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Chapter

Introduction

Graph theory is one of the most important and interesting areas in mathe-
matics. It has experienced a rapid growth in last five decades. The main reason
for the growth of graph theory is its wide range of applications in the areas such
as chemistry, physics, genetics, psychology and computer science. Many practical

problems can be visualized using graph theory.

Domination is one of the fastest growing areas in graph theory. The study of
domination was started by C. Berge and O. Ore. The word dominating set was

used first time by O. Ore in his book Theory of Graphs [21].

This thesis discusses both finite and infinite graphs. In this work we made
an attempt to define dominating functions on infinite graphs and we call this as

measurable dominating functions.

To extend the concept of dominating functions to infinite graphs we intro-

duced a sigma algebra called neighborhood sigma algebra on the vertex sets of
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graphs. Using this sigma algebra measurable dominating functions of graphs
(both finite and infinite) are defined. Minimal measurable dominating functions
are defined and characterized. Apart from these a new type of graph polynomial
called common neighborhood polynomial is introduced and discussed some of its
properties. Neighborhood unique graphs are defined and common neighborhood

polynomial of some classes of graphs are also found out.

0.1 Outline of the Thesis

Apart from this introductory chapter we presented our work in seven chapters.
Chapters from two to six discuss only finite graphs and the seventh chapter

includes discussion of infinite graphs.

In the first chapter, we provide some basic ideas and preliminary definitions
which are essential for the development of the thesis. This chapter discusses some

basic concepts of graph theory, measure theory and domination in graphs.

In the second chapter, neighborhood sigma algebra Ag of a graph G is
introduced and studied its properties. We define the neighborhood sigma algebra
of a graph G as the sigma algebra generated by the collection {N[v] : v €
V(G)}. Here a subset of the vertex set of a graph is measurable means it is
measurable with respect to the neighborhood sigma algebra. We obtain that
in the neighborhood sigma algebra of a graph G, the smallest measurable set
containing a vertex v is the collection {u € V(G) : Nju] = N[v]} and we denote

this set by E¢ or E,. It is proved that for a graph G with the neighborhood
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sigma algebra P(V(G)), if Ps is not a component of G and for n > 2, K, is
not an induced subgraph of GG, then the neighborhood sigma algebra of L(G)
is P(V(L(G))). It is also proved that for any graph G the neighborhood sigma
algebra of its middle graph M (G) is the power set of the vertex of M (G). If G is a
graph such that every component of G is different from P, then the neighborhood
sigma algebra of its total graph T'(G) is the power set of the vertex of T'(G). We
also determined the neighborhood sigma algebra of 2-quasi-total graph Q2(G) of
a given graph G. If G is a graph without end vertices, then the neighborhood

sigma algebra of Q2(G) is P(V(Q2(G))).

In the third chapter, we determine the neighborhood sigma algebra of join
two graphs and that of different graph products. We prove that if G and H
are two vertex disjoint graphs with J as their join, then for each v € V(G)
with dg(v) = n(G) — 1, B = ES\J{u € V(H) : dg(u) = n(H) — 1} and if
da(v) # n(G) — 1, we obtain EY = E¢. In the case of lexicographic product,
tensor product, Cartesian product, normal product and co-normal product of
two graphs GG; and G, we prove that the product sigma algebra Ag, X Ag, is
contained in the neighborhood sigma algebra of the product graph. In normal
product these two sigma algebras coincide and whereas in homomorphic product

there does not exist any such relationship.

In the fourth chapter, we introduce a new type of graph polynomial called

common neighborhood polynomial. The common neighborhood polynomial of a
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graph G, denoted by P(G,x), is the polynomial defined by

n(G)

P(G,x) = Z a;x’,

=1

where a; is the number of E,’s of cardinality 7 in Ag. We use the abbreviation
CNP for the common neighborhood polynomial. Neighborhood unique graphs
are also defined. A graph G is called a neighborhood unique graph if P(G,z) =
P(H,x) for any graph H implies that G is isomorphic to H. A characterization
of such graphs are also given as follows. A graph G is neighborhood unique if
and only if G is a complete graph or disjoint union of two complete graphs. The
common neighborhood polynomials of line graph, middle graph, total graph,

1-quasi-total graph and 2-quasi-total graph of a given graph are also obtained in

this chapter.

Fifth chapter deals with the CNP of join, corona and different graph prod-
ucts such as lexicographic product, tensor product, Cartesian product, normal

product and co-normal product of two graphs..

Sixth chapter is a continuation of the work carried out in second and third
chapters. The main new concept of this thesis, measurable dominating function
of a finite graph is introduced in this chapter.

Let G be a graph. A function f : V(G) — [0, 1] is called a measurable dominating

function of G if the following conditions hold:

(i) f is measurable
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(ii) /f dp > 1 for all v € V(G).

Nv]
A necessary and sufficient condition for a measurable dominating function to
be minimal is also obtained. Measurable k-dominating functions and measur-
able signed dominating functions are also defined. Characterizations of minimal
measurable k-dominating function and minimal measurable signed dominating
function are also derived. In the third chapter we proved that in the case of lex-
icographic product, tensor product, Cartesian product, normal product and co-
normal product of two graphs G; and G, the product sigma algebra Ag, x Ag,
is contained in the neighborhood sigma algebra of the product graph. Fortu-
nately we could succeed to extend the product measure on Ag, X Ag, to the

neighborhood sigma algebra of the vertex sets of the graph products.

If f; and f; are measurable dominating functions of two graphs G; and G,
respectively, we check whether the function f defined on the vertex sets of graph
products by f((u,v)) = fi(u)fe(v) is a measurable dominating function of prod-
uct graphs or not. We check the minimality of f also. The last section of this
chapter deals with the measurability of z-section f, and y-section fY of a mea-
surable function f defined on the vertex sets of different graph products. We
prove that f, is measurable but fY is not always measurable in the case of lexi-
cographic product, but whereas in tensor product, Cartesian product, co-normal
product and homomorphic product f, and fY are in general, not measurable and

in the case of normal product both f, and fY are measurable.

Seventh chapter deals with the measurable dominating functions of in-
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finite graphs. In the case of an infinite graph G, if we define its neighbor-
hood sigma algebra as the direct generalization of that of finite graphs, the
smallest measurable set containing a vertex cannot be defined as the inter-
section of all measurable sets containing that vertex, because such a collec-
tion need not be countable. This realization blocks our work for a while, but
by interpreting it in a slight different way we could overcome this situation.
The neighborhood sigma algebra of an infinite graph is defined as the sigma
algebra generated by B = {N[v] : v € V(G)} UH{E, : v € V(G)}, where
E, = {u € V(G) : N[u] = N[v]}. We stick on the notation F, for the set
{u € V(G) : Nu] = Nv]} because we prove that this set is the smallest mea-
surable set containing v in parity with the finite graphs. Measurable dominating
function of an infinite graph is defined and a characterization of minimal mea-
surable dominating function is obtained. We concluded the thesis by introducing
the concept of measurable signed dominating function of an infinite graph and

characterized minimal measurable signed dominating functions.

The conclusion is given at the end and a bibliography is also given.



Chapter

Preliminaries

1.1 Introduction

Graph theory is a branch of mathematics which deals with the study of
graphs. Many areas of mathematics such as group theory, operation research,
topology and probability, have connections with graph theory. Also many real

life problems can analize successfully using graphs.

The purpose of this chapter is to provide basic definitions and terminologies
that we shall use in this work. It includes the basics of graph theory and measure
theory and also discusses the concept of domination in graphs. For the notations

and terminologies not given here, refer [3] and [6]



1.2. Basics of Graph Theory

1.2 Basics of Graph Theory

Let us begin with the definition of a graph.

A (undirected) graph [6] G is an ordered pair (V(G), E(G)) consisting of a
set V(Q) of vertices and a set F(G), disjoint from V(G), of edges, together with
an incidence function ¢ that associates with each edge of G' an unordered pair
of (not necessarily distinct) vertices of G. If e is an edge and u and v are vertices
such that ¥¢(e) = {u, v}, then e is said to join v and v, and the vertices u and v
are called the ends of e. In this case we also denote the edge by uv. Each vertex
is indicated by a point, and each edge by a line joining the points representing

its ends [6].

The number of vertices of the graph G is called the order [3] of G, denoted
by n(G) and the number of edges is called the size [3] of G, denoted by m(G). A
graph is called finite [28] if both its vertex set and edge set are finite. Otherwise
it is called an infinite graph. That is if the vertex set or the edge set of a graph

is infinite it is called an infinite graph [6].

A set of two or more edges of a graph G is called a set of multiple edges [3]
if they have the same ends . An edge with identical ends is called a loop [3] . A

graph is simple [3] if it has no loops and no multiple edges.
Every graph mentioned in this thesis is simple and undirected.

If w and v are distinct vertices and if e = wwv is an edge of the graph G, then u
and v are said to adjacent vertices, the edge e is said to incident with w and v [7]

and the vertices u and v are called the end vertices of the edge e [3]. If two distinct

8
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edges e and f are incident with a common vertex, they are called adjacent edges.
Two adjacent vertices are referred to as neighbors of each other. In a graph G,
the set of neighbors of a vertex v is called the open neighborhood [7] of v and it

is denoted by Ng(v). The set Ng(v)|J{v} is called the closed neighborhood [7]

of v and it is denoted by N¢[v] (or simply N[v] if there is no confusion).

The degree [6] of a vertex v in a graph G, denoted by dg(v) (or d(v)), is
the number of edges of G incident with v, each loop counting as two edges. In
particular, if G is a simple graph, d(v) is the number of neighbors of v in G. A
vertex of degree zero is called an isolated vertez [22] . A vertex of degree one is
called a pendant vertex or an end verter [3] . A vertex adjacent to a pendant
vertex is called a support vertez [22]. A pendant edge [3] is the edge incident with
a pendant vertex. The minimum (respectively, maximum) of the degrees of the

vertices of a graph G is denoted by §(G) (respectively, A(G)) [3].

The complement [6] of a simple graph G is the simple graph G' whose vertex
set is V(G) and whose edges are the pairs of nonadjacent vertices of G. A
complete graph [8] is a simple graph in which each pair of distinct vertices is
joined by an edge. A complete graph on n vertices is denoted by K,. A graph
is said to be bipartite [3] if its vertex set can be partitioned into two nonempty
subsets X and Y such that each edge of G has one end in X and the other in Y.
The pair (X,Y) is called a bipartition [3] of the bipartite graph. The bipartite
graph with bipartition (X,Y) is denoted by G(X,Y’). A simple bipartite graph
G(X,Y) is complete [3] if each vertex of X is adjacent to all the vertices of Y. A

complete bipartite graph G(X,Y) with |X| =r and |Y| = s, is denoted by K, ;.
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Two graphs G and H are said to be disjoint [8] if they have no vertex in
common. Two graphs G and H are isomorphic [6], written G = H, if there are
bijections 0 : V(G) — V(H) and ¢ : E(G) — E(H) such that ¢g(e) = uv if
and only if 1y (¢(e)) = 0(u)f(v); such a pair of mappings is called an isomorphism
between G and H. Here the bijection 6 satisfies the condition that v and v are

end vertices of an edge e of G if and only if #(u) and 6(v) are end vertices of the

edge ¢(e) in H [3].

A walk [3] in a graph G is an alternating sequence W : vgejvie9v; . . . €,0;, of
vertices and edges beginning and ending with vertices in which v;_; and v; are
the ends of e;; vg is the origin and v,, is the terminus of W. The walk W is said
to join vy and v,. A walk is called a trial [3] if all the edges appearing in the
walk are distinct. It is called a path [3] if all the vertices are distinct. Thus a
path in G is automatically a trial in G. When writing a path, we usually omit
the edges. A cycle [3] is a closed trial in which the vertices are all distinct. The
number of edges in a walk is called its length [3]. A cycle of length n is denoted

by C,, and P, denotes a path on n vertices [3].

A graph H is called a subgraph [6] of a graph G if V(H) C V(G), E(H) C
E(G), and ¢y is the restriction of ¢ to E(H). If H is a subgraph of G, then
G is said to be a supergraph [3] of H. A subgraph H of a graph G is said to be
an induced subgraph [3] of G if each edge of G having its ends in V(H) is also
an edge of H. The induced subgraph of G with vertex set S C V(G) is called
the subgraph of G induced by S and is denoted by G[S] [3] . A subgraph H of a

graph G is a spanning subgraph [3] of G, if V(H) = V(G).

10
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Let G be a graph and S a proper subset of the vertex set V' (G). The subgraph
G[V(G) \ 5] is said to obtained from G by the deletion [3] of S. This subgraph

is denoted by G\ S. If S = {v}, G\ S is simply denoted by G \ v [3].

A graph G is called connected [9] if any two of its vertices are linked by a path
in G. A graph that is not connected is called disconnected [8]. Components [3]
of a graph G are the maximal connected subgraphs of G. A connected graph
without cycles is called a tree [3]. A subset V' of the vertex set V(G) of a
connected graph G is a vertex cut [3] of G, if G\ V' is disconnected. A vertex v
of G is a cut vertex [3] of G, if {v} is a vertex cut of G. A vertex cut V' of G is

minimal if no proper subset of V' is a vertex cut of G [1].

1.3 Operations on Graphs

We can construct new graphs from given graphs. This section deals with

some methods of construction of new graphs from the given graphs.

The union [28] of graphs G; and G,, written G |J G, has vertex set
V(G1) UV (Gs) and edge set E(G1) | E(G2). To specify the vertex disjoint union
[3] with V(G1) NV (G2) = 0, we write G1 + G2. The join [10] G1 V G5 of two
vertex disjoint graphs G; and G5 is the graph with vertex set V(G;) |V (G2)
and edge set E(G1) U E(G2) U{uv : u € V(Gy),v € V(Gy)}. The corona [27]
G10G, of two graphs G and Gy is obtained by taking one copy of G and n(G1)
copies of Gy; and by joining each vertex of the it copy of G to the i vertex of

G, where 1 <i <n(Gy).

11



1.4. Domination in Graph Theory

The line graph [3] L(G) of a graph G is the graph with vertex set E(G) in

which two vertices are adjacent if they are adjacent edges in G.

The middle graph [26] M(G) of a graph G is the graph with vertex set
V(G)J E(G) where two vertices are adjacent if they are either adjacent edges

in G or one is a vertex and the other is an edge incident with it.

The total graph [15] T(G) of a graph G is the graph with V(G)|J E(G) and

two vertices z,y are adjacent in T'(G) if one of the following conditions holds:

(i) =,y € V(G) and z is adjacent to y in G
(ii) =,y € E(G) and z is adjacent to y in G

(iii) z isin V(G) and y is in E(G) and x,y are incident in G.

1.4 Domination in Graph Theory

The study of domination is the fastest growing area in graph theory. This
section discusses the concept of dominating set and dominating function in a
graph.

Let G = (V(G), E(G) be the given graph.

A set S C V(Q) of vertices is called a dominating set [13] of G if every vertex

v € V(G) is either an element of S or is adjacent to an element of S.

A function f : V(G) — {0,1} is called a dominating function [14] of G if

So f(u) > 1 forallv e V(G).

uEN[v]

12
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A function f : V(G) — [0,1] is called a fractional dominating function [14]

of Gif Y f(u)>1foralveV(G).

u€N[v]

A function f : V(G) — {—1,1} is called a signed dominating function [14]

of Gif Y f(u)>1forallveV(Q).

uEN[v]

A function f : V(G) — {0,1,2,--- |k} is called a k-dominating function [14]

of Gif Y f(u)>kforallveV(G).

ueN[v]

1.5 Measure Theory

This section focuses on some basic concepts of measure theory. For further details

refer [23] and [11].

A distinguished collection R of subsets of a set X is called an algebra [11] if

the following axioms are satisfied.

(i) f FeRand Fe R, then E(JF e R

(ii) If £ € R, then E° € R, where E°:= X \ F is the complement of F in X.

An algebra R, of subsets of a set X is called a sigma algebra [23] if U E; e R,
i=1
whenever Ey, Fs, ... € R.

Proposition 1.5.1. [23] If F is any family of subsets of a set X, there exists

a smallest sigma algebra containing F, called the sigma-algebra generated by F.

A set X together with a sigma algebra R of subsets of X is called a measurable

space [23], and the members of R are called the measurable sets [23] in X.

13
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Let X be a measurable space and Y be a topological space [20]. A mapping
f from X into Y is said to be measurable [23] if f~1(S) is a measurable set in
X for every open set S in Y. If f and g are measurable functions then a.f + B¢
is measurable for any real numbers o and 5 [23]. Let (X,R) be a measurable
space. A measure [23] is a function pu, defined on the sigma algebra R, whose
range is in [0, 00] and which is countably additive. This means that if {E;} is
a disjoint countable collection of members of R then ,LL(G E;) = i pu(E;). In
this thesis we consider only those measures which assurri: 1only ﬁnige values. A
measure space [23] is a measurable space which has a measure defined on the
sigma algebra of its measurable sets. Let P be a property concerning the points
of a measure space (X, R,u) and let £ € R. The statement “P holds almost

everywhere on E ”(abbreviated to “P holds a.e on F ”) means that there exists

N € R such that u(N) =0, N C E, and P holds at every point of E'\ N.

A function s on a measure space X whose range consists of only finitely many
points is called a simple function [23]. If ay, ag, ..., ay, are the distinct values of a

n

simple function s, and if we set A; = {x : s(x) = a;} then s = ZaiXAN where
i=1

X4, is the characteristic function of A;. It can be proved that s is measurable

if and only if each of the sets A; is measurable [23]. Suppose R is a sigma

n

algebra on the set X and p is a measure on R. If s = Z a;X 4, 1s a measurable
i=1
simple function from X into [0,00), where ay, s, ..., v, are the distinct values

assumed by s and if £ € R, then /s dp is defined by Z%‘M(Ai ﬂE) [23].

B 1=1

If f:X — [0,00] is measurable and E € R, then /f dp =sup /s du, the

supremum is taken over all simple measurable functlons s such that 0 < s< f. If

14



1.5. Measure Theory

0 < f < g then, /fd,u</gd,u IfACBand f>0, then/fd,u</fdu
It X and Y are tWO sets, thelr Cartesian product [23] X X Y is the set of all
ordered pairs (x,y), with x € X and y € Y. With each function f on X x Y
and with each x € X we associate a function f, defined on Y by f.(y) = f(x,y).
Similarly, if y € Y, f¥ is the function defined on X by f¥(z) = f(x,y) [23]. Call

f and fY the x-section and y-section respectively, of f [23].

Suppose (X, S) and (Y, T) are two measurable spaces. A measurable rectangle
[23] is any set of the form A x B, where A € S and B € T. The product sigma
algebra S x T is defined to be the smallest sigma algebra in X x Y which contains
every measurable rectangles [23]. If E is any subset of X x Y, then for z € X,
we call the set £, = {y : (z,y) € E} as a section of £ determined by x and for
y € Y we call the set EY = {z : (z,y) € E} as a section of E determined by

y [11]. Every section of a measurable set is a measurable set [11].

If (X, S, ) and (Y, T, v) are sigma finite measure spaces, then the set function
A, defined for every set E in S x T' by A(E) = /I/(Ex) du(x) = /,u(Ey) dv(y),
is a sigma finite measure with the property that, for every measurable rectangle
Ax B, \(Ax B) = u(A).v(B) [11]. The latter condition determines A uniquely.
The measure A is called the product of the measures 1 and v and denote it by

pux v 11].

15



Chapter

Neighborhood Sigma Algebra

In this chapter we study neighborhood sigma algebra of graphs. While study-
ing dominating function of finite graphs we realized that the direct generalization
of it into infinite graphs is not possible if we stick on the definition of dominating
function of finite graphs [14]. So we tried to interpret this concept of dominating

function with the help of theory of measures.

As we know the platform for working in measures is the algebra/sigma algebra
of sets, we need such a structure on vertex sets of the graphs. But the problem
now arising is that how to construct such a structure. As the power set of any
set forms a sigma algebra, one way of escaping this trouble some situation is to
use the power set as the sigma algebra. But this case is a least interesting one.
In order to strengthen the theory we construct a sigma algebra which is most
suitable to our study and a little bit fascinating which we call as neighborhood

sigma algebra.

16



2.1. Neighborhood Sigma Algebra

2.1 Neighborhood Sigma Algebra

We define the neighborhood sigma algebra of a graph as follows.

Definition 2.1.1. Let G = (V(G), E(G)) be a graph. The sigma algebra
generated by ¢4 = {N[v] : v € V(G)} on V(G) is called the neighborhood sigma
algebra of G and it is denoted by Ag (or simply A if there is no confusion) and

9 is called the generating set of A.

Such a sigma algebra exists by Proposition 1.5.1. We build up our theory

with this sigma algebra.

As the graphs considered here are finite their vertex sets are finite. So A is
just an algebra. But this is not the case when the graph is infinite. As the thesis
also discusses infinite graphs, we would like to use the terminology sigma algebra

in both the cases, finite and infinite graphs.

Throughout this thesis, by a graph G, we mean the graph with its neigh-
borhood sigma algebra A on the vertex set V(G). Here a subset of V(G) is
measurable means it is measurable with respect to the neighborhood sigma al-

gebra.

Definition 2.1.2. Let G be a graph. For v € V(G), we define E¢ (or
simply £, if there is no confusion) to be the intersection of all measurable sets

containing v. Hence it is the smallest measurable set containing v.

Example 2.1.3. For the graph GGy, in Figure 2.1: the neighborhood sigma

17



2.1. Neighborhood Sigma Algebra

algebra A is given by {0, {u, v, w, 2}, {u, v, z}, {v,w, z}, {u}, {w} {v, 2} {u, w}}.

E, =A{u},E, ={v,z}, B, ={w} and E, = {v,z}.

Figure 2.1: Graph G;

Proposition 2.1.4. Let G be a graph and uw,v € V(G). Then u € E, if and

only if v € E,.

Proof. Let u € E,. Ifv ¢ E,, E,\ E, is a measurable set containing v and
properly contained in F,, which contradicts the fact that E, is the smallest
measurable set containing v. Hence v € E,. Also by interchanging the roles of

u and v we get u € E, whenever v € F,, . O

Lemma 2.1.5. Let G be a graph and u,v be two vertices of G such that u € E,,.

Then E, = FE,.

Proof. Since u € F,, by Proposition 2.1.4, v € E,. The sets E, and E,, being
the smallest measurable sets containing v and v respectively, v € F, and v € E,,

imply that F, C E, and E, C F,. Hence FE, = E,. O

18



2.1. Neighborhood Sigma Algebra

Lemma 2.1.6. Let G be a graph and u,v € V(G) be such that E,(E, # 0.

Then E, = E,.

Proof. Suppose that E,(E, # 0. Let w € E,()E,. Then by Lemma 2.1.5,

E,=FE,=FE,. ]

Theorem 2.1.7 is an immediate consequence of Lemma 2.1.6.

Theorem 2.1.7. Let G be a graph. Then {E, :u € V(G)} forms a partition of

V(G).

Remark 2.1.8. FEach measurable set can be written as disjoint union of

/
Els.

Definition 2.1.9. A vertex v € V(G) of the graph G is called a common

neighborhood free vertex if E, = {v}.

Proposition 2.1.10. Let G be a connected graph with n(G) # 2 and let v €
V(G) be such that it is either an end vertex or a support vertex. Then v is a

common neighborhood free vertex.

Proof. If n(G) = 1, then the result is trivially true. So assume that n(G) > 2.
Let v be an end vertex of G with support vertex u. Since GG is a connected
graph of order greater than two, there exists a vertex w € Nu|\ {v}. Therefore,
N[v]N[w] = {u} is measurable. Hence E, = {u}. Since {u} is measurable,

Nv] \ {u} is measurable. That is {v} is measurable. Hence E, = {v}.
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2.1. Neighborhood Sigma Algebra

Remark 2.1.11. The converse of Proposition 2.1.10 is not true. That is

E, = {v} does not imply, v is an end vertex or a support vertex.

Consider the path Ps in Figure 2.2.

Figure 2.2: The path P;

For the vertex w, F,, = {w}. But w is neither an end vertex nor a support

vertex.

Next we observe the neighborhood sigma algebra of a complete graph. For a
vertex v of a graph G, E, = V(G) if and only if u € E, for all u € V(G). That
is if and only if £, = E, = V(G) for all u € V(G), by Lemma 2.1.5. That is if

and only if N[u] = N[v] for all u € V(G). Hence we have:

Proposition 2.1.12. A graph G is complete if and only if E, = V(G), for some

v e V(G).

Note that for the graph G, in Figure 2.1, FE, = E,. Note also that these two
vertices v and x have the same closed neighborhoods, that is N[v] = N[z]. This

result in fact has a general feature.

That is, for any two vertices v; and vy of a graph G, E,, = F,, if and only
if N[v;] = NJva]. The proof of this result depends mainly on the neighbor-

hood sigma algebra of the graph. Before proving this result, we characterize the

20



2.1. Neighborhood Sigma Algebra

neighborhood sigma algebras of graphs.

Proposition 2.1.13. Let G be a graph with neighborhood sigma algebra A. Then
every member of A can be expressed as the union of sets, each of which can

be expressed as the intersection of members of F, where F# = {N[v] : v €

V(G N -0 e V(G)}-

Proof. Let J consists of all subsets of V(G) which can be expressed as unions
of members of ¢, where ¢ is the family of all intersections of members of 7.
Then % contains {N[v] : v € V(G)} and it is contained in A. Also JZ itself is
a sigma algebra. As A is generated by {N[v] : v € V(G)}, # = <. Hence the

proposition. O]

The following theorem helps to determine F,’s in a graph.

Theorem 2.1.14. Let G be a graph. Then for vi,vy € V(G), E,, = E,, if and

only if N{vi] = Nlvs].

Proof. Assume that E,, = E,, for some vy,v9 € V(G). Suppose N[vi] # Nlvg).
Without loss of generality, assume that there exists u € V(G) such that u € N|v]
but u ¢ Nlvy]. Therefore, N[u]() N[v1] is a measurable set containing v; but

not ve. This implies that vy ¢ F,,. This will contradict the fact that E,, = E,,.

Conversely, assume that N[v;] = Nlvy|. This implies for any v € V(G)

either vy, vy € N[v] or v1,vy € N[v]°. Therefore, by Proposition 2.1.13, if B is
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2.1. Neighborhood Sigma Algebra

any measurable set, then either v;,vo € B or v;,vo € B°. This implies that

E, = E,,. 0

If v and v are two vertices of a graph G then u € E, if and only if £, = F,,

by Lemma 2.1.5. That is if and only if N[u]| = N[v]. Thus we have:

Corollary 2.1.15. Let G be a graph and v € V(G). Then E, = {u € V(G) :

Remark 2.1.16. Let G be agraph and v € V(G). In general £, # (J{N]u] :
u € Nvl}.

Consider the path P5 in Figure 2.3.

Figure 2.3: The path P;

For the vertex v of P35, E, = {v}. But ({{N]u] : u € N[v]|} = {v, u}.

Proposition 2.1.17. Let G be a graph. If there exists only one vertex v € V(G)

such that uw € N[v] for allu € V(QG), then E, = {v} and hence {v} is measurable.

Proof. In this case {v} = ﬂ Nlu]. Hence E, = {v}. O
ueV(G)
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2.1. Neighborhood Sigma Algebra

Note 2.1.18. There are graphs in which E, # {v}, for any vertex v. One

such graph is given below.

Figure 2.4: Graph G

In the graph G, E,, = E,, = {v1,v}, E,, = E,., = {vs3,v5}, E,, = FE,

{’U4,U6}.

The following theorem says that in any graph a set of vertices of a particular

degree is measurable.

Theorem 2.1.19. Let G be a graph with vertex set V(G). For each k € N with

1 <k < A(G), the collection Sy, := {v € V(G) : d(v) = k} is a measurable set.

Proof. Let k € N be such that 1 < k < A(G). If Sy = (), then it is measurable.

So suppose that Sy # (. Let v € Si. Since E, = {u € V(G) : NJu]

Nlvl},

d(v) = d(u) for all w € FE,. This implies that £, C Sk for all v € Si. Hence

S = U E,. Therefore S is measurable.

vESE

Since the complement of a measurable set is measurable, we have:

23
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2.1. Neighborhood Sigma Algebra

Corollary 2.1.20. Let G be a graph with vertex set V(G). For each k € N with

1 <k < A(G), the collection {v € V(G) : d(v) # k} is measurable.

Theorem 2.1.21. Let G be a connected graph and C' be a minimal vertex cut of

G. Then C is measurable.

Proof. Let G1,G5, ...,G\ be the components of G\ C' with vertex sets Vi, Vs,
..., Vi respectively, where £ > 2. Let v € C. Since C is a minimal vertex

cut, v is adjacent to vertices of at least two components, say G; and G3. Sup-

pose that N(v) Vi = {uy,us,...,u, } and N(v)(Va = {v1,v9,...,05,}. Then

v e hN(ui)g cCyUwv andwv € ﬁN(vi) C CUVa. Therefore v € (ﬁN(uz)) N

=1 1=1 =1

(ﬂ N(v;)) € CU(ViNVa)) = C. Therefore (ﬁ N(u;)) N (ﬂ N(v;)) is a mea-

surable set containing v and contained in C. Thus C' is a union of a collection

of measurable sets. Hence C' is measurable. O

Corollary 2.1.22. If v is a cut vertex of a connected graph G, then {v} is

measurable.

Corollary 2.1.23. In a tree, if {v} is a vertex of degree greater than one, then

{v} is measurable.

Proof. If G is a tree and v € V(G) is such that d(v) > 2, then v is a cut vertex

of G. Therefore {v} is measurable. O

Note 2.1.24. In Proposition 2.1.10, it is proved that if v is an end vertex of

a connected graph G of order not equal to two, then {v} is measurable. Hence
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2.1. Neighborhood Sigma Algebra

if G is a tree of order not equal to two, then {v} is measurable for all v € V(G).

Hereafter a function defined on the vertex set of a graph is measurable means
which is measurable with respect to the neighborhood sigma algebra of that

graph.

Theorem 2.1.25. Let G be a graph and f : V(G) — [0, 1] be a function. Then

f is measurable if and only if f is constant on E, for all v € V(G).

Proof. Let v € V(G) and f(v) = ¢. Suppose f(u) = d for some u € F,. Let, if
possible, ¢ < d. Then f~!(—o0,d) is measurable and v € f~'(—o0, d). Therefore
v belongs to the measurable set f~!(—oo,d) () E,, which is a proper subset of
E,. This contradicts the fact that F, is the smallest measurable set containing

v. A similar kind of contradiction arises when d < c.

Conversely assume that f is constant on F, for all v € V(G). Let U be
an open subset of [0,1]. Suppose that f(V(G)) U = {ki,ks,...,kn}. Then
fHU) = A DU { DU U (k). Let 1 <d <m. As f s
constant on each E,, f~'({k;}) = U E,,. Hence f~'(k;) is measurable for

fvj)=Fki
all 1 <i < m. Therefore f~1(U) is measurable. Hence f is measurable. O

As a consequence of Corollary 2.1.15 and Theorem 2.1.25, we have:

Corollary 2.1.26. Let G be a graph with uy,us € V(G). If f: V(G) — [0, 1]

is measurable and N{ui] = Nus] then f(uy) = f(u2).
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2.1. Neighborhood Sigma Algebra

Theorem 2.1.27. Let G be a graph and v € V(G) be such that d(v) = n(G) — 1.

Then E, = {u € V(G) : d(u) = n(G) — 1}.

Proof. Let u € E,. Then N[u] = N[v]. Hence d(u) = n(G) — 1. Therefore
E, C{ue V(G):d(u) =n(G)—1}. Let u € V(G) be such that d(u) = n(G)—1.
Then Nu] = V(G) = N[v]. Hence v € E,. Thus, £, = {u € V(GQ) : d(u) =

n(G) —1}. 0

Corollary 2.1.28. Let G be a graph with A(G) =n(G) —1 and f : V(G) —
[0,1] be measurable. Then f is constant on the set,

{veV(G):dv) =n(G) —1}.

Note 2.1.29. The conclusion of Theorem 2.1.27 need not be true for the
vertices of degree < n(G) — 1.

For example consider the cycle Cy and the path Ps.

Figure 2.5: The cycle Cj

For the cycle Cy given in Figure 2.5, d(vi)=d(vy)=d(v3)=d(vy) = 2.

But E,, ={wn}, E,, = {v2}, By, = {v3}, By, = {04}
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2.2. Vertex Deleted Graph

For the path P5 given in Figure 2.3, d(v;) = d(w) = 1.

But E, = {v}, £, = {w}.

2.2 Vertex Deleted Graph

In this section we examine how the deletion of a vertex from a graph affect

E,’s.

Let G be a graph and v € V(G). Consider the graph G, := G \ v. It is clear
that Ng,[u] = Nglu] \ {v} for all u € V(G,). For u € V(G,), we expect that

ES = E%\ {v} but it is not true.

Example 2.2.1. Consider the graphs given in Figure 2.6.

Ve
\7 M
vy Y \) Y
V3 V3
G G,

Figure 2.6: Graph G and its vertex deleted graph G,

Eg — {’U271}37U4} and EUGQU = {U17U27U37U4}'
So, B\ {v} C Bl
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2.3. Line Graph

The following theorem says that this is true in general.

Theorem 2.2.2. Let G be a graph and v € V(G). Then for u € V(G,), ES \

u

{v} C ECv.

Proof. Let u € V(G,) and z € ES \ {v}. Since x € EY, we have Ng[r] = Ng|u].
Therefore Ng[x] \ {v} = Nglu] \ {v}. That is Ng,[z] = Ng,[u]. Therefore

ESv = ESv. Hence x € ESv. Therefore E¢ \ {v} C ES» for allu € V(G,). O

Theorem 2.2.3. Let G be a graph and v € V(G). Then ES\ {v} = ES* for all

u € V(G,) withv € ES.

Proof. Let u € V(G,) be such that v € ES. By theorem 2.2.2, ES \ {v} C ES».
To obtain the reverse inclusion, let € E¢*. Then Ng,[z] = Ng,[u].

That means,

Ne[2]\ {v} = Ne[u] \ {v} (2.1)

This implies, © € Ng[u]. Since Nglu] = Ng[v], © € Ng[v]. Hence v € Nglz].
Since v € EY, v € Ng[u]. Therefore, equation (2.1), implies that Ng[z] = Ng[u].

Therefore, ES* C EY \ {v}. Hence the theorem. O

2.3 Line Graph

This section deals with the neighborhood sigma algebra of the line graph of

a graph.
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2.3. Line Graph

Theorem 2.3.1. Let G be a graph with neighborhood sigma algebra P(V (G)).
If Ps is not a component of G and for n > 2, Ky, is not an induced subgraph of

G, then the neighborhood sigma algebra of L(G) is P(V(L(G))).

Proof. For x € V(L(G)), let Np[z] denote {z} U{u € V(L(G)) : u is

adjacent to = in L(G)}. Let e and f be two distinct vertices of L(G). Then
e and f are two distinct edges of G. Suppose Nple] = Np[f]. This implies e
and f are two adjacent vertices of L(G) and hence e and f are two adjacent
edges of G. With out loss of generality assume that e = uv and f = vw, where
u, v, w € V(G). Suppose u and w are adjacent in G. Since Ng[u] # Nglw],
there exists x € V(G) such that = belongs to Ng[u] or Ng[w] but not both.
If x € Nglu], ur € Nple] and uz ¢ Ni[f]. If x € Nglw], we € N[f] and
wz ¢ Nple]. This will imply Ny[e] # Np[f]. Therefore u and w are not adjacent
in G. It is given that Pj3 is not a component of GG. Therefore, in G, u, v or w is
adjacent to a vertex in V(G) \ {u, v, w}. Since K3, is not an induced subgraph
of G, we can say that, in G, u or w is adjacent to a vertex z € V(G) \ {u, v, w}.
If uz € E(G), then uz € Niple] but ux ¢ Np[f], which is a contradiction. A

similar contradiction arises when wxz € E(G). Hence the theorem. ]

Corollary 2.3.2. (1). The neighborhood sigma algebra of L(C,,) is P(V(L(C}))),

for alln > 3.

(2). The neighborhood sigma algebra of L(P,) is P(V(L(P,))), for all n > 3.
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2.4 Middle Graph

In this section we determine the neighborhood sigma algebra of the middle

graph of a graph.

Theorem 2.4.1. Let G be a graph and M(G) be its middle graph. Then the
neighborhood sigma algebra of M(G) is P(V(M(G))). In particular every func-

tion on V(M (G)) is measurable.

Proof. For x € V(M(QG)), let Nys[z] denote {z} (J{u € V(M(G)) : u is

adjacent to x in M(G)}. Let u and v be two distinct vertices of M(G). We
consider three cases.

Case 1. u € V(G) and v € E(G).

Let v = zy with z,y € V(G). Then Ny [u] = {u} | J{f € E(G) : f is incident with
win G} and Ny [v] = {v,z,y} U{f € E(G) : f is adjacent to v in G}. Therefore
Nyr[u] # Nplv].

Case 2. u,v € V(G) .

Then Njlu] # Nas[v], because no two vertices of G are adjacent in M(G).
Case 3. u,v € E(G).

Let w = wjvy and v = uguy with uy, vy, us,ve € V(G). Then Nyfu| contains
both u; and v;. But, as u # v, not both u; and vy are in Nys[v]. Therefore
Nrlu] # Nagv].

Hence Ny/[x] and Ny [y] are distinct for any two distinct vertices z,y of M(G).

Therefore the neighborhood sigma algebra of M(G) is P(V(M(G))). O
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Note 2.4.2. Let G be a graph with two vertices u and v such that N[u] =

N[v]. Then G is not middle graph of any graph.

2.5 Total Graph

This section is devoted to determine the neighborhood sigma algebra of the

total graph of a graph.

Theorem 2.5.1. Let G be a graph such that every component of G is different
from Py and T(G) be its total graph. Then the neighborhood sigma algebra of

T(G) is P(V(T(G))).

Proof. If G = lgn, n = 1,2, ... then the result is obvious. Suppose that G # lgn
for every n. Then n(G) > 3. For x € V(T(G)), let Nr[z] denote {z} | J{u €
V(T(G)) : u is adjacent to x in T'(G)}. Let u and v be two distinct vertices of
T(G). We consider the following cases.

Case 1. u,v € E(G).

Let u = ujv; and v = uguy with uy, vy, us, vy € V(G). Then uy,v; € Nr[u]. But
not both of them belongs to Nr[v]. Therefore Nr[u] # Nr[v].

Case 2. u € V(G) and v € E(G).

If possible assume that Np[u] = Np[v]. Then v is incident with u in G. Let
v =uw, w € V(G). If w # w is adjacent to v in G then w' € Nr[u|. But
w' ¢ Nr[v]. Hence in G, u is adjacent to w only. That means u is an end vertex.

Suppose v is adjacent to an edge v’ in G. Then w is not incident on v’ since u is an
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2.6. 1l-quasi-total Graph and 2-quasi-total Graph

end vertex. Hence v € Nr[v] but v' ¢ Nr[u]. So there does not exist v' € E(G),
adjacent to v in G. This will imply P, is a component of GG, a contradiction.
Case 3. u,v € V(G).

If possible assume that Nr[u] = Np[v]. This implies u and v are adjacent in G.
Suppose there exists w(# v) in V(G) which is adjacent to u in G. Then e = uw
will be an edge in G such that e € Nr[u] but e ¢ Np[v]. Therefore in G, u is
adjacent to v only. Hence u is an end vertex of (G. Similarly we can prove that
v is an end vertex of G. Hence P, is a component of (G, a contradiction.

Thus if P, is not a component of G, then Nyp[x] # Nrly| forz #y € V(T(G)). O

Corollaries 2.5.2 and 2.5.3 are immediate consequences of Theorem 2.5.1.

Corollary 2.5.2. Since T'(P) is K3 we have: Let G be a graph such that no
component of G is Ks. If there exists two wvertices uw and v in G such that

Nlu] = N[v] . Then G is not total graph of any graph.

Corollary 2.5.3. Let G be the total graph of a graph such that no component of

G is K3. Then all functions defined from V(G) are measurable.

2.6 1-quasi-total Graph and 2-quasi-total Graph

This section deals with the neighborhood sigma algebras of 1-quasi-total

graph and 2-quasi-total graph of a graph.

Definition 2.6.1. [25] Let G be a graph. The 1-quasi-total graph, Q:(G),
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of G is the graph with vertex set V(G)|J F(G) and in which two vertices u and

v are adjacent if they satisfy one of the following conditions:

(1). uw, v are in V(G) and u, v are adjacent in G.

(2). u, v are in E(G) and u, v are adjacent in G.

Y
€ €,
v, \A
s
K, Q(Ky)

Figure 2.7: Complete graph K3 and its 1-quasi-total graph Q1 (K3)

Theorem 2.6.2. Let G be a graph with neighborhood sigma algebra P(V(G)).
If Py is not a component of G and K, ,,, where n > 2, is not an induced subgraph

of G, then the neighborhood sigma algebra of Q1(G) is P(V(Q1(Q))).

Proof. 1-quasi-total graph Q(G) of the graph G is the disjoint union of G' and
its line graph L(G). By Theorem 2.3.1, neighborhood sigma algebra of L(G) is
P(V(L(G))). Therefore neighborhood sigma algebra of Q1(G) is P(V(Q1(G))).

O

Corollary 2.6.3. (1). The neighborhood sigma algebra of Q1(C,,) is P(V(Q1(Ch))),

for alln > 3.
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(2). The neighborhood sigma algebra of Q1(F,) is P(V(Q1(Fy))), for all n > 3.

Definition 2.6.4. [5] Let G be a graph. The 2-quasi-total graph, Q2(G),
of G is the graph with vertex set V(G)|J F(G) and in which two vertices u and

v are adjacent if they satisfy one of the following conditions:

(1) wand v are in V(G) and w and v are adjacent in G.

(2) wisin V(G), v is in E(G) and v is incident u in G.

Y
€ €
Y5 V3
3
Ky QK

Figure 2.8: Complete graph K3 and its 2-quasi-total graph Qs (K3)

Theorem 2.6.5. Let G be a graph without end vertices, then the neighborhood

sigma algebra of Q2(G) is P(V(Q2(G))).

Proof. For u € V(Q2(G)), let No,[u] = {u} U{v € V(Q2(G)) : v is adjacent to

u in Q2(G)}. Let v, e € V(Q2(G)) be such that v € V(G) and e € E(Q).
Suppose Ng,[v] = Ng,[e]. Then e and v are adjacent vertices in Q2(G). Then
from the definition of Q2(G), it is clear that v is incident on e in G. Let e = uv,

u € V(G). Since G does not have end vertices, in G, v is adjacent to a vertex
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2.6. 1l-quasi-total Graph and 2-quasi-total Graph

z € V(G) \ {u}. Then x € Ng,[v], but ¢ Ng,le], which is a contradiction to

the fact that Ng,[v] = Ng,|e]. Hence Ng,[v] ¢ Ng,[e].

Suppose v; and vy be two distinct vertices of Q2(G) such that vy, vy € V(G).
Assume that Ng,[v1] = Ng,[v2]. This implies v; and v, are adjacent in G. Since
G does not have end vertices there exists a vertex, w € V(G) \ {v2} such that
w is adjacent to vy in G. Then e = vjw is an edge in G and hence it is a

member of Ng,[v1]. But then v, is not incident on e. So e ¢ Ng,[vs]. Therefore
N, [Ul} # N, [UZ]'

Suppose e; and ey be two distinct vertices of Q(G) such that ey, eo € E(G).
From the definition of Q2(G) it is clear that e; and eq are not adjacent in Q2(G).

Therefore Ng,[e1] # Ng,|es2]. This completes the proof. O

Corollary 2.6.6. (1). The neighborhood sigma algebra of Q2(Cy,) is P(V(Q2(Ch))),

for alln > 3.

(2). The neighborhood sigma algebra of Q2(K,,) is P(V(Q2(K,))), for alln # 2.
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Chapter 3

Neighborhood Sigma Algebras of Join

and Products of Two Graphs

In this chapter we discuss the neighborhood sigma algebra of join of two

graphs and that of different products of two graphs.

3.1 Join of Two Graphs

This section deals with the neighborhood sigma algebra of join of two graphs

Notation 3.1.1. For any graph G, D¢ denotes the set {v € V(G) : dg(v) =

n(G) —1}.

Theorem 3.1.2. Let G; and Go be two vertex disjoint graphs and J be their

join. Then fori=1,2 andv € V(G;), E} = ESi ifv ¢ Dg,.
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Proof. Let v € V(G1) be such that dg, (v) # n(Gy) — 1.

First of all note that no vertex of G belong to E. If possible let the vertex
w of Gy belong to E/. Then V(G;) C Nj[w] = Nj;[v], a contradiction. Thus
E/ CcV(Gy).

Let u be a vertex GG;. Then,

we ES & E9 = E&

& Ng,[u] = Ng, [v], by Theorem 2.1.14.
& Ng, [u] UV (Gs) = Ng, [v] UV (Gs)

& Nyfu] = Ny[v]

& uweER

Thus E/ = ES.
A similar argument shows that if v € V(G3) and dg,(v) # n(Gg) — 1, then

EJ = ES2. Hence the theorem. O
Note 3.1.3. If Dg, =0 for i = 1,2 and v € G, then E/ = E¢:.

Theorem 3.1.4. Let G and H be two vertex disjoint graphs and J be their join.

Let v € V(G) be such that v € Dg. Then E! = ES|J Dy.

Proof. Let v € V(G) be such that dg(v) = n(G) — 1 and u € ES. Then Ng[u] =
Ne¢lv]. Since Nj[u] = Ng[u] UV (H) and N;[v] = Ng[v] UV (H), Ns[u] = N;[v].

Hence u € E/. Therefore ES C E’. Suppose u € V(H) and dy(u) = n(H) — 1.
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Then
Nylu] = Nylu]UV(G)

— VH)UV(Q).

Also
Nylv] = Ngl]UV(H)

= V(G)UV(H)

Thus Nj[u] = Ny[v]. Hence u € E/. Therefore Dy C E.

To prove the reverse inclusion, let u € E. Then Nj[u] = N;[v] and u € V(G)
or V(H). Let u € V(G). Since Ng[u] and Ng[v] are disjoint from V(H) and since
Ng[u]UV (H) = Ny[u] = Ny[v] = Ng[v]UV(H), Nglu] = Ng[v]. Hence u € ES.
Suppose u € V(H). Hence Ny [u]|JV(G) = Nyu] = Ny[v] = Ngv]UV(H) =
V(G)UV(H). Hence Ny[u] = V(H). That is dy(u) = n(H) — 1. Therefore

EJ = ES\JDy. u

Theorem 3.1.5. Let Gy and Gy be two vertex disjoint graphs. Also let fi be
a measurable function defined from V(Gy) into [0,1] and fo be a measurable

function defined from V(Gs) into [0, 1].

(i) If Dg, =0 or Dg, =0 , then the function g : V(G1V Gg) — [0, 1] defined

by,
fi(v) ifveV(Gy)

fa(v) ifv e V(Gs)

g(v) =

is a measurable function.
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3.1.  Join of Two Graphs

(ii) If Dg, # 0 and Dg, # 0, then the function h : V(G1VGy) — [0, 1] defined

by,

(

fiv) ifveV(G)\ Dg,

h(v) =< fo(v) ifveV(Gy)\ De,

rs ZfUEDGltJl)G2

\

where r is the value of f1 on Dg, and s is the value of fy on Dg,, is a

measurable function.

Proof. (i) Suppose Dg, = 0 or Dg, = 0.

To prove g is measurable it is enough to prove that g is constant on E7
for all v € V(G V G3) by theorem 2.1.25. Assume that Dg, = 0. Let
v € V(Gy). Then E/ = ES, by Theorem 3.1.2. Also g = f; on V(G,).
Since f; is measurable, f; is constant on EY1. This implies g is constant
on EJ. Let v € V(Gy). If v ¢ Dg,, E/ = ES, again by Theorem 3.1.2.

Also g = f, on V(G5). Since f, is measurable, f, is constant on ES2. This

implies g is constant on E’. If v € Dg,,

E] = E?UDqg,

= E%, since Dg, = 0.

v

Also g = f, on Gy. Since f, is measurable, f, is constant on E2. This
implies g is constant on ES2. Therefore g is constant on E7 for all v €

V(G V Ga).
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3.2.  Graph Products

3.2

Similarly, if Dg, = () we can also prove that g is constant on E/ for all

NS V(Gl V Gg)

Suppose Dg, # 0 and Dg, # (. Let v € V(Gy V Gs). Without loss of
generality suppose that v € V(G,). If v ¢ Dg,, B/ = ES1, by Theorem
3.1.2. Let u € EY'. Then Ng,[u] = Ng,[v]. Therefore dg, (u) = dg, (v).
Hence u ¢ Dg,. This implies ESt C V(G4) \ Dg,. Therefore h = f; on
ES1. Since f) is measurable, f is a constant on ES1. Hence h is a constant
on E¢1. If v € Dg,, then E/ = E%|JDg,, by Theorem 3.1.4. Since
v € Dg,, ES* = Dg, by Theorem 2.1.27. Therefore E/ = Dg, | Dg,.
Since h(u) = rs for all u € E7, h is a constant on E/. Hence h is a

constant on E7 for all v € V(Gy). Similarly we can prove that h is a

constant on E7 for all v € V(G5) also. Hence h is measurable.

Graph Products

A graph product of two graphs G and H is a new graph whose vertex set

is V(G) x V(H) and for any two vertices (g,h) and (g,h") in the product,

the adjacency is determined entirely by the adjacency of g and ¢  in G and

that of h and A" in H. The commonly used graph products are lexicographic

product, tensor product, Cartesian product, normal product, co-normal product

and homomorphic product. In this section the neighborhood sigma algebras of
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3.2.  Graph Products

these graph products are determined.

3.2.1 Lexicographic Product

The lexicographic product [17] G1[Gs] of two graphs G and Gy is the graph
with vertex set V(G1) x V(G3) and two vertices (uy, v1) and (ug, vo) are adjacent

in Gl[GQ] if either U1 € E(Gl) or U; = Uy and v ve € E(Gg)

From the definition of the lexicographic product Gi[Gs] of the graphs G,
and G, it is clear that N[(u,v)] = (N(u) x V(G2)) J({u} x N[v]), for (u,v) €

V(G1[Ga]).

Theorem 3.2.1. Let Gy and Go be two graphs and (u,v), (z,y) € V(G1[Gs]).

Then N[(u,v)] = N[(x,y)] if and only if one of the following conditions holds:
(1)u =z and N[v] = N[y|

(i) N[u] = N[z] and Nlv] = N[y = V(G»)

Proof. Suppose that N[(u,v)] = N[(z,y)]. Then (u,v) and (x,y) are adjacent in
G1[Gs]. Therefore uw = x or u and z are adjacent. Suppose u = z. Then let, if
possible, w € N[v]\N[y| (or w € N[y]\ N[v] ). Then (u,w) € N|(u,v)]\N[(x,y)]

(or (u,w) € N[(z,y)] \ N[(u,v)]), a contradiction. Therefore N[v] = Ny].

Suppose u # x. Then u and x are adjacent. Let, if possible, z € Nlu] \
Nlz] (or z € Nlz] \ N[u| ). Then (z,v) € N|[(u,v)] \ N[(z,y)] (or (z,y) €
N[(z,y)] \ N[(u,v)]), a contradiction. Therefore N[u| = N|x]. Let, if possible,

w € V(G2)\ N[v]. Then (u,w) € N|[(z,y)]\ N[(u,v)], a contradiction. Therefore
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3.2.  Graph Products

N[v] = V(G3). Similarly we can prove that Ny] = V(G3).
Conversely assume that either (i) or (ii) holds.

If (i) holds then,

N{(w,v)] = (N(u) x V(G2)) U{{u} x Nv])

= (N(z) x V(G2)) U{{z} x Ny])

= N{(z,y)]
If (ii) holds then,
N[(u,v)] = (N(u) x V(G2)) U({u} x Nv])
= (N(u) x V(G2)) U{{u} x V(Go))
= Nlz] x V(G3)

= (N(z) x V(G2)) U({z} x V(Ga))
= (N(z) x V(G2)) U{z} x Nly])

= Nl(z,y)]
Hence the theorem. O

Lemma 3.2.2. Let G; and Gy be two graphs with (u,v) € V(G1[Gs]). Then

E(uﬂ,) - Eu X Ev.

Proof. Let (u',v") € Ey). Then N[(u/,v")] = N[(u,v)]. Therefore by Theorem

3.2.1, either v’ = wand N[v'| = N[v] or N[v/] = N[u] and N[v'| = N[v] = V(G2).
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3.2.  Graph Products

In both the cases it is clear that v’ € E, and v' € E,. Hence the lemma. O]

Remark 3.2.3. There are graphs in which the inclusion in the Lemma 3.2.2 is

strict.

To see this consider the graphs in Figure 3.1.

ul Vl
V2
u V3
(UZ’VI ) (u2’V2) (UZ’VS)
Gy G, G1[G,]

Figure 3.1: Lexicographic product of the graphs G; and G5

Since uy € E,, and vy € E,, (uz,v1) € By, X Ey. But (ug,v1) € Epuy 1),
because (uy,v3) € N[(uz,v1)] \ N[(ur,v1)].
Definition 3.2.4.  [23] Suppose (X,S) and (Y,T) are two measurable

spaces. A measurable rectangle is any set of the form A x B, where A € S and

Bel.

Definition 3.2.5. [23] Suppose that (X, S) and (Y, T') are two measurable
spaces. The product sigma algebra S x T is defined to be the smallest sigma

algebra in X x Y which contains every measurable rectangles.

Proposition 3.2.6. Let Gy and Gy be two graphs. Then Ag, X Ag, C Ag,(cs]-
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3.2.  Graph Products

Proof. For i = 1,2, any element of Ag, can be written as the disjoint union
of elements of the collection {E, : u € V(G;)}. Therefore the generating sets
of Ag, X Ag, can be written as the disjoint union of elements of the collection
{E, X E, :u € V(G;) and v € V(G3)}. Also Ag, x Ag, contains {E, x E, :
u € V(G;) and v € V(G3)}. Therefore to prove the proposition it is enough to

prove that E, x E, € Ag,a,) for all (u,v) € V(G1) x V(Ga).

Let (u,v) € V(Gy) x V(Gsg). Also let (z,y) € E, x E,. Then x € E, and
y € E,. This implies E, = F, and E, = E,. Therefore, by Lemma 3.2.2, E, ,) C
E,xE, = E,x E,. Hence for (u,v) € V(G;) xV(Gs), E, x E, can be written as
countable disjoint union of the collection {E, ) : (z,y) € E, x E,}. Therefore

E. x E, € Ag,ja,) for all (u,v) € V(G1) x V(G2). Hence the proposition. [

Remark 3.2.7. The reverse inclusion in Proposition 3.2.6 is not true in general.

To see this consider the graphs in Figure 3.1.
{(ur,m)} € Ag,cs)- As every measurable set in Gy containing uy also contains
ug, every element in Ag, X Ag, containing (uy,v1) also contains (ug,v1). Thus

{(ulvvl)} ¢ AGl X 'AG2'

Proposition 3.2.8. Let Gy and Gy be two graphs. Also let f : V(Gy) — [0, 1]
and fy : V(Gg) — [0,1] be two measurable functions. Then the function f :

V(G1]Ga]) — [0, 1] defined by f((u,v)) = fi(u)f2(v) is measurable.

Proof. Let (u,v) € V(G1[Gs]) and (uv',v") € Ew. Then (v/',v") € E, x E, by

Lemma 3.2.2. This implies ' € E, and v € E,. Hence f;(v') = fi(u) and
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fa(v") = fa(v). Therefore f((v',v")) = f((u,v)). Hence by Proposition 2.1.25,

f is measurable. O

3.2.2 Tensor Product

The tensor product [19] G; ® Go of two graphs G and G is the graph with
vertex set V(G1) x V(Gy) and two vertices (uq,v1) and (ug, v2) are adjacent in

G ® Ga if ujuy € E(Gl) and vivy € E(Gg)
It is clear that, N[(u,v)] = {(u,v)} J(N(u) x N(v)), for (u,v) € V(G ®@Gs).

Hence, if u is an isolated vertex of Gy or v is an isolated vertex Gy, then (u,v)

is an isolated vertex of G; ® (.

Theorem 3.2.9. Let Gy and G5 be two graphs. Suppose u and v are distinct non
isolated vertices of G1 and x and y are distinct non isolated vertices of Go. Then
N{(u,v)] = Nl(z,)] if and only if Nlu] = Nla] = {u.z} and N[v] = N[y| =

{v,y}.

Proof. Let N[(u,v)] = N[(z,y)]. Then u is adjacent to z and v is adjacent to
y. Let, if possible w(# u) € N[u] \ N[z]. Then for any z € N(v), (w,z) €
N[(u,v)] \ N[(z,y)], which contradicts the assumption N[(u,v)] = N[(z,y)].

Therefore N[u] = N|z].

If possible, let p(s x) € N(u). Then (p,y) € N[(u,v)]. But (p,y) ¢ N[(z,y)].
Hence N[u| = N[z] = {u,x}. Similarly we can prove that N[v] = N[y] = {v,y}.
Conversely assume that N[u| = N[z] = {u,z} and N[v] = N[y| = {v,y}.
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Then,
N{(w,v)] = {(u,v)} UN(u) x N(v))
= {(w,v)}U{(z,9)}
= {(u,v),(z,9)}
and
Nl(z,y)] = {(z.9)}UN(z) x N(y))
= {(z9)} U{(u, v)}
= {(z.y), (v,v)}
This completes the proof. 0

Corollary 3.2.10. Let G and G5 be two graphs. If Gy or Gy does not have Py as

a component then the neighborhood sigma algebra of G1 ® Go is P(V(G1 ® G2)).

Note 3.2.11. Let G; and G4 be two graphs. For two distinct vertices v and x
of G and for two distinct vertices v and y of G, the conditions N[u] = N[z| in G,
and N[v] = N[y] in Gy are not sufficient to guarantee that N|[(u,v)] = N[(z,y)]
in G ® Gs.

For example consider Ky ® K3.
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u V1 (upvp) (uevy) (U5V3)
1
u V) V3
(UZ’VI) (u2’V2) (U2aV3)
K2 K3 K, ®Kj

Figure 3.2: Tensor product of Ky and K3

Here N[uj] = Nug] in Ky and N[v;] = Nlvg] in K. But N[(uj,vq)] #

N[(UQ,UQ)] in K2 (24 Kg.
Lemma 3.2.12. Let G| and Gy be two graphs with (u,v) € V(G @ Gy). Then

E(uﬂj) - Eu X EU.

Proof. 1f u is an isolated vertex of G or v is an isolated vertex of G, then (u,v)
is an isolated vertex of Gy ® G. In this case E,,) = {(u,v)}. Suppose u and v
are two non isolated vertices of G and G respectively. If (v/,v") € E(,.), then
N[(u',v")] = N(u,v)]. Therefore by Theorem 3.2.9, N[u] = N[u'] = {u,«'} and

N[v] = N[v'] = {v,v'}. So, v € E, and v' € E,. Hence the lemma. O
Remark 3.2.13. The reverse inclusion in Lemma 3.2.12 is not true in general.

For example consider the graphs in Figure 3.3.
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uy v
V2
uy v,
(U:V1) (uy.v5) (uy,V3)
G, G, G1®G,

Figure 3.3: Tensor product of the graphs GG; and Go

Since ug € E,, and vy € E,, (uz,v1) € Ey, X E,,. But (uy,vs) € N(ug,v1)]

and (u1,v2) & N[(ur,v1)]. Therefore (ug,v1) & Eguy )

Proposition 3.2.14. Let Gy and Gy be two graphs. Then Ag, X Ac, C Acyea,-

Proof. Similar to the proof of Proposition 3.2.6 ]

Remark 3.2.15. The reverse inclusion in Proposition 3.2.14 is not true in gen-

eral.

Consider the graphs in Figure 3.3. By the same arguments in Remark 3.2.7,

we get Agiec, € Ac, X Ag,.

Proposition 3.2.16. Let Gy and Gy be two graphs. Also let f1 : V(G1) —
[0,1] and fy : V(G2) — [0,1] be two measurable functions. Then the function

f V(G ® Gg) — [0, 1] defined by f((u,v)) = fi(u)fo(v) is measurable.
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Proof. For (u,v) € V(G ® G3), B € Ey x E,. Hence the proof is similar to

the proof of Proposition 3.2.8. O]

3.2.3 Cartesian Product

The Cartesian product [16] G x G of two graphs G and Gs is the graph
with vertex set V(G;) x V(G2) and two vertices (u1, v1) and (ug, v9) are adjacent
in G7 X Gy whenever u; = uy and v; adjacent to vy in G5 or u; adjacent to usy in

Gy and v; = vs.

For (u,v) € V(G x Ga), N[(u,v)] = ({u} x N[v]) J(N[u] x {v}).

Theorem 3.2.17. Let Gy and Gy be two graphs. Suppose (u,v) and (x,y) are
two distinct vertices of Gy X Ga. Then N|(u,v)] = N[(z,y)] if and only if one of

the following conditions holds:

(1) u =z, u is an isolated vertex of Gy and N[v] = N[y]
(17) v=1y, v is an isolated vertex of Gy and N[u] = N|x].
Proof. It N|(u,v)] = N[(x,y)], then (u,v) is adjacent to (z,y). Therefore either

U =2 orv=y.

Suppose that u = z. Then v # y since (u,v) # (z,y). If there exists a vertex
w € N(u), then (w,v) € N[(u,v)]. But (w,v) ¢ N[(z,y)]. Hence u is an isolated
vertex of G. If N[v] # N[y|, then without loss of generality we can assume that

there exists a vertex z € N[v] \ N[y]. Then (u,z) € N|[(u,v)] \ N[(x,y)]. Thus
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If v =y, then u # x since (u,v) # (x,y). Then proceeding as above we can
prove that v is an isolated vertex of Gy and N[u] = N|x].

Conversely if condition (i) holds, then

Ni(uw,v)] = ({u} x No]) U(N[u] x {v})
= ({up x Np)U({u} x {v})
= {u} x N[v]
= {z} x N[y|
= ({z} x Nyh Uz}t < {y})
= ({2} x Ny U] x {y})

= Nl(z,y)]

Similarly we can show that condition(ii) also implies N|[(u,v)] = N[(z,y)]. Hence

the theorem. O]

Corollary 3.2.18. If two graphs G and Gy have no isolated vertices then the

neighborhood sigma algebra of G x Gg is P(V(G1 x Ga)).

Corollary 3.2.19. If G, is a graph with neighborhood sigma algebra P(V (Gy))
and Gy is a graph with neighborhood sigma algebra P(V (G3)), then neighborhood

sigma algebra of G1 x Gy is P(V(Gh x G3)).

Lemma 3.2.20. Let Gy and Gy be two graphs with (u,v) € V(Gy x G3). Then

E(u,v) CE,xE,.

Proof. Let (u',v") € Eq,,), then N[(v',v")] = N[(u,v)]. Therefore by Theorem
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3.2.17, N[u] = N[v/] and N[v] = N[V']. So, v’ € E, and v' € E,. Hence the

lemma. O

Remark 3.2.21. The reverse inclusion in Lemma 3.2.20 is not true in general.

Consider the graphs given in Figure 3.4.

UV (ugsvy) (uy.vy)

ul Vl
V2
u2 V3
(u2’V1 ) (UZ,VZ) (UZ5V3)
G, Gy GxG,

Figure 3.4: Cartesian product of the graphs G; and G,

Ew, vy = {(u,m)} and E,, x E,; = {(u1,v1), (uz,v1)}.

The following two propositions can be proved as in the proofs of Propositions
3.2.6 and 3.2.8.
Proposition 3.2.22. Let G1 and Gy be two graphs. Then Ag, X Ac, C Ag,xG,-

Proposition 3.2.23. Let Gy and Gy be two graphs. Also let fi : V(Gy) —
[0,1] and fy : V(Gy) — [0, 1] be two measurable functions. Then the function
f:V(Gy x Gg) — [0,1] defined by f((u,v)) = fi(u)f2(v) is measurable.
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Remark 3.2.24. The reverse inclusion in Proposition 3.2.22 is not true in gen-
eral. For example consider the graphs in Figure 3.4. By the same arguments in

Remark 3.2.7, we get Ag,xc, € Ac, X Ag,-

3.2.4 Normal Product

The normal product [24] G1 K G5 of two graphs G; and Gy is the graph with
vertex set V(Gy) x V(Gz) and two vertices (uy,v1) and (ug, ve) are adjacent in

G X Gy if one of the following conditions holds:

(1) Uy = Uz and V1Vg € E(Gg)
(ii) wug € E(Gy) and vy = vy

(i) wyus € E(Gy) and v1v9 € E(G3).

For (u,v) € V(G1KG3), N|(u,v)] = N[u]x N[v]. Hence we have the following

theorem.

Theorem 3.2.25. For the graphs Gy and G, let (u,v) and (x,y) be two distinct
vertices of V(G1 B Gs). Then N|(u,v)] = N[(z,y)] if and only if Nju] = N|z]

and N[v] = Nly|.

Proof.

N{(u,v)] = Nl(z,y)] & Nlu] x Nfo] = N[z] x N[y]

<  Nlu] = N[z] and N[v] = N[y]
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]

Lemma 3.2.26. Let G, and Gy be two graphs with (u,v) € V(Gy X Gy). Then

E(uﬂ,) = Eu X Ev.

Proof.

(u',v') € B, x E, v € E, and v € E,

E,=F,and E, = FE,

N[u'] = Nu] and N[v'] = N[v]

N[(u',v")] = N|(u,v)], by Theorem 3.2.25.

Ew vy = Euw)

t ¢ ¢ T 2

(u’, UI) € E(u,v)

Hence the lemma. O]

Proposition 3.2.27. Let Gy and Gy be two graphs. Then Ag, X Ag, = Acixa,-

Proof. Any element of Ag, can be written as the disjoint union of elements of the
collection {E, : v € V(G1)} and any element of Ag, can be written as the disjoint
union of elements of the collection {E, : v € V(G3)}. Therefore the generating
sets of Ag, X Ag, can be written as the disjoint union of elements of the collection
{E,xE,:u€V(Gy)and v € V(G2)}. But we have E,,) = E, X E, by Lemma
3.2.26. Therefore all generating sets of Ag, x Ag, belong to Ag,xqg,. Hence

A, X Ag, € Agixc,-
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Any element of Ag,mg, can be written as the disjoint union of elements of
the collection {E(,. : (u,v) € V(G1 W Gy)}. Since Ey,,y = E, x E, for all

(u,v) € V(G1 ®Gy), it is clear that Ag,xa, C Ag, X Ag,. O

Proposition 3.2.28. Let Gy and Gy be two graphs. Also let f; : V(G1) —
[0,1] and fy : V(Gy) — [0, 1] be two measurable functions. Then the function

f:V(G1®Gy) — [0,1] defined by f((u,v)) = fi(u)fo(v) is measurable.

Proof. To prove f is measurable it is enough to prove that f is constant on £, )
for each (u,v) € V(G1 X Gy). Since f; and fy, are measurable functions, f; is a
constant on F, for each u € V(Gy) and f; is a constant on E, for each v € V(Gy).

Therefore f is a constant on E, X E, = E(,,), for each (u,v) € V(G; X G,). O

3.2.5 Co-normal Product

The co-normal product [2] G * G4 of two graphs G and Gy is the graph with
vertex set V(G1) x V(Gy) and two vertices (uq,v1) and (ug, v2) are adjacent in

G1 % Gy if either uyuy € E(Gy) or vivy € E(Gy).

This section deals with the neighborhood sigma algebra of co-normal product
of two graphs. It is clear that for (u,v) € V(G1xG2), N[(u,v)] = {(u,v) } J(N (u)x

V(G2)) U(V(G1) x N(v)).

Theorem 3.2.29. Let (uy,v1) and (ug,vs) be two distinct vertices of G1 * Gs.

Then N|(u1,v1)] = N[(uz,ve)] if and only if one of the following conditions holds:
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(1) uy = ug, Nui] =V (Gy) and N[vi] = Nvg]
(13) Nlui] = Nlug], v1 = vg and N[vi] = V(G3)

(ZZZ) N[ul] - N[UQ] == V(Gl) and N[Ul] - N[’Ug] - V(GQ)
Proof. Suppose that N[(u1,v1)] = N(uz, v2)].

Let uy = us = u. Since N|[(uy,v1)] = N[(u2,v2)], v1 adjacent to vy. Sup-
pose N[u] # V(G1). Then there exists v € V(G1) \ N[u] such that (u',v;) €
N[(u,v1)] \ N[(u,v9)], a contradiction. Therefore N[u] = V(G;). Suppose
N[vi] # N[vs). Without loss of generality, assume that there exists v € V(Gs)
such that v" € N[v;] \ N[va). Then (u,v’) € N|[(u,v1)] \ N[(u,v3)], a contradic-
tion. Hence N[vi] = N|vg).

Similarly, if v; = vy, we can prove that N[vi] = V(G3) and Nu;] = Nlus).

Suppose uy # uy and vy # ve. Since N|(uy,v1)] = N(ug, v2)], uy is adjacent
to ug or vy is adjacent to vy. Suppose u; is adjacent to uy. Assume that Nv| #
Nvy]. Without loss of generality, assume that there exists a v" € Nv1]\ N[vo].
Then (ug,v) € N[(ui,v1)] \ N[(uz,vs)], a contradiction. Therefore N[v,] =
Nvsy]. Suppose N[v;] # V(Gs). Suppose v* € V(Gs) \ N[v]. Then (ug,v”) €
N(uy,v1)] \ N[(ug,v2)], a contradiction. Hence N[vj] = N[vy] = V(G3). This
implies v; adjacent to v, also. Proceeding in the similar manner we get Nu,| =

Nluz] = V(Gy).

Conversely assume that condition (i) holds. Suppose u; = us = u. Since

(u1,v1) and (ug,vy) are two distinct vertices of G x G, v1 # v9 and vy adjacent
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to vy. Therefore, for i = 1,2

N{(w,vi)] = {(u,0:)} UN () x V(G2)) UV(G1) x N(vi))
= {(w, o) UV(G1) \ {u}) x V(G2)) UV (Gr) x N(v))
= ({u} x N ) U((V(G1) \ {u}) x V(Ga))

By condition (i), N[v1] = N[ve]. Thus N[(u,v1)] = N[(u, vs)]. Similarly we can
show that condition(ii) also implies N[(u1,v1)] = N[(ug,v2)]. Suppose condition

(iii) holds. Then for i = 1,2

N{(ui,v)] = {(wi,vi)} UN (w;) x V(G2)) U(V(G1) x N(vy))
= {(w, v) FUV(G1) \ {wi}) x V(G2)) U(V(G1) x (V(G2) \ {vi}))
= (V(G1) x V(G2))

Hence the theorem. O]

The following corollaries are immediate consequences of the Theorem 3.2.29.

Corollary 3.2.30. Let G1 and Gy be two graphs and (u,v) € V(G * G3).

Then,

D¢, x D, ifu € Dg, andv € Dg,
{u} x E, ifuée Dg, andv ¢ Dg,

E, x{v} ifud¢ Dg, andv € Dg,

| {(@.v)} ifug D, andv ¢ De,

Corollary 3.2.31. Let Gy and Gy be two graphs with Dg, = Dg, = 0. Then

the neighborhood sigma algebra of G1 * Gy is P(V(G1 * G3)).
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Corollary 3.2.32. Let G1 be a graph with neighborhood sigma algebra P(V (G1))
and Gy be a graph with neighborhood sigma algebra P(V(Gs)), then the neigh-

borhood sigma algebra of Gy x Gy is P(V(Gy * G2)).
Proposition 3.2.33. Let Gy and Gy be two graphs with (u,v) € V(Gy * Ga).

Then E(u,v) - Eu X Ev.

Proof. Let (u',v") € E(,y). Therefore N[(u',v")] = N[(u,v)]. Hence by Theorem
3.2.29, N[u'| = N[u] and N[v'| = N[v]. Therefore v’ € E, and v' € E,. Hence

the proposition. O

Remark 3.2.34. The reverse inclusion in Proposition 3.2.33 is not true in gen-

eral. Consider the graphs in Figure 3.5.

(u17V1) (ul’VZ) (U13V3)

uy Vi
V2
Uy V3
(Uy-vp) (up.vy) (uy.V3)
G, G, Gy*G,

Figure 3.5: Co-normal product of the graphs G'; and G4

Since uy € By, and vy € E,, (ug,v1) € Ey, X By, . But (ug,vs) € N|[(ug,v1)]\
N{(ur,v1)]. Therefore (ug,v1) & Euyv)-
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The following proposition can be proved using the techniques of the proof of

Proposition 3.2.6.
Proposition 3.2.35. Let Gy and Gy be two graphs. Then Ag, X Ag, C Acy«cs-

Remark 3.2.36. The reverse inclusion in Proposition 3.2.35 is not true in gen-
eral.
To see this consider the graphs in Figure 3.5. By the same arguments in Remark

3.2.7, we get Agicy, € Ay X Acg,.

Proposition 3.2.37. Let Gy and Gy be two graphs. Also let f; : V(G1) — [0, 1]
and fo : V(Gy) — [0,1] are two measurable functions. Then the function

f V(G xGy) — [0,1] defined by f((u,v)) = fi(u)fa(v) is measurable.

Proof. For (u,v) € V(G * G2), Eqv) C Ey x E,. Therefore the proof is similar

to the proof of Proposition 3.2.8. ]

3.2.6 Homomorphic Product

The homomorphic product [18] G x G4 of two graphs G and Gs is the graph
with vertex set V(G1) x V(Gs) and two vertices (ug, v1) and (ug, v9) are adjacent
in G X GG if either u; = uy or u; is adjacent to us and vy is not adjacent to vs.

It is clear that for (u,v) € V(G; x Gs), N[(u,v)] = ({u} x V(G2)) J(N (u) x
N(v)°), where N(v)¢ denotes the complement of N(v) in V(Gy).

Theorem 3.2.38. Let G and Gy be two graphs. If (uy,v1) and (ug,ve) are two
distinct vertices of G1 X Gy, then N|(uy,v1)] = N[(u2,v2)] if and only if one of
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the following conditions holds:

(1) uy = ug and uy is an isolated vertexr of Gy
(73) uy = ug, uy is a non isolated vertex of Gy and N(vy) = N(vq)
(7i1) wy is adjacent to ug, Nuj] = Nug| and vy and vy are isolated vertices

Of GQ.

Proof. Suppose that N[(uy,vi)] = NJ(ug,v2)]. Then either uy = uy or uy is

adjacent to us.

Suppose u; = us = u and u is a non isolated veretx of G;. Then there exits
w € N(u). Assume that N(v;) # N(ve). Without loss of generality assume
that there exists a vertex v € N(vy) \ N(vg). Then (v/,v") ¢ Nl(u,v;)] and

(u',v") € N|[(u,vq)], a contradiction. Therefore in this case N(v1) = N(vs).

Suppose u; is adjacent to wug. If Nfui| # Nlug], without loss of general-
ity assume that there exists a vertex u’ which belongs to N[u;] \ N[uz]. Then
(u',v1) € N[(ug,v1)] \ N[(uz,v2)], a contradiction. Therefore Nu;] = Nluy]. If
v1 is not an isolated vertex of Gg, then N(vy) # 0. Let v € N(vy). This implies
(ug, v") € N[(uz,v2)] \ N|(u1,v1)], a contradiction. Hence v; is an isolated vertex

of GG5. Similarly, we can prove that v, is also an isolated vertex of G.

Conversely assume that condition (i) holds. Suppose u; = us = u. Since u is

an isolated vertex of Gy, N(u) = 0. Hence N|[(u,v1)] = {u} xV(G2) = N|(u,vq)].

Suppose condition (ii) holds. Then by the definition of G| x Go, N[(u1,v1)] =

N{(uz,v2)].
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Suppose condition (iii) holds. Since v; and vy are isolated vertices of G,

N(v1)¢ = N(v9)¢ = V(G2). Then,

N{ur, o] = ({un} x V(G2)) UWN (ur) x V(G2))

= Nlu] x V(G3))

By condition (iii) N[ui] = Nug]. This implies N[(u,v1)] = N[(u2,v2)]. Hence

the theorem. H

Corollary 3.2.39. If Gy and Gy are two graphs without isolated vertices and
N(v1) # N(vq), for all vi # vy € V(G3). Then the neighborhood sigma algebra

Of Gl X G2 18 P(V(Gl X Gg))

Notation 3.2.40. Let G be a graph and u € V(G). Then E! denotes
the collection {v' € V(G) : N(u) = N(u')} and Is denotes the collection of all

isolated vertices of G.

Corollary 3.2.41. Let Gy and Gy be two graphs and (u,v) € V(G; x G3).

Then,

(i) Ewwy = {u} x V(G2), if u is an isolated vertex of G.

(ii) Ewwy = {u} x B, if u is not an isolated vertex of Gy and v is not an

1solated vertex of G.

(iii) By = Ey X Ia,, if u is not an isolated vertex of Gy and v is an isolated

vertex of Gs.
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Note 3.2.42. Consider the graphs G, Gy and G X G4 in Figure 3.6.

ul Vl

)

UZ V3
G, G, G, X G,

Figure 3.6: Homomorphic product of the graphs G and G4

It is clear that Ey, ) = {(u1,v1), (u1,vs)} and By, x Ey, = {(u1,v1), (u2, v1)}-
Therefore, Ey, ) € Eu, X By, and Ey, X E,, € Eqyy 01).-

In fact Ag, x Ag, g Acixa, and Ag, xa, g A, X Ag,.

Eu1 X Ev1 € AGl X AGQ' If Eu1 X Evl € -AG1[><G2; then Eu1 X Evl N E(U1,v1) =
{(u1,v1)} will be a member of Ag,«c,- This will contradicts the fact that

Eu ) = {(u1,v1), (u1,v3)}. Therefore Ag, x Ag, ¢ AcixGs-

{(u1,v2)} € Ag,xG,- As every measurable set in G containing u; also con-
tains ug, every element in Ag, X Ag, containing (uy,vs) also contains (usg, vs).

Thus {(u1,v2)} ¢ Ag, X Ag,. Therefore Ag,va, € Ac, X Ag,.
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Chapter I

Common Neighborhood Polynomial of a

Graph

In this chapter we introduce a new type of graph polynomial called com-
mon neighborhood polynomial and discuss some of its properties. Neighborhood
unique graphs are also defined and a characterization of these types of graphs
is given. We also find the common neighborhood polynomial of middle graph,

total graph, 1-quasi-total graph and 2-quasi-total graph of a given graph.

4.1 Common Neighborhood Polynomial

Definition 4.1.1. The common neighborhood polynomial of a graph G,

denoted by P(G, ), is the polynomial defined by

n(G)

P(G,x) = Z a;x’,

=1
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where a; is the number of E,’s of cardinality 7 in Ag.

We use the abbreviation CNP for the common neighborhood polynomial.

Example 4.1.2. For the path P,

For the complete graph K,

P(K,,z) =2a" for alln > 1.

For the cycle C,, of order n > 3,

The CNP of the graph G in Figure 4.1 is 2% 4+ 2z and that of the graph H

given in Figure 4.2 is 222 + 4x.
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o=

Figure 4.1: Graph G

U, u6

Figure 4.2: Graph H

Proposition 4.1.3 is a direct implication of the definition of CNP.

Proposition 4.1.3. If a graph G has k components Gy, G, ..., Gy, then

P(G,z) = P(Gy,z) + P(Gs,x) + ...+ P(Gg, x).

n(G)
Proposition 4.1.4. Let G be a graph with P(G,z) = Z a;x’.

i=1
n(G) n(G)

Then n(G) = Z ia; and m(G) > a;

1

Q

i(i—1)
5

i=1 %

Proof. For 1 < i < n(G), a; is the number of E,’s of cardinality i in Ag. By
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Theorem 2.1.7, the family of all E,’s forms a partition of V(G). Hence we have
n(G)

n(G) = Z ;.

=1

The subgraph induced by FE, is a complete subgraph and the number of

edges in a complete subgraph with n vertices is ”(”2_1). Therefore, m(G) >
n(G)

i(i—1
Zai(2 ) ]

=1

n(G)

Proposition 4.1.5. If P(G,z) = Z a;z’ for some graph G, then for 1 < i <
i=1

n(G), G has a; vertex disjoint subgraphs, each is isomorphic to K; .

Proof. For 1 < i < n(G), a; is the number of E,’s of cardinality i in Ag. The
proposition now follows from the fact that E,’s are either identical or disjoint

and the subgraph induced by each FE, is a complete subgraph. ]

Note that for any graph G, P(G,x) is a non zero polynomial over the set
of non negative integers N J{0} without constant term, where N is the set of
all natural numbers. Thus if a polynomial over N J{0} has a constant term it
cannot be the CNP of any graph. On the other hand corresponding to every non
zero polynomial P over N J{0} without constant term, there exists a graph G
whose CNP is P.

For example if P(z) = Z a;z’, with each a; is a non negative integer for 1 < i <
n, then the graph G W;t:ﬁ exactly a; copies of K7, as copies of Ks,..., a, copies

of K, has the given polynomial as its CNP.

We summarize these facts as follows.

Proposition 4.1.6. Suppose P(x) is a non zero polynomial in x over N|J{0}
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with P(0) = 0. Then there exists a graph G such that P(G,z) = P(x).

The following proposition is an immediate consequence of the definition of

CNP.

Proposition 4.1.7. Two isomorphic graphs have the same CNP.

The converse of proposition 4.1.7 is not true. For example the path P, and

the cycle C,, for n > 3 have the same CNP but they are not isomorphic.

Some other non-isomorphic graphs having the same CNP are given in

Figures 4.3 and 4.4.

Vv, u3

\é u, u,
V1 VZ U,
Gy G,

Figure 4.3: Non-isomorphic graphs with same CNP

The CNP of the graphs G, and G in Figure 4.3 is 22 + 22. But G; and Gy

are non-isomorphic.
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Vv,

\/ 6 u Us

\/ v,
? Vi s 7 ) u, Uy Y7

\%

V3 8 ug ug

G
3 G4

Figure 4.4: Non-isomorphic graphs with same CNP

P(G3,7) = P(Gy,x) = 22* + 4. But G5 and G, are non-isomorphic.

If the converse of Proposition 4.1.7 holds for a graph G in the sense that if
H is any graph such that P(H,z) = P(G,z) then G is isomorphic to H, such a

graph G is called a neighborhood unique graph.
Definition 4.1.8. A graph G is called a neighborhood unique graph if

P(G,x) = P(H,x) for any graph H implies that G is isomorphic to H.

The graphs in Figure 4.3 and 4.4 are not neighborhood unique.
In the case of complete graph K, on n vertices P(K,,x) = ™ and every graph
having ™ as CNP is isomorphic to K,. Hence K, is a neighborhood unique

graph for any n > 1.

Lemma 4.1.9. Let G be the disjoint union of K, and K,,, where m,n > 1.

Then G is neighborhood unique.

Proof. 1t is clear that P(G,z) = x™ 4+ 2™. Suppose H is a graph with P(H,x) =
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2™ + ™. Then H has two vertex disjoint subgraphs H; and H, isomorphic to
K, and K, respectively such that £, = V(H,;), for v € V(H;), i = 1, 2. Since
all vertices of an F, have same neighbors, if one vertex of H; is adjacent to a
vertex of Hy then all other vertices of H; are adjacent to that vertex of Hy. Also
we know that for each u € V(H,), E, = V(Hs). Hence all the vertices of Ho
are adjacent to all the vertices of H;. This will imply that for each u € V(H),
E, = V(H), a contradiction. Hence no vertex of H; is adjacent to a vertex of

H,. Therefore H = (G. Hence G is neighborhood unique. ]

Lemma 4.1.10. Let n be a fized positive integer. If a graph G is the disjoint
union of more than two copies of the complete graphs K,, then G is not neigh-

borhood unique.

Proof. Let k be an integer greater than 2. Let G be the disjoint union of k copies

of K,,. Then P(Gy,x) = ka™.

Construct a graph H in the following way. Draw k disjoint copies of K.
Join all vertices of the first copy to all vertices of the second copy. Then join all
vertices of the second copy to all vertices of the third copy. Continue this until
all vertices of the (k — 1) copy are joined to all vertices of the k' copy of K.
Then common neighborhood polynomial of H is also kz™. But G 2 H. Hence

G is not neighborhood unique. ]

Remark 4.1.11. For any positive integer £ > 2 and n € N, there are

non-isomorphic graphs with kz™ as their common neighborhood polynomial.
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Lemma 4.1.12. Let P(x) = Zaijxij be a non zero polynomial over N{J{0}
=1
with P(0) = 0. If P(x) has more than two terms or P(x) is of the form a; x'" +

a; ', with a;, , a;, > 0 and a;, or a;, > 1, then there exist non isomorphic graphs

with P(x) as common neighborhood polynomial.

Proof. Without loss of generality assume that a;, # 0 for all 1 < j <n. Let G,
be the graph with exactly a;, disjoint copies of K;,, a;, disjoint copies of K, ,...,

a;, disjoint copies of K; . Then P(Gy,z) = Z a;,x".

J=1

Let G5 be the graph obtained from G as follows. For j = 1,2,...;n, join
all vertices of the m'™ copy of K, to all vertices of the (m + 1)" copy of K;,,
m =1,2,...,a;; —1. Then join all vertices of the afj’? copy of K, to all the vertices

of first copy K; for 1 < j <n—1. Then GG; and G5 are non isomorphic and

410

P(Gl,l’) = P(GQ,Z‘) O]

Lemmas 4.1.9, 4.1.10 and 4.1.12, characterize the neighborhood unique graphs.

Theorem 4.1.13. A graph G is neighborhood unique if and only if G is a com-

plete graph or disjoint union of two complete graphs.

The above theorem can be restated as:

“Let G be a graph with P(G,z) = Z a;z'. Then G is neighborhood unique
i=1
if and only if P(G,z) is of the form a,z" + asz® with 1 < a, +a, <2 7.
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4.2 CNP of Line Graph of a Graph

This section deals with the CNP of the line graph of a graph.

Theorem 4.2.1. Let G be a graph with m(G) = m and the neighborhood sigma
algebra of G be P(V(G)). If Ps is not a component of G and for n > 2, Ky, is

not an induced subgraph of G, then P(L(G),x) = mx.

Proof. By the definition of L(G), V(L(G)) = E(G). Hence n(G) = m. It is
proved in Theorem 2.3.1, that if the hypothesis holds, the neighborhood sigma
algebra of L(G) is P(V(L(G))). Therefore all E,’s in A are of cardinality

one. Hence the theorem. O]
Corollary 4.2.2. (1). P(L(C,), x) = nz, for n > 3.

(2). P(L(P,), ) = (n— 1)z, forn > 3.

4.3 CNP of Middle Graph of a Graph

In this section we determine the CNP of the middle graph of a graph.

Theorem 4.3.1. Let G be a graph with n(G) = n and m(G) = m. Then

PM(G),z) = (m+n)x.

Proof. By the definition of M(G), V(M (G)) = V(G)J E(G). Hence n(M(G)) =

n(G) + m(G). By Theorem 2.4.1, N[u] # N|v], for any two vertices u and v
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of M(G). Therefore for all u € V(M(G)), E, = {u}. Hence P(M(G),x) =

(m+n)x. O
Corollary 4.3.2. (1) P(M(F,),x) = (2n — 1)z, for alln > 1.
(2) P(M(K,),z)= wgc, for alln > 1.

(3) P(M(C,),x) =2nz, for alln > 3.

4.4 CNP of Total Graph of a Graph

Here we determine the CNP of the total graph of a graph.

Lemma 4.4.1. Let G be a graph with n(G) = n and m(G) = m. If every

component of G is different from Py, then P(T(G)) = (m +n)x.

Proof. By Theorem 2.5.1, if GG is a graph such that every component of G is dif-
ferent from P, then for any two vertices u,v € V(T(G)), N|u] # N[v]. Therefore

for all u € V(T'(Q)), E, = {u}. Hence the theorem. O
Corollary 4.4.2. (1) P(T(P,),z) = (2n — 1)z, for all n # 2.
(2) P(T(K,),z) = "%y for all n # 2.
(3) P(T'(C,),z) =2nx, for alln > 3.
Note 4.4.3. Since T'(P,) = K3, P(T(P), z) =2

Thus we have the following theorem.
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Theorem 4.4.4. Let G be any graph with order n and size m. If p components

of G are Py, where p > 0, then P(T(G),x) = (m +n — 3p)x + px>.

4.5 CNP of 1-quasi-total Graph and 2-quasi-

total Graph

From the definition of 1-quasi-total graph @1(G) of a graph G, it is clear
that @1(G) is the disjoint union of G' and its line graph L(G). Therefore CNP
of Q1(G) is the sum of CNP of G and CNP of L(G). Hence by Theorem 4.2.1,

we have Theorem 4.5.1.

Theorem 4.5.1. Let G be a graph with n(G) = ny and m(G) = ny and neigh-
borhood sigma algebra of G be P(V(Q)). If Ps is not a component of G and for

n > 2, Ky, is not an induced subgraph of G, then P(Q1(G),x) = (n1 + na2)x.
Corollary 4.5.2. (1). P(Q1(C,), ) = 2nx, for n > 3.

(2). P(Q(P,), z) = (2n — 1)z, for n > 3.

We explore Theorem 2.6.5, to get the common neighborhood polynomial of

2-quasi-total graphs of graphs having no end vertices.
Theorem 4.5.3. Let G be a graph without end vertices. If n(G) = n and

m(G) =m, then P(Q2(G), x) = (m+n)z.

Proof. Since V(Q2(G)) = V(G)UJ E(G), n(Q2(G)) = m +n. If G does not
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have end vertices, the neighborhood sigma algebra of Q2(G) is P(V(Q2(G))), by
Theorem 2.6.5. Therefore all E,’s in Ag,(s) are of cardinality one. Hence the

theorem. ]

Corollary 4.5.4. (1). P(Q2(C,), x) = 2nx, for n > 3.

(2). P(Qs(K,), x) = (n+ nCs)x, forn > 3.

Theorem 4.5.5. Let G be a graph with n(G) = n and m(G) = m. Suppose that
G has s components. If exactly r of them are isomorphic to P, 1 < r < s, and

the total number of end vertices in the remaining components (if any) is k, then

P(Q2(Q), z) = ra® + kx? + (m +n — 3r — 2k)x.

Proof. Let G; be a component of G which is isomorphic to P,. Let V(G;) =
{u,v} and e be the edge joining u and v in G;. Then Ny, [u] = Ng,[v] = Ng,[e] #
Ng,[w], for any w € V(Q2(G)) \ {u,v,e}. Hence E¥? = B9 = E92 = {u, v, e},
which is true for any component of G isomorphic to P. There are exactly r
components in G which are isomorphic to P,. They induce exactly r, E,’s of

cardinality 3.

Let w be an end vertex of a component (G5 of G which is not isomorphic to
Py and €' be the pendant edge of G incident to w. Let ¢ = wuw', w' € V(G).
Then Ng,[w] = Ng,le] = {w,e,w'}. Since Gy 2 P, w' is adjacent to a vertex

z(# w) in G. Therefore Ng,[w'] # Ng,[w]. Hence E¥? = E¥? = {w, e}.

Let z € V(G) |J E(G) which is not an end vertex or a pendant edge of G. By

imitating the proof of Theorem 2.6.5, we can prove that E92 = {z}.
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Hence the theorem. O]

Corollary 4.5.6. P(Qs(P,), x) = 2° and P(Qz(P,), z) = 222 + (2n — 5)x, for

n > 3.

Example 4.5.7. Consider the graph G give below.

Figure 4.5: Graph G

For the graph G given in Figure 4.5.7,

P(Qs(G), x) = 2° + 22* + 62.
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Chapter 5

CNP of Join, Corona and Product of

Two Graphs

In this chapter we find the CNP of join, corona and different products of two
graphs such as lexicographic product, tensor product, Cartesian product, normal

product and co-normal product.

5.1 CNP of Join of Two Graphs

Here we discuss the CNP of join of two graphs. For this we are making use of

the results proved in section 3.1.

Theorem 5.1.1. Let Gy and Gy be two graphs. If
1. Dg, =0 fori=1or2, then P(G1V Gs, x) = P(G1, z) + P(G2, ).
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2. fori=1,2, Dg, # 0 and | Dg, |= ki, then P(G1V Go, z) = P(Gy, z) +

P(Gq, x) — afr — gk2 4 ghithe,

Proof. Theorems 3.1.2 and 3.1.4 imply that, for i = 1,2, if v € V(G;) \ Dg;,

EENG? — Efl and if v € Dg,, E§1VG2 = Da, U Da,.

1. By Theorem 2.1.27, for i = 1,2 if v € Dg,, ES" = Dg,. Thus if Dg, or
D¢, = 0, then for i = 1,2 and v € V(G;), ES"V% = E% . Hence in this
case the number of E,’s of a particular cardinality in Ag,vg, is equal to

the sum of number of E,’s of that cardinality in Ag, and Ag,. Therefore

P(Gl \/GQ, 1’) = P(Gl, l’) +P(GQ, .’L’)

2. Fori = 1,2, if v € Dg,, then E¥1V¢2 = D¢, |J Dg,. Therefore in Ag,va,,
for v € Dg, UDg, , | ES*V9 |=| Dg,\UDa, |= k1 + ks. For all other
v € V(G1)UV(Gs), E,’s does not change. Also by Theorem 2.1.27, for
i=1,2,ifv € Dg,, EY = Dg,. Thus we get P(G,V G, ) = P(Gy, x) +

P(Gy, o) —aM — k2 okt if Do £ () for i = 1,2,where | Dg, |= k; and

| Da, |= ko.

Corollary 5.1.2.

(1). P(K,,V K,,, x) = 2™ m,n > 1.
(2). P(P,V Py, ) = 2?4+ 3z — 2* — x + 23
= 2%+ 2x.
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(3). P(P,V P,, ©) =mz+ nx

= (m+n)x, m,n > 3.

(4). P(K1,V K, )= (n+1)z+z" —z —a" + 2"t

=" e, n>1.

5.2 CNP of Corona of Two Graphs

This section is devoted to determine the CNP of corona of two graphs. Con-
sider the graphs K and K,,. K; 0 K,, = K,,;;. Hence P(K, o K,,,z) = ™.

Let G be a graph such that Dg # (0. For all v € V(G), Nk,oqlv] =
{u} UNg[v]. Therefore, for vy, v, € V(G), EE°Y = EE°C if and only if
Nglv1] = Nglve]. As Nk, oclu] = {u} | V(G), for a vertex v € V(G), Ni,oc[v] =
Ni,oc[u] if and only if v € Dg. Thus EX1°¢ = Dg | J{u} = EX°¢ if v € D(G)
and EX1°¢ = E¢ otherwise.

If Dg =0, EX1°¢ = EY for all v € V(G) and EX1°¢ = {u}.

The preceding discussion may be summarized as follows.

Theorem 5.2.1. For a graph G,

2"+ P(G,x) —2F if Do # 0, k=| Dg |
P(Ky0G,z) =

P(G,z)+ if Dg =0

Proposition 5.2.2. Suppose G1 is a graph which does not have Ki as a compo-
nent and Gg is any graph then P(Gp o Gy, x) = n(G1)P(Gs, ) + n(G1)x.

7



5.2. CNP of Corona of Two Graphs

Proof. Let u and v be two distinct vertices of Gy. Then it is clear that Ng,oq, [u] #
Ngyo6,[v]. Let u € V(Gy) be the i vertex of Gy and v be a vertex of the it
copy of G5. Since G does not have K as a component, in GG o G, u is adjacent
to at least one vertex w of G} and w is not adjacent to any vertex of the i*" copy
of Gy. Therefore Ng,oq,[u] # Ng,oc,[v] for any vertex v of the i copy of Gbs.
Hence for u € V(G,) and for all v(# u) € V(Gy 0 Ga), Ngyo,[t] # Neayocs, [V]-
Therefore E¢1°62 = {u} for all u € V(G,). That is there are n(G,), E,’s of car-
dinality one in Ag,.q,. Let w be a vertex of the i copy of Go, 1 <i < n(G)).
Then w is not adjacent to vertices of any other copy of Gy. Also, if v € V(G),
Ngyogs[w] # Ngjog,[v]. But for any vertices wy, wsy of the i copy of Gb,
Ne,|wi] = Ng,[ws] if and only if Ngog,[wi] = Nejogy[wa], 1 < @ < n(Gy).

Hence P(Gy o Ga,z) = n(G1)P(Ga, x) + n(Gy)x. O

Corollary 5.2.3.

1. P(K,, o K,,,z) = mz" + mx, form,n > 1.

2. P(P, o P,,x) =mnx+ mzx

=m(n+ 1)z, for m,n> 3.

3. P(Cp, 0 K,,x) = ma"™ +mx form >3, n>1.
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5.3 CNP of Graph Products

This section deals with the common neighborhood polynomial of different
graph products. If P(z) is a polynomial in z, we use the notation deg(P(x)) to

denote the degree of the polynomial P(x).

5.3.1 Lexicographic Product

Theorem 5.3.1 leads to the CNP of lexicographic product of two graphs.

Theorem 5.3.1. Let Gy be a graph of order ny and Gy be a gmph of order no

ni

with | Dg, |= k, k # 0. If P(Gy,x) = Zam and P(Gy, ) Zb x’, then

=1
P(G1]Ga], ) =mny bx + ny (b, — 1)F +Zam
z;ék

Proof. From Theorem 3.2.1, it is clear that E, ) = ({u}xE,) J(Ey,x(Ey () Da,))
for all (u,v) € V(G1[Gs]). Also, if v € Dg, then E, = D¢, and if v € V(G2)\ Dg,
then E, () Dg, = 0. Therefore for all (u,v) € V(G1[G2]), if v ¢ Dq,, Eww) =
{u} x E, and hence | Eq,,) |=| E, |. For 1 < j < ny, j # k there are b;, E,’s of

cardinality j in Ag, and hence n,b;, E(,.)’s of cardinality j in Ag,(a,)-

For all (u,v) € V(G1[G2)), if v € D¢y, Ewv) = Ey X E,, and hence
| Ewy |=| Eu | .| By |. There are by, E,’s of cardinality & in Ag, and Dg,
is an F, of cardinality & in Ag,. Therefore in Ag,jq,), there are ni(by — 1),
E(yv)’s of cardinality & and a;, E,.’s of cardinality ¢k, 1 <14 < n;. Hence the
theorem. [
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Corollary 5.3.2. Suppase Gy is a graph of order ny and Gs is a graph with

Dg, =0, If P(Gs, ) Zb 2, then P(G1[Gy], z) = ny Zb .

=1
Proof. Since D¢, = 0, for all (u,v) € V(G1[G2]), Eww = {u} x E, and hence
| Ew) |=| £y |. For 1 < i < ny, there are b;, E,’s of cardinality 7 in Ag,, hence

there are n1b;, E(y.)’s of cardinality i in Ag,g,. Therefore P(G1[Gs], x) =
n2
i=1
Corollary 5.3.3.
(1). P(K,,[K,], ) =a™, form, n > 1.
(2). P(Py,|K,], ©) =ma™, form>1 m+#2, n>1.

(3). P(CplKy,], ) =maz"™, form >4, n>1.

5.3.2 Tensor Product

In this section, we determine the CNP of tensor product of two graphs.

Proposition 5.3.4. Let Gy and Gy be two graphs with n(Gy) = ny and n(Gs) =

ny. If Gy or Gy does not have Py as a component, then P(Gy ® Gy, ©) = ninax.

Proof. By Corollary 3.2.10, if the hypothesis of the proposition holds then the
neighborhood sigma algebra of G1 ® G5 is P(V(G1 ® G3)). Therefore all E, ,)’s

in Ag,ea, are of cardinality one. Hence the proposition. ]

Corollary 5.3.5. 1. P(K,,® K, ) = mnx form # 2, n # 2.
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2. P(P, ® P,, x) = mnx form # 2, n # 2.
3. P(Cy, ® K, ) =mnx form >3, n# 2.

Proposition 5.3.6. For any graphs G1 and Ga, deg(P(Gy ® G, x)) is either

one or two.

Proof. Let uy,us € V(G1) and vy,v9 € V(Gy). First of all suppose that wuy, ug
are distinct and non isolated in (G; and vy, vy are distinct and non isolated in
Go. Then by Theorem 3.2.9, N|[(uy,v1)] = N[(u2,v9)] in G; ® G3 if and only if
Nlui] = Nus] = {u1,us} in Gy and N[v] = N[va] = {v1,v2} in Go. Hence in

this case N[(uy,v1)] = N[(ug,v2)] = {(u1,v1), (uz,v2)}.

If u; = ug or vy = vy then (uy,v1) and (ug,vy) are not adjacent in G7 ® Gs.
Hence N(uy,v1)] # N|(ug,ve)]. Also if u is an isolated vertex of Gy or v is an
isolated vertex of Go, then (u,v) is an isolated vertex of Gy ® Go. Therefore all

E,’s are of cardinality one or two. Hence the proposition. ]

Proposition 5.3.7. Let G1 and Gy be two graphs. If P, is a component of both

G1 and Gy, then deg((P(G1 ® Ga, x)) = 2.

Proof. Since P, is a component of both GG; and G, there exist vertices uy, us €
V(G4) and vy, v9 € V(Gse) such that N[u;] = Nug] = {uy,us} in Gy and Nfv,] =
Nlvg] = {v1,v9} in Go. Hence N[(uy,v1)] = N|(uz,v2)] in Gy ® Gy. Thus there is
an E, of cardinality more than one in Ag, g¢,. Therefore deg(P(G1®Go, x)) > 2.

Hence by Proposition 5.3.6, deg(P(G1 ® Ga, z)) = 2. O

81



5.3. CNP of Graph Products

Theorem 5.3.8. Let G be a graph of order ny and H be a graph of order ny. If
exactly r components of G are Py and exactly s components of H are Py, then

P(G® H, z) = 2rsz? + (niny — 4rs)z.

Proof. As tensor product is commutative and distributive over disjoint union of
graphs, if G, G, ..., G, are components of G and Hy, Hs, ..., Hy, are components
of H, then

GoH= |J GeH,
1<i<ky
1<j<ks

Also {G;®@ H;j: 1 <i<kyand1l <j<ky}isa family of disjoint subgraphs of

G ® H. Therefore,

P(GeHx) = P(|J GioHj x)

1<i<ky
1<j<ks

1<i<ky
1<j<ks

Without loss of generality assume that the first » components Gy, G, ..., G, of
G and the first s components Hy, Hs, ..., Hy of H are P,. It is clear that

P(P, ® Py, x) = 22*. Hence

P(|J Gi®H;, z) = Y P(Gi®H, )

1<i<r 1<i<r
1<55<s 1<55<s
= rsx.

None of the components G;, r +1 <4 < k; of G and Hj, s +1 < j < ky of H
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are Py, if such 7 and j exist. Hence

P(G® H,z) = Z P(G; ® Hj, x)

1<i<ky
1<j<kz

= 2rsz’ + (mn — 4rs)x.

Example 5.3.9. Consider the graphs G and H in Figure 5.1 and 5.2.

u, u u

3 5
u
6
u2 u4 ll7

Figure 5.2: Graph H

P(G® H, z) = 42* + 27x.
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5.3.3 Cartesian Product

Here we determine the CNP of Cartesian product of two graphs.

Proposition 5.3.10. Let G be a graph of order ny and Go be a graph of order

ny. If Gy and Gy have no isolated vertices then P(G1 X Gy, x) = ninax.

Proof. By Corollary 3.2.18, if G; and G5 have no isolated vertices then the
neighborhood sigma algebra of G x Gy is P(V (G x G3)). Therefore all E,’s in

Ag, xa, are of cardinality one. Hence P(Gy X G, ) = ninyz. O

Corollary 5.3.11.

(1). P(K,, x K,, ) =mnx, form, n > 2.
(2). P(K,, x P,, ) = mnx, form, n > 2.
(3). P(C,, x K,,, ) =mnzx, form >3, n>2.

Proposition 5.3.12. Let Gy be a graph of order ny and Gy be a graph of order
ny. If the neighborhood sigma algebra of Gy is P(V(G1)) and that of Gy is

P(V(Gs)), then P(Gy x Ga, x) = ningx.

Proof. By Corollary 3.2.19, if the hypothesis of the Proposition holds then the
neighborhood sigma algebra of G x G is P(V (G x Gz)). Therefore all E,’s in

Ac, xa, are of cardinality one. Hence the proposition. [
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Corollary 5.3.13.

(1). P(P, x P,, x) =mnx, for m, n > 3.
(2). P(Cy, x Cy, x) = mnzx, form, n> 4.

Note 5.3.14. From the adjacency relation in GG; x G5 and from Theorem

3.2.17, we could conclude that for a vertex (u,v) € V(G x Gg), if

(i) w is an isolated vertex of Gy and v € V(Gy), then Ey, ) = {u} x E,.
(i) w € V(Gy) and v is an isolated vertex of G, then E,.) = E, x {v}.
(ili) u and v are not isolated vertices, then F, ) = {(u,v)}.

Theorem 5.3.15. Let G1 be a graph of order ny with ki isolated vertices and

ni

Go be a graph of order ny with ks isolated vertices. If P(Gq,x) = Zaixi and

i=1
P(Gy,z) = ijxj with ny < ng, then P(Gy x Gy, ) = ((m — k1)(n — ko) +
j=1
(ar — ks + biky)z + ) (aiks + biki)2’ + > bikia’.

i=2 i=n1+1
Proof. Let (u,v) € V(G x G3). By Note 5.3.14, | E(,,) |= 1 if and only if u is
an isolated vertex of Gy and v € V(Gy) is such that | E, |= 1 or u € V(G,) is
such that | £, |= 1 and v is an isolated vertex of Gy or both u and v are non

isolated vertices of G; and G5 respectively.

Hence number of E,’s of cardinality one in Ag, «x¢, is given by (m — ky)(n —

kg) + (a1 - kl)kg + bll{?l.
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If u is an isolated vertex of G and v € V(G>) is such that | £, |= j for
1 < j < ng, then | By, |= j. Also if w € V(G,) is such that | £, |= i for
1 <4 < n and v is an isolated vertex of G, then | E ) |=| £, |= i for
1 <7 <mny. Thus in Ag, «xq,, there are k1b;, E,’s of cardinality j for 1 < j < ny

and kqa;, E,’s of cardinality ¢ for 1 <17 < ny. Hence the theorem. ]

Corollary 5.3.16. Let Gy be a graph of order n with ki isolated vertices and

Go be a graph of order n with ko isolated vertices. If P(Gq,x) = Zaixi and
i=1

P(Gy,z) = ijxj, then P(Gy x Ga, z) = ((n — k1)(n — k) + (a1 — k1)k2 +

j=1

blkl)l’ + Z(aik2 + bzkl).fllz

1=2
5.3.4 Normal Product

This section deals with the CNP of normal product of two graphs.
Let G; and G be two graphs and (ug,v1), (ug,v2) € V(G; W Gy). Then
N[(u1,v1)] = N[(ug,v9)] if and only if N[u;] = Nug] and N[vi] = Nvs]. Also

for (u,v) € V(G1 X Gy), Eww = E, x E,, by Lemma 3.2.26.

Theorem 5.3.17. Let Gy be a graph of order ny and Gy be a graph of order

ni

ne. If P(G1,x) = Zaixi and P(Gq,x) = ijxj, then P(Gy X Gq, z) =

i=1 j=1
E (Zibjl’” .

1<i<ny
1<j<n2

Proof. For (u,v) € V(G1 X G3), Ewyy = Ey X E,. Hence | E,,) |=

| B, X Ey |=| E, | X | E, |. Therefore, if there are a;, F,’s of cardinality ¢ in

86



5.3. CNP of Graph Products

Ag, and b;, E,’s of cardinality j in Ag,, then in Ag rq, there are a;b;, Er,.)'s

of cardinality 7. Hence the theorem. O

Corollary 5.3.18.

(1). P(K,, K K,, x)=2a™", form, n> 1.

(2). P(K,,®X P,, x) =na™, form>1, n> 3.

(3). P(P,X P,, ©)=mnx, for m, n > 3.

(4). P(C, X K,, x)=ma", form >3, n>1.
Corollary 5.3.19. Let G be a graph. Then P(GX K;, z) = P(G, z).

Corollary 5.3.20. Let Gy and Go be two graphs. Then deg(P(Gy X G3), z) =

deg(P(Gy, x)).deg(P(Ga, x)).

5.3.5 Co-normal Product

Here we determine the CNP of co-normal product of two graphs.

Proposition 5.3.21. Let GGy and G5 be two graphs of order ny and ns respec-
tively. If Dg, = Dg, = 0 or if Gy is a graph with neighborhood sigma algebra
P(V(G1)) and Gy is a graph with neighborhood sigma algebra P(V(Gs)) then

P(Gh x Gy, x) = ninax.

Proof. By Corollary 3.2.31, if G; and G5 are two graphs with Dg, = Dg, = 0,

then the neighborhood sigma algebra of G x G5 is P(V(Gy * G3)). By Corollary
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3.2.32, if G is a graph with neighborhood sigma algebra P(V(G1)) and G, is a
graph with neighborhood sigma algebra P(V(G3)), then the neighborhood sigma
algebra of G * G5 is P(V (G4 * G3)). Therefore, in both the cases all £, ,)’s are

of cardinality one. Hence the proposition. O

Theorem 5.3.22. Let Gy be a graph of order ny and Gy be a graph of order

ny with | Dg, |= ki and | Dg, |= ky (ki ky # 0). If P(Gy,z) = ) ax’

i=1

n2
and P(Gy,x) = ij:cj, then P(Gy * Go, ) = (ny — k1)(ny — ko)x + xk1*2 +

j=1
na ni
kl Z bj&lj + k2 Z aixi + ]{71 (bk2 — 1)Ik2 + k2<ak1 — 1)$k1 .
j=1 i=1
JFk2 1#k1

Proof. Let (u,v) € V(G % Gs). If u ¢ Dg, and v ¢ Dg,, Eww = {(u,v)}, by
Corollary 3.2.30. There are such (ny — kyi)(ng — ko) vertices (u,v) in Gy * Ga.
If u € Dg, and v ¢ Dg,, Enyy = {u} x E, and hence | Eq,, |=| E, |. For
1 < j < ng, j # ko, there are k1b; Ey,,’s of cardinality j in Ag,.q,. As Dg, is
an E, of cardinality ko in Ag,, there are by, — 1, E,’s of cardinality ks in Ag,
other than Dg,. Corresponding to these E,’s there are ky(by, — 1), E(yv)’s of
cardinality ke in Ag,«q,. f u ¢ Dg, and v € Dg,, E.) = E, x {v} and hence
| By |=| Bu |- For 1 <4 < ny, i # ki, there are kya; Ey.)’s of cardinality
i in Ag,«q,- As D¢, is an E, of cardinality k; in Ag,, there are ax, — 1, E,’s
of cardinality k; in Ag, other than Dg,. Corresponding to these E,’s there
are ka(ag, — 1), E)’s of cardinality &y in Ag .q,. If u € Dg, and v € Dg,,
Euv) = Dg, X Dg,. This implies the existence of an E|, . of cardinality kik; in
Ag,«c,. Hence the theorem. O
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Example 5.3.23. Consider the graphs GG; and Gbs.

u Vi
|
u, ug v A
u u
3
4 A
Gy Gy

Figure 5.3: Graphs G and G5

For the graph Gy,

P(Gy, 2) =22° +x, n(Gy) =5, | Dg, |= ki =2 and a, = 2.

For the graph Gs,

P(Gy, x) = z? + 2z, n(Ge) =4, | Dg, |= ke =2 and by, = 1.

By Theorem 5.3.22,

P(Gy % Gy, x) = 2* 4+ 22% + 12
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Corollary 5.3.24.

(1). P(K,, x K, ) =2x™", form, n> 1.

(2). P(Psx K, ) =a" 4 2nz, forn > 1.

ni

Theorem 5.3.25. Let Gy be a graph of order ny with P(Gy,x) = Zaixi and

i=1
n2
Go be a graph of order ny with P(Gy,x) = ija:j. If | Dg, |= k1(# 0) and

J=1

ng
Dg, =0, then P(G1 * Gy, ) = (ny — k1)nox + k3 ijxj. Also if Dg, =0 and

j=1
ny
| Dg, |= ko(#£0), then P(Gy % Gy, x) = ny(ng — ko)x + ko Z a;x".
i=1
Proof. Let (u,v) € V(Gy * G3). Suppose | Dg, |= ki(# 0) and Dg, = 0.
Hence, if v ¢ Dg,, Ewyy = {(uw,v)}. There are such (n, — ki)ny vertices in

Gy * Go. If uw € Dg,, then E(,.) = {u} x E, and hence | Eu. |=| E, |.

Corresponding to these there are kib;, E(,,)’s of cardinality j in Ag, .q,, for

1 < j < ny. Therefore P(Gy % Go, x) = (ng — ki)nex + k‘lzbja:j. Suppose
j=1

Dg, = 0 and | Dg, |= ko(# 0). By interchanging the roles of G; and Gbs,

P(Gy x Gy, x) = ni(ng — ko)x + ko Z a;xt. Since G * Gy = Gy * G and since

=1

ni
isomorphic graphs have same CNP P(G1%Gsq, x) = ny(no—ks)x+ko Z a;xt. O

i=1

Corollary 5.3.26.
(1). P(K,, xC,), ) =mnz, form>1, n> 3.
(2). P(PyxC,, x)=3nx, forn> 3.
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Chapter 6

Measurable Dominating Functions of

Finite Graphs

6.1 Measurable Dominating Functions

The mathematical study of dominating sets in graphs began around 1960.
The concept of domination was first studied by O. Ore and C. Berge. C. Berge
in his book “Theory of Graphs and its Applications” [4], has introduced the

concept of dominating sets and he called it as the “externally stable sets ”.

Let G = (V(G), E(G)) be a graph. A function f : V(G) — {0, 1} is called

a dominating function of G if Z f(u) > 1 for all v € V(G) [14]. As we
uEN|v]

know every nonempty set X can be made into a measure space by taking the

power set P(X) of X as the sigma algebra and the counting measure as the

measure, the vertex set V(G) of G can also be made into a measure space in
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6.1. Measurable Dominating Functions

a similar manner. Also as V(G) is finite, every function f : V(G) — {0,1} is
simple [23]. With these notions we can redefine the dominating function as the

function f : V(G) — {0,1} such that /f dp > 1, for all v € V(G), where
N]

/f dp = Z f(u). It is further extended for functions from V(G) to [0, 1].

N[’U] ’LLGN[’U]

Now at this stage we can think about the extension of this notion to an
arbitrary measure space, (V(G),R,u). There arise two questions. The first
question is that ‘is for every v € V(G), N[v] € R or not ’and the second is

that ‘though R contains all N[v], is / f dp meaningful’. From the theory of

N[v]
measures, the integral of a real valued function is defined only if the function is

measurable. Taking all these into consideration, we consider only those sigma
algebra R which contains all N[v], v € V(@) and only those functions defined
on V(G) which are measurable. To make this theory more effective we take the
neighborhood sigma algebra, that is the sigma algebra generated by the collection
{Nv] : v € V(G)} and functions f : V(G) — [0, 1] which are measurable with

respect to this sigma algebra.

In this chapter by a graph GG, we mean a graph with the neighborhood sigma
algebra A on the vertex set V(G) and a measure p on A.

We define a measurable dominating function of a graph G as follows.

Definition 6.1.1. Let G be a graph with vertex set V(G). A function
f:V(G) — [0,1] is called a measurable dominating function of G if the following

conditions hold:
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6.1. Measurable Dominating Functions

(i) f is measurable

(ii) /f dp > 1 for all v € V(G).

Nv]

Remark 6.1.2. Let f be a measurable dominating function of a graph

G. Then for all v € V(G), f(N[v]) > 0 and u(N[v]) > 0, where f(N[v]) =

> fw).

uEN[v]

Example 6.1.3. Consider the graph G in Figure 6.1.

Figure 6.1: Graph G

For the graph G, E, = {u}, E, = E, = {v,2} and E,, = {w}.
Let p be the measure defined on V(G) by, p({u}) = 1/2, p({v,z}) = 2 and
u({w}) = 173
Consider the function f : V(G) — [0,1], defined by, f(u) = 1 and f(v) =

flw) = fx) =1/2.
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6.1. Measurable Dominating Functions

Then f is measurable, since f is constant on each E,’s.

/f@iz F)p(ED) + F)p(Ey)

[\J oY)

/wa: (B + F)(E) + fw)p(E)

wlot

/fmtz ) () + f0)ul(Ey)

(SN

> 1

Therefore, f is a measurable dominating function of G.

Theorem 6.1.4. Let f and g be two measurable dominating functions of a graph

G. Then all convex linear combinations of f and g are measurable dominating

functions of G.

Proof. Let a € R be such that 0 < a <1 and let h = af + (1 — a)g. Since f

and g are measurable functions, h is also measurable. Then for v € V(G),
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6.1. Measurable Dominating Functions

[raw = [far+a-aglda

N[v] N[]
= /&fdu—l—/(l—&)gdu
N[v] N[v]
—afsdura-a) [gdn
N[] N[v]
> a+(1—a)
=1

Therefore, h is a measurable dominating function of G. Hence the theorem. [

Definition 6.1.5. Let G be a graph with vertex set V(G). A measurable
dominating function f of G is said to be minimal if there does not exist a mea-
surable dominating function g of GG such that ¢ < f a.e and g < f on some set

of positive measure.

Next we derive a necessary and sufficient condition for a measurable domi-

nating function to be minimal.

Theorem 6.1.6. Let G be a graph with vertex set V(G). A measurable domi-
nating function f of G is minimal if and only if for every vertex v € V(G) with

w(Ey) >0 and f >0 on E, there ezists a vertex u € N[v] with /f dp = 1.

Nu]
Proof. Let f be a minimal measurable dominating function of G. Suppose there

exists a vertex v € V(G) with u(E,) > 0 and f > 0 on E, such that /f dup>1

Nu]
for all uw € N[v].
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6.1. Measurable Dominating Functions

Let m=min { [ fdu:ue N[}

N{u]\E,
We consider the cases m > 1 and m < 1 separately.
Casel. m>1

Let g = f — fxg,, where xg, denotes the characteristic function of E,. That is

for w € V(G),
0 ifwekE,
g(w) =
fw) ifw¢ E,
Since the product and difference of measurable functions are measurable, the
function g is measurable. Also g(w) < f(w) for every w € V(G) and g < f on

E,.

For u € V(G) with v € N[v],

/gdu = /gdu+ /gdu

N[u] o8 Nu\Ey

\%
3

v
—_

Also, for u € V(G) with u ¢ N[v],

Y
—
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6.1. Measurable Dominating Functions

Therefore, g is also a measurable dominating function, a contradiction.
Case 2. m< 1

For w € N|v], /f dp > 1 by the assumption.

Nlu]
Suppose f =con E,. Then,

[ran = [rause [ san

N[u] Ey N[U]\Ev
= cu(Ey) + / fdu
Nu)\E,

Since m < 1, for at least one vertex u € N[v], / fdu <1

Nu\Ey
For such a wu,

cu(Ey) > 11— / fdu

N[u]\Ev
> 0
This implies,
1— [ fdu
Nu\Ey
= R, say
p(Ey)

Let U ={u € N[v] : [ fdp < 1}. Since V(G) is finite, U is also finite.

Nu\Ey
Now choose d so that ¢ > d > R, for all u € U.

Let h=f = (f — d)x&,-
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6.1. Measurable Dominating Functions

That is for w € V(G),

d ifwekE,
h(w) =

fw) fwé¢ E,

The function h is measurable, since it is the difference of the measurable

functions f and (f — d)xg, . Also h(w) < f(w) for every w € V(G) and h < f

on F,.
Let u e U,
/hdu = / hdu+/hdu
Nu] N[u]\Ey E,
= / f du+ du(E,)
N[u]\Ey
> [ sdus Rae)
Nu]\E,
= / fdu + 11— / fdu
Nu\E, N[u]\Ey
=1
Let u ¢ U.
If u ¢ Nvl,

v
—_
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6.1. Measurable Dominating Functions

Therefore,

/hd,u: / hdu—l—/hd,u

Nlu] Nu\Ey E,
= / [ dp+ du(E,)
N{u]\ By
> 1.

Therefore, h is a measurable dominating function with h(w) < f(w) for every

w € V(G) and h < f on E,, a contradiction.

Conversely, let f be a measurable dominating function of G such that for
every vertex v with u(E,) > 0 and f > 0 on E,, there exists a vertex u € N|v]
such that / fdu = 1. Suppose f is not minimal. Then there exists a measurable

Nu]
dominating function [ such that [ < f a.e and [ < f on a set of positive measure.

So there exists a v € V(G) with u(FE,) > 0 and I < f on E,. This implies

> 0. Now by assumption, there exists a u € V(G) with u € N[v] and

/fdu_l

Nlu]
Therefore,

< /fdu—l—/fdu

u]\Ev

= 1, a contradiction.

Therefore, f is a minimal measurable dominating function. Hence the theorem.

]
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6.2. Measurable k-Dominating Functions

6.2 Measurable k-Dominating Functions

The co-domain of the measurable dominating function is usually taken as
[0,1]. In fact we can take any interval [0, k] with k as a positive integer instead
of [0,1]. In this section we prove that all the results proved in the case of [0,1] in
section 6.1 are also true in the case of [0, k]. We call such dominating function

as measurable k-dominating function.

Definition 6.2.1. Let G be a graph with vertex set V(G). If k is a positive
integer, a function f : V(G) — [0,k] is called a measurable k-dominating

function of G if the following conditions hold:

(i) f is measurable
(ii) /f du >k for all v € V(G).
N[v]

Measurable 1-dominating functions are the measurable dominating functions.

Definition 6.2.2. Let G be a graph with vertex set V(G). A measurable
k-dominating function f of G is said to be minimal if there does not exist a
measurable k- dominating function g of G such that ¢ < f a.e and g < f on

some set of positive measure.

Theorem 6.2.3. Let G be a graph with vertex set V(G). A measurable k-
dominating function f of G is minimal if and only if for every vertex v € V(Q)

with p(E,) > 0 and f > 0 on E, there exists a vertex u € N[v] with /f du = k.

Nfu]
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6.2. Measurable k-Dominating Functions

Proof. Let f be a minimal measurable k-dominating function of GG. Suppose

there exists a vertex v with u(£,) > 0 and f > 0 on E, such that /f dp >k

Nu]
for all u € Nv].

Let m = min { / fdp:ue N}
Nu\Ey
We consider the cases m > k and m < k separately.

Casel. m >k

Define g : V(G) — [0, k] by

0 if we b,
g(w) =
fw) ifwé¢ E,
As the product and difference of measurable functions are measurable, the func-
tion f — fxp, = g is measurable. Also g(w) < f(w) for every w € V(G) and
g < fonkFE,.

For u € V(G) with v € N[v],

/gdu = /gdu+ /gdu

NIy Ey Nu\Ey

\Y
3

AV
e
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6.2. Measurable k-Dominating Functions

On the other hand for u € V(G) with u ¢ N[v],

/gdﬂ = /fdu
]

Nu] Nlu

v
e

Therefore g is also a measurable k- dominating function of GG, a contradiction.
Case 2. m < k

For v € N[v] , / f du > k by the assumption.

Nu]
Suppose f =con E,. Then,

/fdu = /fdu+ /fdu

N{u]\Ey

— B+ [ £
Nu]\Ey

Since m < k, for at least one u € N[v], / fdp<k.

Nu]\Ey
For such a wu,

cu(E) > k- / fdu

N[u]\Ey
> 0
k— [ fdu

. . Nu\Ey

This implies ¢ > = R, (say

p(Ey) o)

Let U={ue N[v]: [ fdu <k}. Since V(G) is finite U is also finite. Now

N{u]\Ey

choose d so that ¢ >d > R, for all u € U.
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6.2. Measurable k-Dominating Functions

Define h : V(G) — [0, k] as,

d ifwekE,
h(w) =

fw) fwé¢ E,

The function h is measurable since it is the difference of the measurable functions

fand (f —d)xg, . Also h(w) < f(w) for every w € V(G) and h < f on E,.

Let u e U,
/hdu— / hd,u—l—/hd,u
N[ N[\ Es E.
= / fdp+ du(E,)
NRu)\E,
> /fWW&M&)
)\ B
= / fodp+( / fdp)
[u]\ Ey Nu]\E,
= k.
Let u ¢ U.

In this case we proceed as follows.

If u ¢ Nvl,
/hmtz /?du
Nu] Nu]
> k

If uw € N[v] then / fdu>k.

N[u\Ey
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6.2. Measurable k-Dominating Functions

Therefore,

/hd,u: / hdu—l—/hd,u

Nlu] Nu\Ey E,
= / [ dp+ du(E,)
N{u]\ By
> k.

Therefore h is a measurable k-dominating function with h(w) < f(w) for every w €

V(G) and h < f on E,, a contradiction.

Conversely let f be a measurable k-dominating function of G such that for
every vertex v with u(E,) > 0and f > 0 on E, there exists a vertex u € N[v] such

that / f du = k. Suppose f is not minimal. Then there exists a measurable k-

Nu]
dominating function [ such that [ < f a.e and [ < f on a set of positive measure.

So there exists a v € V(G) with u(FE,) > 0 and I < f on E,. This implies

> 0. Now by our assumption there exists a v € V(G) with v € N[v] and

/fdu—k;

Nlu]
This implies

ko< /ldu

Nfu]

= / ldp+ / 1 du
Nu)\E,

< /fd,u+/fdu

N[u]\Ev

=k, a contradiction.
Therefore f is a minimal measurable k-dominating function of G.

Hence the theorem. O
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6.3. Measurable Signed Dominating Functions

6.3 Measurable Signed Dominating Functions

This section guarantees that the theory of measurable dominating functions

will also work if the function takes negative values.

Definition 6.3.1. Let G be a graph with vertex set V(G). A function
f: V(G) — [=1,1] is called a measurable signed dominating function of G, if

the following conditions hold:

(i) f is measurable

(ii) / fdu>1foraloveV(G).
Nv]

Example 6.3.2. Consider the graph G in Figure 6.2.

Figure 6.2: Graph G,

In Gh Eu1 = {ul}a Eug = Eu4 = {'LLQ,U4}, Eug = {'ng}
Let pu be the measure defined on V(G) by, p({u1}) = 1, p({uz, us}) = 2,
p({us}) = 3.
Consider the function f: V(Gy) — [—1, 1] defined by,

fur) = =1, f(uo) = f(us) =3, f(uz) = —1. Then f is measurable by Theorem
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6.3. Measurable Signed Dominating Functions

2.1.25.
/fdu = —1(Ey,) + F(Ey,)
Nug]
_u
8
> 1
/ Fdp = —1u(Bu) +30u(Eu) + —Lu(Eay)
Nluz]
_ 9
8
> 1
[ fn = —uBu) + (e
Nlus)
_ 5
4
> 1

Hence f is a measurable signed dominating function of G relative to pu.

But f is not a signed dominating function [23] of Gy . Because f(N[ug]) =

1_{_3 1+3
4 4 2 4

Example 6.3.3. Consider the graph G5 in Figure 6.3.
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6.3. Measurable Signed Dominating Functions

Figure 6.3: Graph G,

Consider the function f : V(Gy) — [—1, 1] defined by, f(u1) =1, f(u2) =

NS

)

f(U3) = —%, f(U4) = %

For the function f, f(Nui]) = I, f(Nus]) = 2, f(Nlus]) = 1 and f(N[ug]) = 1.
Hence f is a signed dominating function of Gb.

Since N[us] = Nluy] and f(us) # f(u4), f is not measurable by Corollary 2.1.26.

This is an example of a non measurable signed dominating function.

If f is signed dominating and measurable then f is measurable signed domi-

nating relative to the counting measure restricted to A.

Proposition 6.3.4. Let G be a graph and p be the counting measure restricted
to A. Then a function f : V(G) — [—1,1] is signed dominating and measurable

if and only if it is a measurable signed dominating function of G relative to pu.

Definition 6.3.5. Let G be a graph with vertex set V(G). A measurable
signed dominating function f of G is said to be minimal if there does not exist
a measurable signed dominating function g of G such that g < f a.e and g < f

on some set of positive measure.
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6.3. Measurable Signed Dominating Functions

Theorem 6.3.6. Let G be a graph with vertex set V(G). A measurable signed
dominating function f of G is minimal if and only if for every vertex v € V(Q)

with w(E,) > 0 and f > —1 on E,, there ezists a verter u € N[v] such that

/fduzl.
]

Nlu
Proof. Let f be a minimal measurable signed dominating function of G. Suppose

there exists a vertex v with p(F,) > 0 and f > —1 on E, such that /f dp > 1

Nu]
for all u € N[v].

Then, for all u € N[v] , /f dp =1+d,, where d, > 0.

Nu]
Since, for u € N[v]
[ran = [raus [ san
Nlu] By N[u\Ey

we have,

cu(Ey) + / fdu = 1+d,
u]\

N[u]\Ey

where ¢ is the value of f on F,.

Note that the min{d,;u € N[v]} > 0. Therefore k =

”(Ev)mm{du;u € N[v]} >

0. Then ¢ — k < ¢. Choose a real number d € [—1,1] such that ¢ — k < d < ¢

and define, g : V(G) — [—1,1] as

d ifwekE,
g(w) =
fw) ifwé¢ E,
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6.3. Measurable Signed Dominating Functions

Then g = f — (f —d)xg, is measurable. Also g(w) < f(w) for all w € V(G) and
g < f on E,. We assert that g is measurable signed dominating.

Let u € N[v].

N[u] EU N[U]\Ev
= B+ [ s
N[u]\Ey

Let uw € V(G) \ N[v]. Then,

/gdu—/fduzl.

Nlu] Nu]
Therefore g is a measurable signed dominating function of GG, a contradiction.

Conversely, let f be a measurable signed dominating function of G such that
for every vertex v with pu(E,) > 0 and f > —1 on FE, there exists a vertex
u € Nv] such that / f du = 1. Suppose f is not minimal. Then there exists a

Nlu]

measurable signed dominating function g of G such that ¢ < f a.e and g < f on

a set of positive measure. So there exists v € V(G) with pu(E,) > 0and g < f on
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E,. This implies f(v) > —1. So f > —1 on E,, by Theorem 2.1.25. Therefore

there exists a u € N[v] such that /f dp = 1.

Nfu]
This implies,

= 1, a contradiction.

Therefore f is a minimal measurable signed dominating function of G. Hence

the theorem. H

6.4 Measure on Graph Products

In this section we define a measure on vertex sets of lexicographic product,
tensor product, Cartesian product, normal product and co-normal product. Also
we check whether the function f defined from the vertex sets of these products
to [0,1], by f((u,v)) = fi(u)f2(v), where f; and f, are measurable dominating
functions of component graphs, is a measurable dominating function with respect

to this measure or not.

Let G1AG; be an arbitrary graph product such that Ag, X Ag, € Ag,ac,
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and E&ﬁa2 C ES x E% . for (u,v) € V(G1AGy).

Let (u,v) € V(G1AGy). If (z,y) € EST x ES? x € ES1 and y € E9. This
implies Eg;ﬁg? C ES" x B = ES' x ES?. Hence ES' x E§” can be written as
countable disjoint union of the collection {Eg fyA)GQ :(x,y) € EST x ES2}.

In this case, if yp is a measure on Ag, and s is a measure on Ag,, we can
extend the product measure iy X p1g on Ag, X Ag, to Ag, aq, in a natural way.
More explicitly, if
Fluw) =By : (x,y) € By, x E,}, for (u,v) € V(G1AG,),

then for any (z,y) € V(G1AG,), define p as

:u(Ex X Ey) - lul(Em>:u2(Ey)

1

,U’(E(x,y)) = W/L(Ex X Ey)
x?y

and extend p to be a measure on Ag, aq,-

Then for A € Ag, and B € Ag,,

(A x B) = ZN(EU x E,)

u€EA
vEB

= D m(E)Y (k)

u€A veEB

= p(A)pa(B)

where the sums are taken over distinct F, x E,’s, distinct E,’s and distinct E,’s.
Therefore the measure p defined on Ag, s, agrees with the product measure

f1 X pio on the collection {Ax B : A € Ag,, B € Ag,} of generators of Ag, X Ag,
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Hereafter, whenever G1AG, is a graph product such that Ag, x Ag, C
Ac,rc, and E(GulﬁGz C ES x ES2, for (u,v) € V(G1AGs), we use the measure
defined in Equation 6.1 as the measure of the product. For example lexicographic

product, tensor product, Cartesian product, normal product and co-normal prod-

uct have these properties.

There are graph products which do not have these properties, for example
homomorphic product. In this case the natural extension of product measure of

Ag, X Ag, to Ag,xa, is not possible.

Let G7 and G5 be two graphs and f; and f; be measurable dominating func-
tions of G; and G5 respectively. In the following subsections, we define a function
fon V(G1AGs), by f((u,v)) = fi(u) f2(v) and check whether f is a measurable
dominating function of G;AG, or not. We also examine whether the minimality

of f; and fy implies that of f.

6.4.1 Lexicographic Product

Theorem 6.4.1. Let GG; and Gy be two graphs and fi and fy be measurable
dominating functions of Gy and Gy respectively. Then the function f defined
on V(G1[Gs]), by f((u,v)) = fi(u)f2(v) is a measurable dominating function of

G1]Go].

Proof. By Proposition 3.2.8, f is a measurable function defined from V(G;[Gs])

to [0,1]. Let (u,v) € V(G1[Gs]). Then N[(u,v)] = (N(u) x V(G2)) J({u} x
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N[v]). Hence N[u]x N[v] € N[(u,v)]. Let Nu] =2, Ey, and N[v] = Uj_, E.,,
where u; € N[u] and each E,,’s are distinct for 1 < i < m and v; € N[v] and
each E,,’s are distinct for 1 < j < n. It is clear that f is constant on £, X E,,,

1<i<mand 1< 5 <n.

Therefore.
[ ra = [ s
N[(u,)] Nu]x N[v]
= Z f(ulavj>:u(Euz X EU]')
1<i<m
1<j<n
= Y ) fa(v)m(By)pa(Ey)
1<i<m
1<5<n
= Y fAum(EL) > fo(v))pa(Ey)
1<i<m 1<j<n
> 1
Therefore f is a measurable dominating function of G4[G). O

The functions f; and f, in Example 6.4.2 are minimal measurable dominating

functions, but their product f = f; fo is not minimal.

Example 6.4.2. Consider the graphs G, Go and G1[Gs] given in Figure

3.1.

Let f1 : V(G1) — [0,1] be defined by fi(u1) = fi(ug) = Let fo :

N =

V(Ga) — [0,1] be defined by fa(v1) = fo(ve) = fa(vs) = %

Let the measures p; on Ag, and ps on Ag, be defined as follows. py(F,,) = 2
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and /LQ(EM) = M2(Ev2) - ,U2<Ev3) =L

/ £ dp = / frdm = fi () (Ba)

Nlu1] Nluz]

/f2 dpy = fo(vi)pa(Ey) + fo(va)pa(Ey,)
]

Nv1

/ fodpy = o)) + falvn)ia(Ey) + falvs)pal(Eny)

Nlve]

W

/ foduy = folva)ia(Eo) + folvs)a(Euy)
]

N [U3

By Theorem 6.1.6, f; and f; are minimal measurable dominating functions of
GG1 and G5 respectively.
E(U17v1) = {(uhvl)}? E(U2,U1) = {<u27vl>} and ﬁ(m,m) = tg.(uw)l) =

{E(umn)v E(uz,vl) }
Therefore,

M(E(ulﬂ)l)) = %M(Eul XEm)
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M(E(uz,m)) = %/‘L(Eu2 XEm)

=1

E(Ul,vz) = E(U2,v2) = {(ulv U2)7 (u2av2)}'
Therefore,

N(E(uhw)) = M(E(UQ,U2))

Similarly we get,

/’L(E(ULUS)) = %/"L(E’Ul XEvs)

ILL(E(U%UB)) - %M(Euz XE”Us)

Let f:= fifs.

Then, f((u;,v;)) = %, i=1,2and j=1,2,3.

/ Fu = F((un0)i(Ba o) + F((2, 00)) (B )

(1, 02)) (B 0y) + [ (U2, 03)) (B )

ot
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Similarly we get,

N \ = \ A
~ ~
. QU
= =
I I
ot Ot

/ fp = F((un,02)) (B ) + £, 0B )

+f((u2= Ul))M(Euz,m) + f((ubv?)))/JJ(Euhvs)

+f((U2, U3))M(Eu2,v3)

NIV

Since N|(ug,vs)] = N[(uz,vs)], / fdu= g

N(uz,v2)]
Therefore f is measurable dominating function of G1[Gs]. But f is not a minimal

measurable dominating function, by Theorem 6.1.6.

6.4.2 Tensor Product

Let f; be a measurable dominating function of the graph G; and f; be a
measurable dominating function of the graph G5, then the function f defined by
f(z,y)) = fi(z) f2(y), (x,y) € G1 ® Ga, need not be a measurable dominating

function of G; ® Gs.

Example 6.4.3. Consider the graphs G, Gy and G| ® G5 given in Figure

3.3.
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Let fi : V(G1) — [0,1] be defined by fi(u1) = fi(u) = 3 and

f2 1 V(G2) — [0,1] be defined by fa(v1) = fa(v2) = fa(vs) = %
Let the measures uy; on Ag, and pe on Ag, be defined by u(E,,) = 2 and
p2(Ev,) = po(Ev,) = pia(Ey,) = 1.
In Example 6.4.2, it is proved that f; is a measurable dominating function of G
and fy is a measurable dominating function of G.
Ew oy = {(u1,m)}, Eugw) = {(u2,v1)}, p(Euy X Ey) =2 and | F(y, 0| = 2.
Therefore,

(B ) = 3#(Eu, % Ey,)

=1

Eur o) = {(w1,02)}, Busvm) = { (2, 02)}, (B X Eyy) = 2, and | F(uy )| = 2.
Therefore,

(B ) = 50(Buy X Eyy)

=1

/ fu = F((un0))i(Ea o) + £z, 02)) (B )
<1

1
2

Hence f is not a measurable dominating function of G; ® G5.
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6.4.3 Cartesian Product

In the case of Cartesian product, measurability of functions does not behave
smoothly in the following sense. Let f; be a measurable dominating function of
GG1 and f> be a measurable dominating function of G5. Then f = f; f> need not

be a measurable dominating function of G; x Gb.

Example 6.4.4. Consider the graphs G, G5 and GG; x G5 given in Figure

3.4.

Let pq, po, fi and fy be as in Example 6.4.2. Then f; is a measurable
dominating function of G; and f5 is a measurable dominating function of Gs.
E(Uhvl) - {(uhvl)}? E(u2,vl) = {<u277}1>}7 /’L(Eul X E’U1) = 2 and |gz(uhv1)| = 2.
Therefore,

M(E'('U«lﬂ)l)) = %M(Em X Ev1)
=1
Similarly, we get (1(E(uy01)) = 1 Euy 00)) = 1.
Let f:= fife.

Then, f((u;,v;) =4,i=1,2and j =1,2,3.

f d:u = f((ubvl)):u(E(ul,m)) + f((u27vl))M<E(u2,v1))+

N{(u1,v1)]
f((u17 UQ))ILL(E(UI,’U2)>

3
= 7 <1
Hence f is not a measurable dominating function of G; x Gs.
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6.4.4 Normal Product

Let G; and G, be two graphs. Let u; be the measure on Ag, and s be
the measure on Ag,. We have Ag xa, = Ag, X Ag, and E,,) = E, x E,, for
(x,y) € V(G; K Gs). Therefore the measure defined in Equation 6.1 on Ag e,

coincides with the product measure of Ag, X Ag,.

Theorem 6.4.5. Let G and Gy be two graphs and fi and fy be measurable
dominating functions of Gy and Gy respectively. Then the function f defined on
V(G1 W Gs) by f((u,v)) = fi(u)fao(v) is a measurable dominating function of

G X Gs.

Proof. By Proposition 3.2.28, f is a measurable function defined from V(G XG5)
to [0, 1]. Let (u,v) € V(G1 K Gy). Let N[u| = OEU and N[v] = O E,,;, where
u; € N[u] and E,,’s are distinct for 1 < i Si:nlz and v; € N|v] jazd E,’s are
distinct for 1 < 57 < n. It is clear that f is constant on F,, X E,,1<i<m and

1<j<n.

Therefore,

[raw = [ s

N(u,v)] Nu]xNv]

1<i<m
155<n
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= Z fl(uz),UJl(Eul) Z fQ(vj)M2(EUj)

1<i<m 1<j<n
> 1
Hence f is a measurable dominating function of G; X Gs. [

Let G7 and G35 be two graphs and f; and f be minimal measurable dom-
inating functions of G; and G, respectively. Next we check whether f;f; is a

minimal measurable dominating function of G X GS.

Theorem 6.4.6. Let Gy and G5 be two graphs and fi; and fs are minimal mea-
surable dominating functions of G and Gg respectively. Then f = fifs is a

manimal measurable dominating function of G1 X Gj.

Proof. By Theorem 6.4.5, f is a measurable dominating function of G; X G5. Let
(u,v) € V(G1 B Gy) be such that f(u,v) > 0. Then fi(u) > 0 and f2(v) > 0.
Since f; and f, are minimal measurable dominating functions of G; and G,

respectively, by Theorem 6.1.6, there exit v’ € Nu] and v € N[v] such that

/f1 dpy =1 and /fg dpy = 1. Then (v/,v") € N[u] x N[v] = N|[(u,v)]. By

Nlu/] N[v']
imitating the procedure used in Theorem 6.4.5, we get

[ ot = [ sa

N[(u/v")] N{u/|x N[v']
= /fl dpn /fz dpiz
Nw/] N[v']
=1
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Hence by Theorem 6.1.6, f is a minimal measurable dominating function of

G1 X G,. O

6.4.5 Co-normal Product

Theorem 6.4.7. Let GG1 and Gy be two graphs and fi and fy be measurable
dominating functions of Gy and Gy respectively. Then the function f defined
on V(Gy % Gsy) by f((u,v)) = fi(u)fa(v) is a measurable dominating function of

G1 * GQ.

Proof. Let (u,v) € V(G1[Gs]). Then N|(u,v)] = {(u,v)} U(N(u) x V(G2))U
(V(G1) x N(v)). Hence N[u| x N[v] € N[(u,v)]. Thus the theorem can be

proved in a way similar to that of Theorem 6.4.1. [

Consider the graphs G, G5 and G * G5 given in the Figure 3.5. Let puq, po,
f1 and f5 be as in Example 6.4.2. Then f; is a minimal measurable dominating
function of G; and f5 is a minimal measurable dominating function of Gs. Also
for these graphs G and Go, G %Gy = G1[G5]. In Example 6.4.2, it is proved that
f1f2 is not a minimal measurable dominating function of G1[Gs|. Therefore f; fo
is not a minimal measurable dominating function of G; * G5. Thus in the case

of co-normal product the minimality of f; and f, does not imply the minimality

of f1fa.
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6.5 x-section and y-section of Measurable Func-

tions Defined on Graph Products

In this section we are considering the measurability of x-sections and y-
sections of measurable functions defined on the vertex set of different types of

graph products.

6.5.1 Lexicographic Product

Theorem 6.5.1. Let G; and G5 be two graphs. If a function f defined on

V(G1[Gs)) is measurable, then for each x € V(Gy), f, is measurable.

Proof. Let © € V(Gy) and y1,y2 € V(G3) be such that N[y] = Nlys]. To
prove f, is measurable, we have to prove that f.(y1) = fz(y2), by Theorem
2.1.25. That is f((z,y1)) = f((z,y2)). For this it is enough to prove that

N[(z,y1)] = N|[(x,y2)], by Theorem 2.1.25.

Nl(z,y1)] = (N(z) x V(G2)) U{z} x Ny])
= (N(z) x V(G2)) U({x} x Nly))
= N(z,42)]

Hence f, is measurable. ]

Remark 6.5.2. In the case of lexicographic product G1[Gs] of two graphs

G, and Gj, though the x-sections f, of a measurable function f defined on
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V(G1) x V(Gs5) are measurable for all x € V(G), the y-section fY need not be

measurable for y € V(Gy).

For example consider the graphs G; and G5 given below.

ul Vl
V2
u V3
(UZ’Vl ) (UZ’VZ) (u2,V3)
Gy G, G1[G,]

Figure 6.4: The lexicographic product G1[G2] of two graphs G and Gs.

Define f: V(G1[Gs]) — [0, 1] as,

f(ur,01)) = 5, f((ug,v1)) = 1, f((ur,02)) = f((ug,v2)) = 5, f((ur,v3)) =

f((ug,v3)) = 1. Then f is measurable.

PN,

Consider,
fvl : V(G1> - [07 1]
In Gl,
Nlwi] = N{uy]
But,

S () = f((u,01)) =3
and [ (uz) = [f((uz, 1)) =1

Hence by Corollary 2.1.26, f** is not measurable.
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6.5.2 Cartesian Product

In the case of Cartesian product the measurability condition is weaker than
that of the lexicographic product in the sense that if G; and G5 are two graphs
and f is a measurable function defined on V' (G; x G2), then the functions f, and
1Y need not be measurable for z € V(G;) and for y € V(G,).

For example consider the graphs GG; and Gy given below.

(up-vp) (up.vy) (ug-vV3) (uy,vy)

(U, vy (U Vo) (u,v3) (UyVy)

G X G,

Figure 6.5: The Cartesian product G; x G5 of two graphs G and Gs.

Consider the function f: V(G; x Gy) — [0, 1] defined by,
J((ur,v1)) = f((uz,v2)) = f(u2,03)) = 1, f(ur,02)) = f((u1,v3)) = f((uz,v4)) =
%, f((ur,v4)) = i> f((uz,v1)) = %
The function f is measurable.

In Gy, N[vs] = N[va] but fu, (v3) £ fu, (vs). Hence by Corollary 2.1.26, f,, is
not measurable. In Gy, Nu1] = Nlus] but £ (u1) # % (us). Again by Corollary

2.1.26, f** is not measurable.
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Thus in the case of Cartesian product, measurability of a function f defined
on the vertex set of V(G x G3) does not imply measurability of its z-sections

and y-sections.

6.5.3 Tensor Product

Likewise in Cartesian product the situation of measurability is not fair in the
case of tensor product. Let (G; and G, be two graphs. The measurability of a
function f defined on V(G ® G5) will not imply that of f, and f¥ for z € V(Gy)
and y € V(G2).

For example consider the graphs given below.

(ul’Vl) (Ll],Vz) (UlsV3) (u],V4)

(u2’V1) (UZ’VZ) (u2’V3) (uz’v4)

Figure 6.6: The tensor product G; ® G, of two graphs GG; and G,.

Consider the function f: V(G ® G3) — [0, 1] defined by,
f((ur, o)) = f((ur,02)) = F((wr,00)) = f(ua,v3)) = 5, f((ur,03)) =
f((uz,v4)) =1, f((uz,v1)) = ia f((uz,v2)) = é
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The function f is measurable by Theorem 2.1.25. But f,, and f" are not

measurable.

In Gy, Nvs) = Nvy], but fu,(vs) # fu,(v4). Therefore f,, is not measurable.

In Gy, N[ui] = Nus], but f*(uy) # f*(u2). Therefore f** is not measurable.

6.5.4 Co-normal Product

The measurability of a function defined on the vertex set of the co-normal
product of two graphs does not imply the measurability of its x-sections and

y-sections. For example consider the graphs given below.

(ul,Vl) (up>vy) (uy,v3)

us Vs
[ ]
o —— o e 0
uy u, Vi v,
Gy G, GGy

Figure 6.7: The co-normal product G * G5 of two graphs G; and Gs.

Let f: V(Gy * G3) — [0, 1] be defined by,
f((ur,v1)) = f((ur,v3)) = f((ug,v2)) = f((ug,v3)) = f((uz,v1)) = f((u3,v2)) =
f(uz,v3)) = 1, f((ur,v2)) = f((ug,v1)) = 2.
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The neighborhood sigma algebra of G1 *Go is P(V(G1%Gs)). Hence all functions

from V(G * G3) are measurable. In particular f is measurable.

In Gy, Nvi] = Nvs], but fu,(v1) # fu,(v2). Therefore f,, is not measurable.

Because of a similar reason f"' is not measurable.

6.5.5 Homomorphic Product

The measurability of a function defined on the vertex set of the homomorphic
product of two graphs does not imply the measurability of its x-sections and y-

sections. For example consider the graphs given below.

up

Gy G,

Figure 6.8: The homomorphic product GG; X G5 of two graphs GG; and Gs.

Consider the function f: V(G; x Gg) — [0, 1] defined by,
f((ur,v1)) = f((ur,v2)) = f((ur,v3)) = f((u2,v2)) = f((ug,v3)) =
f(ug,v4)) = 1, f((ur,v4)) = f((ug,v1)) = 2.
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The neighborhood sigma algebra of Gy x Gq is P(V (G1xGs)). Hence all functions

from V(G X G3) are measurable. In particular f is measurable.

In Gy, Nvs) = Nvy, but fu,(vs) # fu,(v4). Therefore f,, is not measurable.

A similar reason implies that f*' is not measurable.

6.5.6 Normal Product

Apart from all other products, in the case of the normal product, the mea-
surability of functions defined on V(G X G3) and that of their z-sections and

y-sections behave very nicely.

Theorem 6.5.3. Let Gy and Gy be two graphs. If a function f defined on
V(G K Gq) is measurable, then f, and fY are measurable for each x € V(G1)

and y € V(Gs).

Proof. Let x € V(G1) and yy,y2 € V(G3) be such that Ny, = N[ys]. To prove
fz is measurable, we have to prove that f,(y1) = fu(y2). That is f((z,11)) =

f((z,y2)). For this it is enough to prove that N[(x,y;)] = N[(z,y2)]

Nl(z,y1)] = Nlz] x Nly]
= Niz] x Nlye]
= Nl(z,4)]
Hence f, is measurable.
Similarly, we can prove that fY is measurable for each y € V(Gs). ]
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Theorem 6.5.3 is a natural phenomenon because Ag,xa, = Ag, X Ag, (The-
orem 3.2.27). The crux of it is in fact a consequence of the following theorem of

the general measure theory.

Theorem 6.5.4. [23] Suppose (X, S) and (Y,T) are measurable spaces. Let f

be a (S x T) - measurable function on X x Y. Then

(i) For each x € X, f, is a T - measurable function.

(i) For eachy €Y, fY is a S - measurable function.

In this section we examined the measurability of x-sections, f, and y-sections,
fY of a measurable function f defined on the vertex set of different types graph
products. It is proved that in the case of lexicographic product f, is measurable
but f¥ need not be measurable, in the case of tensor product, Cartesian product,
co-normal product and homomorphic product f, and fY need not be measurable

and in the case of normal product both f, and f¥ are measurable.
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|Chapter 7

Measurable Dominating Functions of

Infinite Graphs

7.1 Neighborhood Sigma Algebra of

Infinite Graphs

In the case of a finite graph G = (V(G), E(G)), we have proved that the
smallest measurable set in the neighborhood sigma algebra A of G, containing a
vertex v is the set {u € V(G) : N[u] = N[v]}. As in this case the neighborhood
sigma algebra contains only a finite number of elements, intersection of any col-
lection of elements of A is again in A. Hence smallest measurable set containing
a vertex is meaningful. But this is not quite obvious in the case of infinite graphs

and the existence of such a set is even doubtful.
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Consider the following example.
Let G be a graph with vertex set V(G) = [0,1]J(2,3). Let f be a bijection from
(0,1) to (2,3). The adjacency of G is as follows.
N[0] = N[1] = [0,1], N[z] = [0,1]U f(z) for each =z € (0,1) and N[y] =
{y, f"Y(y)} for each y € (2,3). Then {u € V(G) : N[u] = N[0]} = {0,1}.

But we cannot assure that {0, 1} is measurable.

In order to overcome this difficulty we define the neighborhood sigma algebra
of any graph by a different way but will not contradict the definition of neighbor-
hood sigma algebra of finite graphs. Motivated by the notations of finite graphs
we denote the set {u € V(G) : N[u] = N[v]} by E, in all the cases whether G
is finite or not and define the neighborhood sigma algebra as the sigma algebra
generated by the collection B = {N[v] : v € V(G)} U{E, : v € V(G)}. Later
we prove that F, is the smallest measurable set containing v in parity with the

finite graphs.

Example 7.1.1. Let G be a graph with V(G) = Z. The adjacency relation
in GG is as follows. Fix r € N. Two vertices a, b of G are adjacent if and only if
a # b and a = b(mod ).

Forn € Z, let <n >= {kr +n: k € Z}. Then for m = kr + n with k € Z and
n=20,1,2,...,r—1, E,, =<n >. In this case order of G is countably infinite

but there are only a finite number of E,’s. Note that each F, is infinite.

Example 7.1.2. Let G be a graph with V(G) = R. Two vertices a,b € R

are adjacent in G if and only if and b = —a. Then for v € V(G), E, = {v, —v}.
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Here order of G is uncountable and there are uncountable number of E,’s.

Example 7.1.3. Let G be a graph with vertex set V(G) = R? with the
following as the closed neighborhoods.
N[(0,0)] = R% Let x be an irrational number and ¢ be a rational number. Then
N{(z,q)] = {(x,r) : r rational} [ J{(0,0)}. For all (u,v) not in any of N[(z,q)],
N((u,v)] = W, where W = ( | J N[z, 0])°(_J{(0,0)}. Then Eg = {(0,0)},

z€R\Q
Ez,q) = {(x,r) : r rational} and for w € W\ {(0,0)}, E, = W\ {(0,0)}

For a graph G, let A4 = {Nv]:v € V(G)} and # = {E, : v € V(G)}.

Definition 7.1.4. Let G be any graph (whether finite or infinite). The
sigma algebra generated by the collection A" J.# is called the neighborhood

sigma algebra of G and it is denoted by A¢ or simply by A if there is no confusion.

Hereafter by a graph (G, we mean an infinite graph with the neighborhood

sigma algebra A on the vertex set V(G) and a measure p on A.

Theorem 7.1.5. Let G be a graph. Then for v € V(G) and A € A, either

E,C AorE, C A°.

Proof. Consider the collection, &/ = {A C V(G) : for any E, € ., either

E, C Aor E, C A°}. Tt is clear that .4/ C /. We can also show that </ is a
sigma algebra. Clearly if A € &7, then A° € &. Now let {A,} be a sequence in
. For E, € M, if E, C A, for some m, then F, C |JA,. Otherwise E, C A¢

for all n and E, C (A% = (IJ An)¢. This implies that | J A, € «/. Hence & is a
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sigma algebra containing 4" | J .# and hence A C . Proving the assertion. [

Corollary 7.1.6. If A € A and if A C E, for some v € V(G), then either A is

empty or A =FE,.

Proof. Suppose A € Aand A C E, for some v € V(G). By Theorem 7.1.5, either

E, C Aor E, C A°. In the first case A = E,. In the second case A = (). O

Corollary 7.1.6 shows that no proper non empty subset of F, is measurable.
Thus the smallest measurable set containing each vertex v of G exists and it is
E,. As a consequence of this result, if some real function defined on the vertex
set of a graph is measurable with respect to A then it cannot assume different
values on E,, for each v € V(G). In other words any measurable real function

takes constant values on each E,, v € V(G).

Proposition 7.1.7. Let G be a graph and let f be a measurable real valued

function defined on V(G). Then for each v € V(G), f is constant on E,.

Proof. Let v € V(G) and f(v) = ¢. Suppose f(u) = d for some u € E,. Let,
if possible, d # c, suppose that ¢ < d. Then f~'(—o0,d) is measurable and
v € f7!(—o0,d). Therefore v € f~*(—o00,d)(E, and f~!(—oc0,d)E, is a
measurable set properly contained in FE,, which contradicts the fact that E, is
the smallest measurable set containing v. A similar kind of contradiction arises

when d < c. N
Remark 7.1.8. The converse of this proposition is not true in the case of infinite

133



7.2. Measurable Dominating Functions

graphs. That is even though a function defined on the vertex set of an infinite

graph is constant on all E,’s, it need not be a measurable function.

Example 7.1.9. Let G be a graph with vertex set V(G) = {z e R: 0 <
x < 1}. Suppose that no two vertices in G are adjacent.
Then N[v] = E, = {v} for all v € V(G).
Hence the neighborhood sigma algebra A of G is the sigma algebra generated by
the collection {{z} : x € [0,1]}.
The identity function f on V(@) is constant on each E,, but it is not measurable.

This follows from the fact that, A ={A C[0,1] : A or A° is countable}.

This example also suggests that, in the case of infinite graphs the measurabil-
ity of all singleton subsets of V(G) does not imply the measurability of functions

on V(G).

7.2 Measurable Dominating Functions

In this section we define measurable dominating function of an infinite graph

and characterize minimal measurable dominating function.

Definition 7.2.1. Let G be a graph with vertex set V(G). A function
f:V(G) — [0,1] is called a measurable dominating function of G if the following

conditions are satisfied:

(i) f is measurable

134



7.2. Measurable Dominating Functions

(ii) / fdu>1foraloveV(G).
Nv]

Definition 7.2.2. Let G be a graph with vertex set V(G). A measurable
dominating function f of GG is said to be minimal if there does not exist a mea-
surable dominating function g of GG such that ¢ < f a.e and g < f on some set

of positive measure.

Now we derive a necessary and sufficient condition for a measurable domi-

nating function to be minimal.

Theorem 7.2.3. Let G be a graph with vertex set V(G). A measurable domi-

nating function f of G is minimal if and only if inf{ [ f du:u € Nv|} =1,
Nu]

for every vertex v € V(G) with u(E,) >0 and f >0 on E,.

Proof. Let f be a minimal measurable dominating function of G and v € V(G)
be such that u(E,) > 0 and f(v) > 0.

Suppose inf{ | f du : uw € Njv]} # 1. Since f is a measurable dominating
Nu]

function of G, /f dp > 1 for all w € N[v]. This implies /f dp > 1 for all
Nu] Nu]
u € Nv].

Let S={ [ fdp:ue N}

Nu]\E,
Suppose infS > 1.

Define a function g : V(G) — [0, 1] as
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Then g = f — fxg,, where x g, denotes the characteristic function of E,. Hence
g is measurable.

Let u € Nv], then

/gdu = /gdu+ /gdu

N[u] E, N[U}\Ev

v
53.
Sy
N

v
—

Also, for u ¢ N|v] ,

/ng = /fd/t

Nful Nl
> 1
Therefore g is a measurable dominating function such that g(w) < f(w) for every
w € V(G) and g < f on E,, which is a contradiction.
Suppose infS < 1.

Let f(v) =¢c. Then f =con E,.
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For u € Nv],

[ran = [ rans [san

N[u] N[U]\Ev E,
= / fdp+ cep(E,)
Nu]\Ey
>1
This implies
1= [ fau
N[“]\Ev
c> , for all u € N[v].
1(Ey)

Also for u € NJv], / fdu>infsS.

N[u]\Ey
This implies 1 —infS > 1 — / f du, for all u € Nv].
N[u]\Ev
Hence for all u € N[v],
. 1— [ fdu
1—infS S N{u]\E,
p(Ey) = (B

Also by (7.1), for all u € NJv], / f du>1—cu(E,). This implies,

N[u]\Ey
infS >1—cu(E,).

But inf{ [ f du:u € N[v]} # 1. This implies that infS # 1 — cu(E,).

Nlu]
Hence infS > 1 — cu(E,).

That is,
1—infS
,U(Ev)
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Since infS < 1, there exists at least one u € N[v], such that / fdu<1.

N[u]\E»
Let U = {u € N[v] : / fdu <1}
N[u\Ey
Ifuel,
1= [ fau
N{u]\Ey
>0
p(Ey)
- [ fdu
Therefore there exits d € [0, 1], such that % <d<ec¢ forall ueU.
Define a function h : V(G) — [0, 1] as,
fw) ifw¢ E,
h(w) =
d ifwekE,
Then h = f — (f — d)xg,, hence measurable.
Let u e U.
/hdu: / hdu+/hdu
N[u] N[u\E, Ey
N{u]\Ey
L— [ fdu
N[u]\E»
> fdu+ E,
/ p(Ey) )
N[u]\Eu
= 1.
Let u ¢ U.
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If u ¢ Nvl,
[ran = [ ra
Nu] Nlu]
> 1

If u € N[v], / fdp=>1

/hdu = / hd,u—l—/hdu

Therefore,

Nu] N[u\Ey E,
= [ fdurdue)
Nlu]\my
> 1

Therefore h is a measurable dominating function such that h(w) < f(w) for

every w € V(G) and h < f on E,, which is a contradiction.

Conversely, let f be a measurable dominating function of G' such that

inf{ [ fdp:ue N[} =1, for every vertex v with u(E,) > 0 and f > 0 on

Nlu
5. [u]
Suppose f is not minimal. Then there exists a measurable dominating function
[ of G such that [ < f a.e and [ < f on a set of positive measure. So, there exists
v € V(G) such that u(E,) > 0 and [ < f on FE,. This implies f(v) > 0. Also
H(w)pu(Ey) < f(v)u(Ey), since p(Ey) > 0. Hence 1 — f(v)u(E,) < 1—1U(v)u(Ey).

Since inf{ [ fdu:u€ N[v|} =1, infS =1— p(E,)f(v). Hence for each r >
Nu]
1 — u(E,) f(v), there exists u € N[v] such that r > / fdu>1—u(E,)f(v).

N[u]\Ey
Therefore by taking r = 1—I(v) f(v), we get au € N[v] such that 1 —u(E,) f(v) <
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/ fdu<1=I(v)u(E,). But / [dp < / fdu<1—=I(v)u(E,). This

N[u\E, N[u\Ey N{u\E,
implies / [ dp < 1, which contradicts the fact that [ is a measurable dominating

Nlu]
function of G. Hence the theorem. O

Example 7.2.4. Consider the graph G with V(G) = {uy,us,...,v1,v9, ...}
and Nu;| = {v;, uq,ug, ...}, i € Nand N[v;| = {u;,v1,v9,...}, i € N.

Then E,, = {w} for all w € V(G). Let {z;} and {y;} be two sequences in R

such that le = Zyi = 1.

ieN ieN
Let p({w;}) = z; and p({v;}) = y; for all : € N.
Since Z x; and Z y; are convergent, lim x,, = lim y, = 0.
ieN ieN

Define f: V(G) — [0,1] as f(w) =1 for all w € V(G).

Being a constant function f measurable.

For j € N,
/fdu = Y ity
Nlug] ien
= 14y,
and

/fdu = Zyri‘%‘

ieN
= 1—|—£L']
Thus for each w € V(G), inf{ [ fdu:w € N[w|} =1.

Nw']
Hence by Theorem 7.2.3, f is a minimal measurable dominating function of G.

Remark 7.2.5. In Example 7.2.4, /f du # 1 for any w € V(G). So as

N{w]
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in the case of finite graphs for a minimal measurable dominating function, for

v € V(G) with f(v) >0 and p(E,) > 0, there need not exists a vertex u € N[v]

such that /f dp = 1.

Nlu]
We conclude our work with the following section, which is a generalization of

measurable signed dominating functions to infinite graphs.

7.3 Measurable Signed Dominating Functions

Definition 7.3.1. Let G be a graph with vertex set V(G). A function
f:V(G) — [—1,1] is called a measurable signed dominating function of G if the

following conditions are satisfied:

(i) f is measurable

(ii) / fdu>1foralveV(G).

Nv]

Definition 7.3.2. Let G be a graph with vertex set V(G). A measurable
signed dominating function f of GG is said to be minimal if there does not exist a
measurable signed dominating function g of G such that ¢ < f a.e on V(G) and

g < f on some set of positive measure.

Theorem 7.3.3 characterizes minimal measurable signed dominating func-

tions.
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7.3. Measurable Signed Dominating Functions

Theorem 7.3.3. Let G be a graph and p be a measure on V(G). A measurable

signed dominating function f of G is minimal if and only if inf{ [ f dp:u €
N[u]

N[v]} =1, for every vertex v € V(G) with u(E,) >0 and f > —1 on E,.

Proof. Let f be a minimal measurable signed dominating function of G relative
to u and v € V(G) be such that p(E,) > 0 and f(v) > —1.

Suppose inf{ [ fdu:ue N[v]} #1. Theninf{ [ fdu:u e N[v|} > 1. This

N[yl N[y]
implies /f dp > 1, for all u € N[v].
Nlu]
Then for all u € N[v],
/fd,u:1+du, d, > 0. (7.2)
Nlu]

Also,

/}fdqu/deu+ | s

Nlu N[u\Ey,

—cu(B)+ [ dn (7.3)

N[u]\Ey

where c is the value of f on E,,.

By (7.2) and (7.3), for all u € NJv],
/ fdp=1+d, —cu(E,). (7.4)
N[u]\Ey

Since inf{ [ f du:ue Np|} >1,inf{d,:u e N[v|} > 0.
Nu]
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1
Therefore k = minf{du;u € N[v]} > 0. Then ¢ — k < ¢. Choose a real
1(E,

number d € [—1,1] such that ¢ — k < d < ¢ and define, g : V(G) — [-1,1] as

d ifwek,
g(w) =
flw) ifw¢ E,

Then g = f—(f —d)xg, is measurable, g(w) < f(w) for allw € V(G) and g < f
on F,.
Also ¢ is measurable signed dominating.

For let u € N{v].

/gdu = /gdzw /gdu

Nu] B, N\ By
~ B+ [ fau
Nu\Ey

= du(E,)+1+d, —cu(E,), from (7.4)
> 1+ (d+k—c)u(E,)
= 14[d—(c—k)ulE)

> 1.

Now let w € V(G) \ N[v]. Then,

[odu= [ rau=1.

Nlu] Nlu]

Therefore g is a measurable signed dominating function of GG, a contradiction.
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Conversely, let f be a measurable signed dominating function of G such that

for every vertex v with u(E,) > 0and f > —1on E,, inf{ [ fdu:ue€ Nv]} =
Nfu]
1. Suppose f is not minimal. Then there exists a measurable signed dominating

function [ of G such that [ < f a.e and [ < f on some set of positive measure. So
there exists v € V(G) with u(E,) > 0 and [ < f on FE,. This implies f(v) > —1.

So f > —1 on E,. Therefore inf{ [ f du:ue N[v|} =1.
Nu]
Let S={ [ fdp:ue N}
N[u]\Ey
Then infS =1 — pu(E,)f(v). Also 1 — u(E,)f(v) < 1 — u(E,)l(v). Therefore,

there exists u € N[v] such that 1 — / f du.

[u\Ey
But / ldp < / f dp. This implies /l dp < 1, a contradiction. Hence
the theorem. N“” 0
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Conclusion

In this thesis we extended the concept of dominating functions to infinite
graphs. We introduced a new type of sigma algebra called neighborhood sigma
algebra on the vertex sets of graphs and discussed its properties. We deter-
mined neighborhood sigma algebras of some graphs that are derived from given
graphs. We defined common neighborhood polynomial of a graph and neighbor-
hood unique graphs. We also found out common neighborhood polynomials of
join, corona and different types of graph products of two graphs. We checked
the measurability of x-section and y-section of a measurable function defined on

the vertex sets of different graph products.

In the case of lexicographic product, tensor product, Cartesian product, nor-
mal product and co-normal product of two graphs G; and G, we proved that the
product sigma algebra Ag, X Ag, is contained in the neighborhood sigma algebra
of the product graph. We made an attempt to define a measure on the neighbor-
hood sigma algebras of graph products as an extension of the product measure

on Ag, X Ag,. We defined measurable dominating functions and measurable
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signed dominating functions of both finite and infinite graphs. Characterizations
of minimal measurable dominating functions and minimal measurable signed

dominating functions are also obtained.
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