = T Az for x € D(S). Thus,
Slapesy € T. Since D(S) is a core for S, AD(S) is a core for S from Theorem 1.3.16.

Hence,

S(S) € G(S|apes)) € 9(T) = 9(T),

where G(S) is the graph of S. Therefore, S C T. Thus D(S) C D(T). Since S is
normal, we have D(S*) = D(S). Hence D(T') C D(T*) C D(S). Thus, S =T.
O

Let A € B(H,XK), we denote R(A*) by R(A*) and R(A) by R(A). It is known

1

that R(A*) = R(|A]), where |A] = (A*A)z ([16]). It is known that the polar

decomposition of A is given by A = U|A| where U € B(H,X) is a partial isometry
with initial space R(A*) and final space R(A) ([16]). Also N(U) = N(A) and
Ulnary, Alrasy are in B(R(A*),R(A)). Also U|ga+) is a bounded unique unitary
isomorphism from R(A*) into R(A) with

Ulgay |Alx = Az, x € H ([52]).

Lemma 7.1.3. (/52]) For A € B(H,X). The following holds:
(i) N (Alzas) = {0}.

(ii) R(A) = R (Alzan) -

(iii) A*|zcay = (Alrcary)” -

(iv) (|AD]ga = |Alzcas)] -
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Lemma 7.1.4. (/52]) Let T and B be closed densely defined operators in H and K
respectively and A € B(H,XK) be such that AT* C BA.
(i) If R(A*) reduces T', then Blgay is a closed densely defined operator in R(A) and

Alzary (Tlran)™ € Blray Alzear-
(11) If R(A*) reduces T and R(A) reduces B to normal operators, then
AT C B*A, |A|T CT|A|, |A*|B C B|A*| and

(T'xeas)" = (Ulrea))" Blray Ulzear).

Now we prove the asymmetric Fuglede-Putnam theorem for closed densely de-

fined M-hyponormal and normal operators.

Theorem 7.1.3. Suppose S € C(H) is normal and T € C(XK) is M-hyponormal. If
A € B(H,XK) is such that AS C TA. Then R(A*) reduces S, R(A) reduces T' and

T’g{(A), S’g{(A*) are unitarily equivalent normal operators.

Proof. Let €2 be a Borel subset of C and let E be the spectral measure of S. We
have E(£2) is an orthogonal projection. To prove R(A*) reduces S, it is sufficient to
prove that R(A*) := R(|A|) is invariant under E(£).

Let y € R(|A[). Then there exist a sequence (y,) € R(]A|) such that y,, converges
to y. Since F(Q) is bounded, E(Q2)y, converges to F()y . Since y,, € R(|A]), there
exist z, € D(]A|) such that y, = |A|z,. Therefore, E(2)|A|x, converges to E(Q)y.
From Theorem 7.1.2 (i), |A|E(Q) = E(Q)|A|. Hence, |A|E(Q2)x,, converges to E(Q)y.
Thus R(A*) is invariant under F(£2).

Since AS C T'A and R(A*) reduces S, from Lemma 7.1.1, we have T'|z4) is a

closed densely defined operator in R(A) and
Alrary Slrasy € Tlray Alrcas)- (7.2)

Since T" is M-hyponormal, T'|»(4) is a closed M-hyponormal operator in R(A).
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Since Ul|g(a+) is unitary, we have

| Algeasy | Slrasy € (Ulra=)" Tlray Ulreasy |Alreas]- (7.3)

Let W = Ulga+) and V. = W* T|gay W. Also we have W is unitary isomorphism
and T'|g(a) is M-hyponormal. Then for z € R(A*),

| (V =zI)z || =[| W (Tlxa) —2I)" Wa ||
=[| (Tlray —2I)" W |
<M || (Tlreay — =)Wz ||
=M || W (T|xa) — =)Wz |
=M||(V—==zDx]|.

Hence (Ulga+))* T|ra)y Ulnea=) is a closed M-hyponormal operator.
Also, we have N(| A|ga=)|) = N(A|xra)). From Lemma 7.1.3, N(Alz+)) = {0}.
Thus N(| Algeasy|) = {0}. From (7.3) and Theorem 7.1.2 (ii), we get S|g+) =

(Ulra#))* Tray Ulreaxy. Thus, T'|gca), S|r(ax) are unitarily equivalent normal op-
erators. From Theorem 7.1.1, R(A) reduces 7.
O

Stochel ([52]) proved the following result for closed hyponormal and closed sub-
normal operators. Now we extend the result to closed M-hyponormal and closed

subnormal operators.

Theorem 7.1.4. Let B € C(H) be subnormal (resp. a closed M -hyponormal operator
inH ), T € C(K) be M-hyponormal (resp. a closed subnormal operator in X ) and
A € B(H,XK) is such that AB* C TA. Then

(i) AB CT*A.
(11) R(A*) reduces B to the normal operator B|g(a-).

(iii) R(A) reduces T to the normal operator T|g(a).
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Proof. Assume that B € C(H) is subnormal and T" € C(X) is M-hyponormal. Since
B is subnormal, there exist a normal extension S on the Hilbert Space £L O K.
Define Y € B(X, L) by Yo = A*z,z € K.

Let J € B(H, L) defined by Jr = z,x € H. Then for z € K, JA*x = A*x = Y.
Thus, Y = JA*. Hence, Y* = AP, where P is an orthogonal projection of £ on to
H. Hence, R(Y*) = R(A). Since AB* C T'A, we have

A'T* C BA*, (7.4)
Since from equation (7.4) and Yz = A*z, we have

YT x = A" T"x
= BA™x
=SA'x
=SYux, x € D(T™).

Thus YT* C SY. Hence Y*S* C TY™*. Since R(Y*) = R(A), we have T'|g4) and
S|g(a+) are unitarily equivalent normal operators by Theorem 7.1.3. Thus, R(A)
reduces T to the normal operator T'|x(4).
Since A*T* C BA* and R(A) reduces T', we have B|ga~) is closed densely defined
in R(A*) and

(Alrar)" (Tlra)” € Blras) (Alza) (7.5)

by Lemma 7.1.4 (i) and Lemma 7.1.3. Since B|ga+) € B C S, B|g(a+) is subnormal.
Then B|ga+) is M-hyponormal. Thus, R(A|ga+))* = R(A*) reduces B|ga~) to the
normal operator from equation (7.5) and Theorem 7.1.3. Hence by Theorem 7.1.1,
R(A*) reduces B to the normal operator B|g(a~). The result (i) follows from Lemma
7.1.4 (ii).

Next we assume that B € C(H) is M-hyponormal and 7" € €(X) is subnormal. Since
A*T* C BA*, R(A) and R(A*) are reducing subspace for T' and B respectively. Also
the part T'|gca) and B|ga+) are normal. By Proposition 7.1.4 (i), AB C T*A. O
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Corollary 7.1.1. Let B € C(H) be subnormal (resp. a closed M -hyponormal operator
inH ), T € C(K) be M-hyponormal (resp. a closed subnormal operator in X ) and
A € B(H,XK) is such that AB* CTA. Then

(i) If N(A) = {0}, then B is normal.
(i) If N(A*) = {0}, then T is normal.

Proof. Assume that N(A) = {0}. From Theorem 1.3.13, we have R(A*)* = {0}.
Thus R(A*) = H. That is, R(A*) = H. From Theorem 7.1.4 (ii), B is normal.
Assume that N(A*) = {0}. From Theorem 1.3.13, we have R(A)* = {0}. Thus,

R(A) = X. That is, R(A) = K. From Theorem 7.1.4 (iii), 7" is normal. O



Conclusion

In this thesis, we introduced some new classes of bounded operators namely k-quasi
(m, n)-paranormal, (m,n)-class Q, k-quasi (m,n)-class Q operators which are the
extensions of (m,n)-paranormal operators. Also we introduced k-quasi (m,n)*-
paranormal, (m,n)-class Q* and k-quasi (m,n)-class Q* operators which contains
(m,n)*-paranormal operators. Here we obtained some characterizations and ma-
trix representations of these classes of operators with proper illustrations. Next we
defined totally (m,n)*-paranormal, which is having nice characteristics, like transi-
lation invariance and finiteness. Also, we studied some properties of polynomially
P-posinormal operators namely, finiteness, spectral continuity etc. Finally, we in-
troduced a closed densely defined M- hyponormal operator and proved asymmetric

Fuglede- Putnam theorem for this class of operators.
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Recommendations

In this thesis, we defined some new classes of operators which are the extensions of
well defined classes of operators such as (m, n)-paranormal, (m,n)*-paranormal and
closed densely defined hyponormal operators. In future, we are aim to introduce
some new classes of operators which are extensions of newly introduced class of
operators, which are having nice properties like finiteness, spectral continuity, matrix
representation etc. Also we try to introduce a closed densely defined dominant
operator, which contains closed densely defined M- hyponormal operator and prove

asymmetric Fuglede-Putnam theorem for this operators.
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