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Chapter

Introduction

Graph theory is an important branch of Mathematics which has a wide range of applications
in our day to day life. Generally graph theory have been motivated by the study of games and
recreational mathematics. Graphs act as mathematical models for many real life problems.
One of the interesting problems in the area of graph theory is that of labeling of graphs.
Labeled graphs are becoming an increasingly useful family of mathematical model for a broad
range of applications. They are useful in many coding theory problems, including the design
of good radar location codes, synch-set codes, missile guidance codes and convolution codes
with optimal nonstandard encoding of integers. Labeled graphs have also been applied in
determining ambiguities in X-ray crystallographic analysis, design communication network
addressing systems in determining optimal circuit layouts, database management etc. The
efforts to find solutions to many practical problems in real life situations have also led to the
development of several graph labeling methods-graceful, harmonious, prime, divisor, magic,

antimagic, cordial, product cordial, prime cordial etc.

Most graph labeling methods trace their origin to one introduced by Rosa in 1967 or one
given by Graham and Sloane in 1980. During the mid sixties J. Sedlacek introduced the magic
labelings motivated by the notion of magic squares in number theory. Magic graphs are in
fact generalizations of magic squares. A magic graph is a graph whose edges are labeled by
positive integers so that the sum of the labels of the edges incident with a vertex is the same,
independent of the choice of a vertex. The original concept of a group magic graph is due to
Sedlacek. Afterwards, Kotzig and Rosa started the study of graph labeling especially edge-
magic total labeling. Studies were made on Z—magic and Zg-magic graphs. Stanley considered
Z—magic graphs and Doob considered A-magic graphs where A is an abelian group. Given
a graph G, the problem of whether G admits a magic labeling is similar to the problem of
deciding whether a set of linear homogeneous Diophantine equations has a solution [13]. At
present, given an abelian group, no general algorithm is available for finding magic labeling of

graphs. Recently there has been a great interest in the area of magic labeling due to so many



of its applications.

For an abelian group A, written additively, any mapping ¢ : E(G) — A\ {0} is called
a labeling, where 0 denote the identity element in A. For any abelian group A, a graph
G = (V, E) is said to be A-magic if there exists a labeling ¢ : E(G) — A\ {0} such that the
induced vertex set labeling £ : V(G) — A defined by

0 (u) = Z{E(uv) cuv € E(G)}

is a constant map [13]. Observe that A-magic labeling of a graph need not be unique. When
A = Zj, then the graph is called k- magic [13]. The Klein 4 group Vy = {0,a,b,c} = Za & Zo
is a group of order 4 with 0+0=0, a+a=0, b+b=0, c+c=0, a+b+c=0, a+b=
¢, a+c=0>b, b+c=a When A = V,, the graph is called V; magic graph. The concept
of V4 magic graphs was first introduced by S. M. Lee et al. in 2002 [13]. There has been an
increasing interest in the study of Vj; magic graphs since the publication of [13]. We say that a
graph G is a-sum Vj magic if there exists a labeling ¢ : F(G) — Vy \ {0} such that the induced
vertex set labeling £1 : V(G) — A satisfies £*(v) = a for all v € V(G) and for some nonzero
element a € V. If £1(v) = 0, for all v € V(G), the graph is zero-sum V; magic.

A graph G is A- barycentric magic if there exists a labeling ¢ : E(G) — A\ {0} such that
the induced vertex set labeling ¢ : V(G) — A defined by

0 (v) = Z{E(uv) cuv € E(G)}

is a constant map and also satisfies £*(v) = deg(v)¢(u,v) for all v € V, and for some vertex
u, adjacent to v [34]. We say that a graph G is a-sum Vj barycentric magic if there exists an
a € V such that

0T (v) = deg(v)l(uyv) = a

for all v € V, and for some vertex u, adjacent to v. When a = 0, G is said to be zero sum Vj

barycentric magic.

If a graph G and its line graph L(G) are both a-sum Vj-magic, then G is called an a-sum
Vi-bimagic graph. If a graph G and its line graph L(G) are both zero-sum Vj-magic, then G is
called a zero-sum Vj-bimagic graph. A graph G is called a Vj-bimagic graph if G and its line
graph L(G) are both a-sum Vj-magic or zero-sum Vj-magic.. If G or L(G) is not Vj-magic,
then G is called a non Vy-bimagic graph..

The concept of a ring magic graph is a very natural generalization of a group magic graph
and it was introduced by W.C.Shiu and Richard M.Low in their paper [26]. Here we introduce
the concept of an R-barycentric ring magic graph and characterize some Z,-barycentric ring
magic graphs having vertices of degrees 2 and 3. Let R be a commutative ring with unity. A
graph G = (V, E) is said to be R-barycentric ring magic if there exists a labeling ¢ : E(G) —
R\ {0} of the edges of G by nonzero elements of R such that the induced vertex labelings
0t : V(G) = R defined by ¢ (v) = > ¢(uv) where (u,v) € Eand £* : V(G) — R defined by

0% (v) = [[£(wv) where (u,v) € E are constant maps and satisfies:



i) T (v) = deg(v)l(u,v), for all v € V(G), and for some vertex u, adjacent to v.

i) £%(v) = £(u,v)?9™) for all v € V(G), and for some vertex u, adjacent to v.
Throughout this thesis we use the following notations:

1) 7,, the class of a-sum V; magic graphs,

%0, the class of zero-sum V4 magic graphs,and

(
(2
(

(4 : the class of graphs that are a-sum V, barycentric magic.

)
)
3) Va0, the class of graphs which are both a-sum and zero-sum V; magic.
) #
(5) BYo: the class of graphs that are zero-sum V; barycentric magic.
(6) BY 4,0: the class of graphs that are both a-sum and zero-sum Vj barycentric magic.
(7) & :={G:G,L(G) € ¥,}.
(8) Z={G:G e ¥, and L(G) € ¥%}.
(9) € ={G:G,L(G) € %}.
(10) 2 ={G: G € ¥ and L(G) € ¥,}.
(11) & ={G: G € ¥, and L(G) ¢ ¥,}.
(12) # ={G:G € ¥, and L(G) ¢ %}.
(13) 9 ={G:G ¢ ¥, and L(G) € ¥,}.
(14) o ={G:G ¢ ¥, and L(G) € %}.
(15) & ={G: G € ¥ and L(G) ¢ 7.}
(16) 7 ={G:G € ¥ and L(G) ¢ %}.
(17) # ={G:G ¢ ¥ and L(G) € ¥,}.
(18) Z={G:G ¢ ¥ and L(G) € %}.
(19) # ={G:G ¢ ¥, and L(G) ¢ ¥,}.
(20) & ={G:G ¢ ¥, and L(G) ¢ ¥}.
(21) 0 ={G:G ¢ ¥ and L(G) & ¥4}.
(22) 2 ={G:G,L(G) ¢ %}

The thesis mainly focus on a study of Vj-magic, Vj-barycentric magic, V; bimagic and
Z,-barycentric ring magic graphs. The results are presented in the following chapters.



e Chapter 2: Preliminaries

e Chapter 3: Vy-Magic Labelings of Wheel Related Graphs

e Chapter 4: V;-Magic Labelings of Shell Related Graphs

e Chapter 5: V4-Magic Labelings of Some More Graphs

e Chapter 6: Vy-Barycentric Magic Graphs

e Chapter 7: Some Special V-Barycentric Magic Graphs

e Chapter 8: V;-Bimagic Graphs

e Chapter 9: On Z,-Barycentric Ring Magic Graphs
In Chapter 2, we provide some basic definitions and results from graph theory, group theory
and ring theory which are required for the subsequent chapters in the thesis.

In the first section of Chapter 3, we include definitions of some wheel related graphs. In
section 2 we prove that if G is a (p, ¢) graph with vertex set {vi,vs,...,v,}, and £ : E(G) —
Vi \ {0} is a labeling of G, then > F_, £*(v;) = 0. Subsequently we prove following results:

o C, € 7, if and only if n is even and C,, € ¥ for all n > 3.

o If C(n,ki,kay... k) C ¥y, then n+ ki + ko + - -+ k; is even. Then naturally a question
arises whether the converse of this theorem is true. We conjecture that the converse of
this result is true as well. Furthermore, we prove a special case of the conjecture which
states that if n + tk is even, then C(n, k,k, ..., k) C ¥,.

N A

t

Finally, we prove the following results for the graphs Sun,, BSun(p,q), CBSun(p,q),Cpn ®
K, Cp ®Cp, Cp © Ky, Cpy @ Ky, Cry 0 C and 0[Cly )

Sun,, € ¥, for all n and Sun,, ¢ ¥ for all n.

BSun(p,q) and CBSun(p,q) is contained in ¥ if and only if p + ¢ is even.

C, ® Ky € 7, if and only if n is even and C,, ® K5 € ¥ for all n > 3.

Cn®Cp, € ¥, if and only if n(m+1) is even and C,, ® C,, € ¥ for all m > 3 and n > 3.

Cn ® K, € ¥, if and only if n(m + 1) is even and C,, ® K,,, ¢ ¥ for all m and n, where

K, is the complement of the complete graph with m vertices.

o (), ¢0C, € ¥, if and only if m 4+ n is odd and C,, ¢ C,, € ¥ for all m and n.

o[Crlm € ¥, if and only if m is odd and n is even.

In the third section we consider some wheel related graphs and prove the following results.



o W, € 7, if and only if n is odd and W,, € ¥ for all n.

o If W, is a- sum Vj-magic and if k is odd, then W,,; is a-sum Vj-magic.

o If W, is zero-sum V; magic, so is Wy, for every k > 2.

o Wy m € %, if and only if both m and n are odd and W, ,,, € %, for all n and m.
o If W, », is a- sum Vj-magic and if %k is odd, then Wy, ,, is a-sum Vs-magic.

o SW, ¢ ¥, for any n > 3 and SW,, € ¥, for any n > 3. Similar result holds for SW,, ,,
also.

e Helm graph is neither a-sum Vj-magic nor zero-sum Vy-magic for any n.
e W(2,n) € ¥, if and only if n is odd but it does not belongs to ¥ for any n.

e W(t,n) € ¥, if and only if n is odd and ¢ is even but it does not belongs to ¥ for any n
and .

o Wy(t,n) € ¥, if and only if n(t+ 1) is even but it does not belongs to #; for any n and t.
o H(2,n) ¢ ¥, for any n and H(2,n) € ¥ for all n.
o H(t,n) € ¥, if and only if both n and ¢ are odd and H(2,n) € ¥ for all n.

e Flower graph is not a-sum V -magic for any n but it is zero-sum Vj-magic for all n.

In the first section of Chapter 4 we provide the definition of a shell graph. Also include some
well known shell related graphs. In the second section we prove the following results.

e Shell graph is a-sum Vj-magic if and only if n is even.

e U(n,m) ¢ ¥, if m > 2.

e U(n,1) € ¥, if nis odd.

o U(m,n, k)¢ ¥, if n>2.

o IfU(m,1,k) € ¥, then m + k is odd.

e If m is odd and k is even, then U(m,1,k) € 7.

e If m is even and k is odd, then U(m, 1,k) ¢ ¥,.

o If B(t,n1,ng,...,nt) € ¥y, then ny +ny + -+ + ny is odd.

e If n and t are odd then B(t,n,n,...,n) € ¥,.

e H(2n,n—2),H(2n,n—1) € ¥, and ¥ for all n.

e H(4n+1,2n), H(4n + 3,2n + 2) ¢ ¥, but belongs to ¥ for all n.



U(dn+1,2n,1),U(4n+3,2n + 2,1) € ¥, for all n.

Cn(2,7) € ¥, if and only if n is even and 2 < r <n — 3.

Gr(n) € ¥, if and only if n + r is odd and G,(n) € ¥ if n+r is even.

e G(n,n—3,k) € ¥, if and only if nk is even and G(n,n — 3,k) € ¥, for all n and k.
In the third section we prove that if the multiple shell graph M.S (nil,néz, ...,nlr) € ¥,, then
S [(ni—1)t;] is odd. We conjecture that if Y7, [(n;—1)t;] is odd, then MS{n{*,nk?,... ,nir} €
¥,. We prove some special cases of the conjecture which are as follows:

e MS(n') eV, if (n— 1)t is odd.

e MS(n,n+1) € 7,.

e MS(n',(n+1)") € ¥, for all odd t.

e MS(n,m) € ¥, if and only if m + n is odd.

Now we have another question whether the multiple shell graph is zero-sum V;-magic or not?.

Again we state it as a conjecture. That is MS(?”L’i1 , n?, ...,nlr) € ¥ for all n; and t;. Moreover,

we prove the following special cases.

e MS(n') € ¥ for n even, t odd and n even, t even.

e MS(n') € % for n odd, t odd and n odd, ¢ even.

e If m + n is even, then MS(n,m) € %.
Now we prove that if the chain of multiple shell and star graph MS{n’i1 , n?, cooyntr}o Ky €
Ya, then Y7 [(n; — 1)t;] + m is odd. We conjecture that if Y. [(n; — 1)t;] + m is odd, then
MS{ntl1 b2 ontry o Kim € V. We prove the following special cases of the conjecture.

o MS(n')o Ky, € ¥, if and only if (n — 1)t + m is odd.

e MS(n,n+1)o Ky, €%, if mis even.

o MS(n',(n+1)") o Ky € ¥, if mis even and ¢ is odd.
In Chapter 5, we include the definitions of some special graphs like Jahangir graph, windmill
graph, friendship graph, one-point union of ¢-cycles, snake graph, the graph C,,, @C,,, bipyramid

graph, ladder graph, semiladder, planar grid, generalized Theta graph, n-gon book of k pages
and book graph. We prove the following results.

o J,m € ¥, if and only if both n and m are odd and belongs to ¥#; for all n and m.



e The windmill graph ng) € ¥, if and only if m is odd and n is even and belongs to %

for all n and m.
o I, &, for any m but F,, € % for all m.
o C,(t) € ¥, if and only if n is even and ¢ is odd.
o T\™ € ¥, if and only if m is even and n is odd.
e For all m,n > 3, C,,QC,, € ¥, if and only if n(m — 1) is even.

e For any n > 4, the bipyramid graph BP(n) is a-sum Vj-magic if and only if n is even.
Then we prove the following results for BP(G).

e If G is a-sum Vj-magic and number of vertices in G is odd, then BP(G) is a-sum V;-magic.

e If G is a-sum Vj-magic and number of vertices in G is even, then BP(G) is 0-sum V-

magic.

e If G is 0-sum Vj-magic and number of vertices in G is even, then BP(G) is both a-sum

Vi-magic and 0-sum Vj-magic.
e If G is 0-sum Vj-magic and number of vertices in G is odd, then BP(G) is 0-sum V,-magic.
e Ladders L, and semiladders are a-sum Vj-magic for all n but L, o ¢ ¥ for any n.
e The planar grid P,,,0P, is a-sum Vj-magic if and only if mn is even.

e If the generalized Theta graph O(ay, as, - - - ag) is a-sum Vj-magic then either odd number

of a;’s are odd or even number of a;’s are even.

e Let O(ay,as, - - ay) be a generalized Theta graph. If k£ and even number of a;’s are even

then ©(a1,as, - -ag) is a-sum V3 magic.
e Forany n >3 and k > 1, B(n, k) € ¥, if and only if (n — 2)k is even.
e The book B,, is a-sum Vj-magic and zero-sum Vj-magic for all n.

e For m,n > 2, the complete bipartite graph K, , is a-sum Vj-magic if and only if m +n

is even.

Consider the complete graph K,, of order n > 4 with V(K,,) = {v1,v2, - v,} and for
each r such that 2 < r < n —2, let G(n,r) be a spanning subgraph of K, with E(G(n,r)) =
E(K,) —{vv; : 1 <i < j <r}. We prove that the graph G(n,r) is a-sum V;-magic if and
only if n is even. The graph G(n,r) is zero-sum Vj-magic for all n. This can be considered
as a generalization of the result obtained by Sin Min Lee et.al. [13]. Consider the graph
G(n,r) together with pendant edges at the vertices vy, v, -+ ,v, and triangles at the vertices
Upt1,Ury2,- ,Un. We denote this graph by GI'(G). We prove that G*(G) is a-sum Vy-magic
if and only if both n and r are of the same parity and it does not belongs to %;.

In the first section of Chapter 6, we introduce the concept of Vy-barycentric magic graphs.

In the second section we prove the following results:



e The star Ky, € BV, if and only if n is odd and does not belongs to %% for any n.

e For m,n > 2, the complete bipartite graph K, ,, is a-sum Vj-barycentric magic if and
only if both m and n are odd and is zero-sum Vj-barycentric magic if and only if both
m and n are even.

In the third section we prove that a tree t is a-sum Vj-barycentric magic if and only if the
number of vertices of ¢ is even and all its vertices have odd degrees. In the next section we

prove the following.

e For n > 2, the complete graph K, € 7, if and only if n is even and K,, € B if and
only if n is odd.

e For any n > 3, K, \ e, the complete graph with one edge removed, is neither a-sum

V,-barycentric magic nor zero-sum Vj-barycentric magic for any n.

In the fifth section we include the definitions of splitting graph and mycielski graph of a graph
G. We investigate the splitting graph and mycielski graph of K, », K1 n,Cp, P, which belong
to the classes 7, and £7 . In the last section the following results are proved.

e The sun graph C,, ® K; is a-sum Vj-barycentric magic for all n and is not zero-sum
Vj-barycentric magic for any n.

e The wheel W, is a-sum Vj-barycentric magic if and only if n is odd and is not zero-sum

V,-barycentric magic for any n.

e For any n > 3 and k£ > 1, the n-gon book of k pages is zero-sum Vj-barycentric magic if

and only if k is odd but it is not a-sum Vj-barycentric magic.

e For any n > 3, the bipyramid graph BP(n) is zero-sum Vj-barycentric magic if and only

if n is even but it is not a-sum Vj-barycentric magic.

e The sunflower graph SF,, is neither zero-sum Vy-barycentric magic nor a-sum Vy-barycentric

magic for any n.
® Ky, nyns is zero-sum Vj-barycentric magic if and only if nq, ng, n3 are of same parity and
is not a-sum Vj-barycentric magic for any n;,7 = 1,2, 3.
We conclude this chapter by proving that the class 7, ¢ is empty.

Chapter 7 is a continuation of chapter 6. Here we study some special V; barycentric magic
graphs.

In the first section of Chapter 8, we define bimagic graphs and introduce the class of
graphs o, B,¢,9,8,F,9,,9, 7, X, L, M, /,0 and &. In the second section we
prove the following results.



e Let G be a Vj-bimagic (p, ¢) graph with vertex set V(G) = {u1, ug, ..., u,} and edge set
E(G)={e1,e2,...,eq}. Then 30 _ 0+ (u;) =31, ¢F(e;) = 0.

e Let G be an a-sum Vj-bimagic (p, q) graph. Then both p and ¢ are even.

e The star graph does not belongs to the class & for all n > 1, belongs to the class £ if
and only if n is odd, belongs to the class J£ if and only if n is even and belongs to the

class .Z for all n.
In the third section we prove the following results:

e Sun, belongs to the classes @/, #, # and % for all n.

e BSun(n, k) and CBSun(n, k) belongs to the classes &7, % and ¢ if and only if n+ k is
even and belongs to the .Z-class for all n and k.

e W, belongs to the classes &/ and &£ if and only if n is odd and belongs to the classes &
and & for all n.

e (C,QC,, belongs to the o7/-class if and only if either m is odd and n is even or both m
and n are even, belongs to the %-class if and only if n(m — 1) is even, belongs to the

®-class for all m,n > 3 and belongs to the Z-class if and only if mn is even.

e C,(t) belongs to the classes o/ and £ if and only if n is even and ¢ is odd, belongs to

the ¥-class for all n and ¢ and belongs to the Z-class if and only if nt is even.

e J,.m belongs to the classes &/ and £ if and only if n and m are odd, belongs to the
%-class for all n and m, belongs to the Z-class if and only if m(n + 1) is even.

In the fourth section we prove the following results:

e [, belongs to the o/-class and Z-class if and only if n is even and belongs to the classes
A and € for all n.

e L, o belongs to the classes & and % if and only if n is even and belongs to the classes
P and £ for all n.

e The diamond graph belongs to the classes #,%,& and .#.
e The butterfly graph belongs to the classes €, 2,% and 7.
e The kite graph belongs to the classes ¢, 7, % and .£Z.

e The cricket graph belongs to the classes J,.%, # and O.

e The moth graph belongs to the classes #,&, % and 0.



In Chapter 9, we introduce the concept of R-barycentric ring magic graphs and charac-
terize a few Zy-barycentric ring magic graphs having vertices of degrees 2 and 3. We introduce
k—Dbarycentric sequence in a commutative ring R with unity. In the second section we prove
some lemmas which characterize barycentric sequences of lengths 2 and 3. In the third section

we prove the following results.
e Any graph G is Zs- barycentric ring magic with same additive and multiplicative constant
1 if and only if all the vertices of G have odd degrees.
e A regular graph G is R-barycentric ring magic for any ring R.

e For every commutative ring R with unity, P, is R-barycentric ring magic and P,,,n > 3

is not R-barycentric ring magic.
e The cycle (), is R-barycentric ring magic for every commutative ring R with unity.
e C(n1,n2) and C(n1,na, -+ ,ng) are Zy-barycentric magic if and only if & is even.

e If a graph is not Zp-barycentric magic, then it cannot be Zp-barycentric ring magic.
Finally we prove the following results.

e The sun graph C,, ® K is Zy-barycentric ring magic if and only if p = 2.

e Let p be an odd prime. Then the wheel graph W,, is Z,-barycentric ring magic if and
only if there exists an a € Z, \ {0} such that n = 3(mod p) and a"~3 = 1(mod p). W, is

Zs barycentric ring magic if and only if n is odd.

e The planar grid P, x P, is not Z,-barycentric ring magic for all m,n except m =n =2

and for any p.

e The friendship graph F}, is Zy-barycentric ring magic for all m and Z,-barycentric ring
magic for p odd if and only if there exists an a € Z,, \ {0} such that m = 1(mod p) and
a*"=2 = 1(mod p).

e The ladder graph L, and semiladder are not Z,-barycentric ring magic for any n and

any p and L, is Zy,-barycentric ring magic if and only if p = 2.

e Let p be an odd prime. Then the graph B(n, k) is Z,-barycentric ring magic if and only
if the following holds:

e (k—2)a+ b= 0(mod p)
e a*=2b = 1(mod p)
e B(n,k) is Zs-barycentric ring magic if and only if k is odd. This result also holds for
book graph B,,.

o (,,QC), is Zy-barycentric ring magic for all m and n and if it is Z,-barycentric ring magic
for an odd prime p, then b; = b;j(mod p),i # j where both ¢ and j are of same parity and
b;’s are the edge labels of the cycle C,.
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Chapter

Preliminaries

In this chapter we present some basic definitions from graph theory,
group theory and ring theory which are required for the subsequent chap-
ters in the thesis. For notations and terminology not defined in this

thesis the readers may refer to (4| and [20].

2.1 Basic Definitions from Graph Theory

Definition 2.1.1. (see [20]) A (undirected) graph is an ordered pair G = (V(G), E(G)), where
V(G) is a nonempty finite set and E(G) is a binary symmetric relation on V(G). The elements
of V(G) are called vertices and elements of E(G) are called edges.

Denoting by |S| the cardinality of a set S we define p = |V| to be the order of G and ¢ = | F|
to be the size of G. A (p,q) graph is a graph of order p and size g.

If an edge e corresponds to the vertex pair (u,v), we will write e = uv and we say that the
edge e joins the vertices u and v or u and v are adjacent vertices. If two distinct edges u and

v are incident with a common point, then they are called adjacent edges.

Definition 2.1.2. (see [4]) A graph G is said to be complete if every pair of distinct vertices
of G are adjacent in G. A complete graph on n vertices is denoted by K, .

Definition 2.1.3. (see [4]) Let G be a graph. Then the complement G¢ of G is defined by
taking V(G€) = V(G) and making two vertices u and v adjacent in G¢ if, and only if, they are

nonadjacent in G.

Definition 2.1.4. (see [4]) A graph H is called a subgraph of G if V(H) C V(G), E(H) C
E(G). A subgraph H of G is a spanning subgraph of G, if V(H) = V(G).

Definition 2.1.5. (see [4]) Let G be a graph and v € V. The number of edges incident at
v € G is called the degree of the vertex v € G and is denoted by dg(v) or simply d(v). A

11



2.2. Operations on Graphs

graph G is called k-regular, if every vertex of G has degree k. A graph is said to be regular if
it is k-reqular for some nonnegative integer k. In particular a 3-reqular graph is called a cubic
graph.

Definition 2.1.6. (see [4]) A vertex of degree 1 is called a pendant vertex of G, whereas the

unique edge of G incident to such a vertex of G is a pendant edge of G.

Definition 2.1.7. (see [4]) A walk in a graph G is an alternating sequence W : vgejvieavs . . . €0,
of vertices and edges beginning and ending with vertices in which v;_1 and v; are the ends of
ei; Vg s the origin and v, is the terminus of W. The walk is closed if vo = v, and is open
otherwise. A walk is called a trail if all the edges appearing in the walk are distinct. It is called
a path if all the vertices are distinct. A cycle is a closed trail in which the vertices are all

distinct. Paths and cycles of n vertices are often denoted by P,, and C,,, respectively.

Definition 2.1.8. (see [7]) Two vertices u and v in a graph G are connected if there is a path

in G from u to v. The graph is connected if every two vertices of G are connected.
Definition 2.1.9. (see [{]]) A connected graph without cycles is defined as a tree.

Definition 2.1.10. (see [7]) For an integer k > 1, a graph G is a k-partite graph if V(Q)
can be partitioned into k subsets V1, Va, ..., Vi (called partite sets) such that every edge joins
vertices in two different partite sets. A complete k-partite graph G is a k-partite graph such
that two vertices are adjacent in G if and only if the vertices belong to different partite sets. If
[Vi| = ni, for 1 <i <k, then G is denoted by Ky, ny.... ny -

A complete 2-partite graph is called a complete bipartite graph and it is denoted by K, ;.
The complete bipartite graph Kj, is called a star. A complete 3-partite graph is called
complete tripartite graph and is denoted by K, n,.ng-

Definition 2.1.11. (see [9]) Two graphs G and H are said to be disjoint if they have no vertex

mn common.

2.2 Operations on Graphs

Let G and G be two graphs.

Definition 2.2.1. (see [4|/) The graph G = (V,E) where V.=V, UV, and E = E; U Ey is
called the union of G1 and Gy and is denoted by G1 U Go. When Gy and G2 are disjoint,
G1 UGy is denoted by G1 + G2 and is called the sum of the graphs G1 and Gs.

Definition 2.2.2. (see [4|]) Let G1 and Go be disjoint graphs. Then the join, G1 V Ga of G1
and Gs is the graph in which each vertex of G1 is adjacent to every vertex of Gs.

Definition 2.2.3. (see [0]) The corona G1 © Gy of graphs Gy and Gy is the graph obtained
by taking one copy of G1, which has py vertices, and p, copies of G2, and then joining the i'"
vertex of G1 by an edge to every vertex in the i copy of Gs.

12



2.3. Line, Middle and Total Graphs

Definition 2.2.4. (see [7]) The Cartesian Product of two graphs G1 and G2, commonly de-
noted by G10Gy or G1 X Ga, has vertex set V(G) = V(G1) x V(G2) and two distinct vertices
(u,v) and (x,y) of G10OG2 are adjacent if either w = x and vy € E(G3) or v = y and
ux € E(Gy).

The cartesian product of graphs P, and P, denoted, P,,[P, is called a planar grid.

Definition 2.2.5. (see [2§]) Composition or lexicographic product of two graphs denoted by
G[H] has V(G) x V(H) as vertex set in which (g1,h1) is adjacent to (ga, ha) whenever g1gs €
E(G) or g1 = g2 and h1he € E(H).

A graph G with a fixed vertex u € V(G) will be denoted by the ordered pair (G, u). Given
two ordered pairs (G,u) and (H,v), one can construct another graph by linking these two
graphs through identifying the vertices w and v. We will use the notation (G,u) ¢ (H,v) for
this construction or simply G'¢ H if there is no ambiguity regarding the choices of w and v [18].
Definition 2.2.6. (see [18]) Given n graphs G;(i = 1,2,...,n), the chain G1 oGy o ... G, is
the graph in which one of the vertices of G; is identified with one of the vertices of Gi11. If
G; = G, we use the notation oG, for the n-link chain all of whose links are G.

2.3 Line, Middle and Total Graphs

Definition 2.3.1. (see [4|/) The line graph of a graph G, denoted by L(G), is a graph whose
vertex set is in 1 — 1 correspondence with the edge set of G and two vertices of L(G) are joined

by an edge if and only if the corresponding edges of G are adjacent in G.

The concept of middle graph was introduced by J. Akiyama, T. Hamada and I. Yoshimura
[1] in 1974.

Definition 2.3.2. (see (1) The middle graph of a graph G, denoted by M(G), is the graph
obtained from G by inserting a new vertex into every edge of G and by joining those pairs of

these new vertices with edges which lie on adjacent edges of G.

M. Behzad has introduced the notions of the total graph of a graph in [5].
Definition 2.3.3. (see [5]) The total graph of a graph G, denoted by T(G), is a new graph

whose vertex set is the union of vertex and edge sets of G and two vertices of T(G) are adjacent

if they come from two adjacent vertices, two adjacent edges or an incident vertex with an edge.

2.4 Basic Definitions from Group Theory and Ring The-

ory

Definition 2.4.1. (see [11]) A binary operation x on a set S is a rule that assigns to each

ordered pair (a,b) of elements of S some element of S.
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2.4. Basic Definitions from Group Theory and Ring Theory

Definition 2.4.2. (see [11|]) A binary operation on a set S is commutative if a xb=bxa for
all a,b e S.

Definition 2.4.3. (see [11]) A binary operation on a set S is associative if (axb)xc = ax(bxc)
for all a,b,c € S.

Definition 2.4.4. (see [11]) A group < G,* > is a set G, closed under a binary operation *,
such that the following axioms are satisfied:
1 The binary operation * is associative.

2 There is an element e in G such that exx = x*xe = x for all x € G. (This element e is

an identity element for x on G.)

3 For each a € G, there is an element a’ in G with the property that a’ xa = a x a’ = e.

(The element a’ is an inverse of a with respect to the operation x.)
Definition 2.4.5. (see [11]) A group G is abelian if its binary operation * is commutative.
The group Za x Za = {(0,0), (0,1),(1,0),(1,1)} is called the Klien 4-group. For simplicity

we denote the elements by 0,a,b,c where 0+0=0, a+a =0, b+b=0, c+¢c=0, a+b+c=
0, a+b=c, b+c=a, a+c=1>b. The Klien 4-group is denoted by Vj.

Definition 2.4.6. (see [11]) A ring < R,+,. > is a set R together with two binary operations
denoted by “+7 and “”, which we call addition and multiplication, defined on R such that the
following azxioms are satisfied:

1 < R,+ > is an abelian group.

2 Multiplication is associative.

3 For all a,b,c € R, the left distributive law, a.(b+ ¢) = a.b+ a.c and the right distributive
law (a +b).c = a.c + b.c hold.

Definition 2.4.7. (see [11]) A ring in which the multiplication is commutative is a commuta-
tive ring. A ring with a multiplicative identity 1 such that 1x = x1 = x for all x € R is a ring
with unity.

Definition 2.4.8. (see [11]) Let R be a ring with unity. An element u € R is a unit of R if it
has a multiplicative inverse in R. If every nonzero element in R is a unit, then R is a division

ring. A field is a commutative division ring.

For a prime p, Z, denotes the set of all integers modulo p. Observe that Z, is a field.
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Chapter

Vi-Magic Labelings of Wheel Related
Graphs

In the first section of this chapter, we introduce a-sum and zero sum Vy
magic graphs. Some well known cycle related graphs and wheel related
graphs are also included. In the second section of this chapter, we discuss
some cycle related Vy magic graphs. In the last section of this chapter

we discuss some wheel related Vy magic graphs.

3.1 Introduction

Let A be an abelian group. A mapping ¢ : F(G) — A\ {0} is called an edge labeling. We say
that G is A-magic if there exists an edge labeling ¢ : E(G) — A\ {0} such that the induced
vertex labeling ¢ : V(G) — A defined by

() =Y {l(uw) : w € E(G)}

is a constant map [13]. If this constant is a where a is any nonzero element in A, then we say
that £ is an a-sum A-magic labeling of G and G is said to be a-sum A-magic. We say that G is
Vi-magic if there exists a labeling ¢ : E(G) — V4 \ {0} such that the induced vertex labeling
0t : V(G) — V4 defined by

0 (v) = Z{E(uv) cuwv € E(G)}

is a constant map. If this constant is @ where a is any nonzero element in Vj, then we say that
¢ is an a-sum Vj-magic labeling of G and G is said to be a-sum Vj-magic. If this constant is 0,
then we say that £ is a zero-sum Vj-magic labeling of G and G is said to be zero-sum V;-magic.

In this chapter, we investigate a class of graphs in the following categories:
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3.1. Introduction

Figure 3.1: (a)Sung, (b)BSun(6,3), (c) CBSun(6,4)

(i) a, the class of a-sum Vj magic graphs,
(ii) %0, the class of zero-sum V; magic graphs,and

(iif) 74,0, the class of graphs which are both a-sum and zero -sum V; magic.

Here we need the following.

Definition 3.1.1. (see [6]) The sun on 2n wvertices is a corona of the form C, ® K; where
n > 3. The sun C, ® Ky is denoted by Sun, or S,. A broken sun is a connected unicyclic
subgraph of a sun. We denote by BS(p,q) the set of broken suns with n = p + q vertices and
with a p-cycle, note that BS(p;p) = Cp, ©@ Ky. Forp > 2 and 0 < ¢ < p, a consecutive broken
sun, denoted by CBSun(p,q) is the graph belonging to BS(p, q) such that the subgraph induced
by the vertices of degree 2 is a path on p — q vertices. A broken sun (or a sun) is odd (resp.

even) if p is odd (resp.even).

Sung, BSun(6,3) and CBSun(6,4) are depicted in Figure

Definition 3.1.2. (see [18]) A wheel graph denoted by W, is defined as W,, = C,, + K1, where
C,, forn >3 is a cycle of length n.

Definition 3.1.3. (see [18]) A double-wheel graph W, o can be obtained as join of 2C,, + K1,
and inductively we can construct an m-level wheel graph denoted by Wy, ., as follows W,, , =

Definition 3.1.4. (see [12]) The helm H,, is the graph obtained from the wheel W,, by attaching
a pendant edge at each vertex of the cycle C,,.

Definition 3.1.5. (see [12]) The web graph W(2,n) is the graph obtained by joining the
pendant points of a helm H, to form a cycle and then adding a single pendant edge to each

vertex of the outer cycle (see figure .

Definition 3.1.6. (see [12]) The generalized web graph W (t,n) is the graph obtained by iter-
ating the processes of constructing web graph W(2,n) from the helm H,,, so that the web has t

n-cycles (see figure ,
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3.1. Introduction

Figure 3.3: Generalised Web graph :

Figure 3.2: Web graph : W(2,n) W(t,n)

Figure 3.4: Generalised Web graph

without centre: Wy(t,n) Figure 3.5: The flower graph: Fli,
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3.2. Cycle Related Graphs

Definition 3.1.7. (see [19]) The generalized web graph without center, Wy(t,n) is the graph
obtained by removing the central vertex of W (t,n) (see figure[3.4).

Definition 3.1.8. (see (24)]) A closed helm H(2,n) is the graph obtained from a helm by joining

each pendant vertex to form a cycle.

Definition 3.1.9. (see [24|]) Closed generalized helms H(t,n) are obtained by taking a gener-

alized web and joining pendant vertices to form a cycle.

Definition 3.1.10. (see [24]) The flower graph Fl, is the graph obtained from a helm H, by
joining each pendant vertex to a central vertex of the helm (see figure ,

Definition 3.1.11. (see [34|]]) The chain of cycles C(ny,na,--- ,ny) denotes the graph of k
cycles Cy,, Cry, -+, Cp,, of sizes ny,na, - - ,ny such that Cy, and Cy,
fori=1,2,--- k.

01 have a common vertex,

3.2 Cycle Related Graphs

Here we prove the following:

Lemma 3.2.1. If G is a (p,q) graph with vertex set {v1,va,...,vp}, and £ : E(G) — V4 \ {0}
is a labeling of G, then

P
> 0 (vi) =0.
i=1
Proof. Let v; be any vertex of the graph G and v;,,vi,,- - v;, be the k vertices adjacent to
v;. Then we have £1(v;) = Z?:l l(vvg,). In 3P 07 (v;), each €(v;v;) appears twice. So
D0t (v;) =0. -

Theorem 3.2.2. C,, € ¥, if and only if n is even.

Proof. Assume that C,, € ¥,. Then by lemma we have Y. | £*(u;) = 0. That is we get
na = 0. This implies that n is even.
Conversely, assume that n is even. Define ¢ : E(C,,) — V4 \ {0} by

b, for i=1,3,...,n—1,

c, for i=24,... n.

E(uiqu) = {

Obviously, £*(u;) =b+c=a, for i =1,2,...,n. Thus £ is an a-sum Vs-magic labeling of C,,.
This completes the proof. O

Theorem 3.2.3. C,, € ¥ for alln > 3.

Proof. If we label all the edges of C,, by a, then we obtain £*(u;) =0 fori=1,2,...,n. O

Theorem 3.2.4. If n is even, then Cp, € ¥40.
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3.2. Cycle Related Graphs

Proof. Proof follows from theorems [3.2.2] and [3.2.3] O

Definition 3.2.5. We denote by C(n, ki, ka, ..., k) the class of all graphs obtained by iden-
—_————

t
tifying the apex vertices of t stars Ki g, (1 = 1,2,...,t) with t (1 <t < n) vertices of Cp.
Observe that C(n,k,k,..., k) is a unique graph.

———

n

Theorem 3.2.6. If C(n, ki, ko, ... ki) C Vo, thenn+ky + ko + -+ k¢ is even.
Proof. Observe that each member of C(n, k1, ka, ..., k) has n+k; + ko + - - - + ky vertices. By
lemma (n4+ k1 +ko+---+ki)a = 0. This implies that n+ ky + ko + - - + k; is even. [

Conjecture 3.2.7. If n+ ki +ko+ - + ki is even, then C(n, k1, ko, ... ki) C Ya.

We prove some special cases of conjecture [3.2.7]

Theorem 3.2.8. If n + tk is even, then C(n,k,k,..., k) C ¥,.
—_——

t

Proof. Consider a graph G in the set C(n, k, k, ..., k). We consider 4 cases:
——

t

Case 1: Suppose n, k and t are even. In this case, we label all edges of C,, as described in
the proof of theorem and label all the pendant edges by a. Then obviously this is
an a-sum Vy-magic labeling of G.

Case 2: Suppose n, k are even and t is odd. In this case, the labeling is exactly similar to
Case 1.

Case 3: Suppose n and t are even and k is odd. Without loss of generality assume that apex

vertices of the t stars are at w1, wi,, Wiy, ..., U, 1 < i1 < iy <...< i1 of the cycle C),.
First, label all pendant edges by a. We label the edges of C,, as follows:

Consider the vertex u;,. If 41 is even, we label the edges w,u1,uius, ..., u; Ui, +1 as
follows:

L(upuy

fori=1,3,...,i1 — 1

)
O(uiuisr)
)
)

Lujuirr) =c, fori=24,...,i; —2
(uzlull-‘rl =
If 41 is odd, we label the edges unuy, uiusg, ..., u;;u;,+1 as follows
L(upuy) =0,

b, fori=1,3,...,i1 — 2
uu
itit1) ¢, fori=2,4,... i — 1.
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3.2. Cycle Related Graphs

((uiluilJrl) = C.

So, we have
b if i; even

Owiy—1uiy) = L(ui iy 1) = o
¢ ifi; odd

Therefore for all iy,
0 (us,) = a.

Furthermore,
0" (u;) = a for all i.

Next, consider the vertex u,,. Here we consider the following cases:

11 and 7y are even: In this case we label the edges w;, +1%i; 42, Wiy +2Ui 43, - - -5 Uiy Win 11

consecutively by ¢, b, ¢, b,...,¢,b,c,c.

11 is even and iy is odd : In this case we label the edges w;, +1%i, 12, Ui, +2Ui 43, - -,

Ui, Uiy +1 cOnsecutively by ¢, b,¢,b,...,¢,b,b.

11 is odd and i is even : In this case we label the edges w;, +1%i, 12, Ui, +2Ui 43, - -,

Ui, Uiy +1 consecutively by b, ¢, b,c,...,b,c, c.

i1 and iy are odd : In this case we label the edges wi, +1Ui; 42, Ui, +2Uiy +3, - - -, Uiy Wiy 1

consecutively by b, c,b,¢,...,c,b,b.

Proceeding like this, we eventually arrive at w;,. If i; is even, then obviously £(u;, u;,—1) =

0(ui, u;,+1) = c¢. Then label the edges w;, 11U, +2, Ui, +2Ui, 43, - - -, Up—2U,—1 consecutively
by b,¢,b,c,...,b,c. If iy is odd, then obviously €(u;,u;,—1) = €(u;,u;,+1) = b. Then label
the edges w;, +1Ui,+2, Ui, +2Ui,+3, - - -, Un—2Up—1 cOnsecutively by ¢, b, ¢, b, ..., c. Obviously

this labeling is an a-sum Vj-magic labeling of G.

Case 4: n, k and t are odd. In this case, the labeling is similar to case 3.

This completes the proof. O

Theorem 3.2.9. Sun, € ¥, for all n.

Proof. Observe that Sun,, = C(n,1,1,...,1). So, the proof of the theorem follows from theo-
———

n

rem 3.2.8 O

Theorem 3.2.10. Sun,, ¢ ¥ for all n.

Proof. Since Sun,, has pendant edges, Sun,, ¢ %. O

Theorem 3.2.11. BSun(p,q) C ¥, if and only if p+ q is even.
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Proof. Observe that any member in BSun(p, q) has p + ¢ number of vertices. If BSun(p,q) €
Y., then by lemma [3.2.1] (p + ¢)a = 0. This implies that p + ¢ is even. Converse part follows
from theorem [3.2.8 O

Theorem 3.2.12. CBSun(p,q) C ¥, if and only if p+ q is even.

Proof. Proof follows from theorem [3.2.8 O

Theorem 3.2.13. C,, © K3 € ¥, if and only if n is even.

Proof. Note that C,, ® K3 has 3n vertices. If C,, ® Ky € ¥, then by lemma [3.2.1) 3na = 0.
This implies that na = 0. Consequently, n is even. Conversely assume that n is even. Let
U1, U2, . .. Uy be the vertices of C), and 5,7 = 1,2,...,n, 7 = 1,2 be that of Ky. Now label

the edges as follows:

b, i=1,3,....,n—1

c, 1=2,4,....,n

E(uiuivr) = {

E(uivij) =)

e(’l}ijvi(j+1)) =C

This gives an a-sum Vj-magic labeling of C,, ® Ks. O

Theorem 3.2.14. C,, ® Ky € ¥ for alln > 3.

Proof. Label all the edges by a. The proof follows. O

Theorem 3.2.15. If n is even, then C,, © Ko € ¥40.

Proof. Proof follows from theorems [3.2.13] and [3:2.174] 0

Theorem 3.2.16. C,, © C,,, € ¥, if and only if n(m + 1) is even.
Proof. Suppose C,, ® C,,, € ¥,. Then by lemma n(m + 1)a = 0. This implies that
n(m+ 1) is even.

Conversely assume that n(m+ 1) is even. Let the vertices of C), be (u1,ua, ..., un,u1) and
let the vertices of C,, be vi;,4 =1,2,...,n, j = 1,2,...,m where v;; = u;. We consider the

following cases.

Case 1: Assume that n is even and m is odd. Label all the edges by a. Obviously ¢ is an
a-sum Vy-magic labeling of C), ® C,.

Case 2: Suppose m and n are odd. In this case the labeling is exactly similar to Case 1.
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Case 3: Suppose both m and n are even. Define ¢ : E(C,, ® Cp,) — V4 \ {0} by
b for i=1,3,...,n—-1
e Z ’L — 3 ) 3 7
(usttia) {c for i=2,4,...,n
For i =1,2,...,n:
L(vijvi(j+1)) = Luvgg) = a, for j=1,2,...,m

end for

This completes the proof. O

Theorem 3.2.17. C,, © C, € ¥ for allm > 3 and n > 3.

Proof. Let V(Cy,) = {u1,ua,...,uy} and V(Cp,) = {v1,v2,...,vm}. We consider the following
cases:

Case 1: Suppose n and m are even. Define ¢ : E(C,, ©® Cy,) — V3 \ {0} by

luuivr) =a for i=1,2,... n,

b for i=1,3,....m—1,
E(UWHl){

c for i=24,....m.
For 7=1,2,...,n:
lujv;) =a for 1=1,2,...,m.

end for

Obviously /¢ is a zero sum Vj-magic labeling of C,, ® C,,.

Case 2: Suppose n is even and m is odd: Define ¢ : E(C,, ® Cy,) — V4 \ {0} by

lujujpr) =a for j=1,2,...,n,

b for i=1,3,...,m—2,

L(vvip1) =< ¢ for i=2,4,...,m—1,
a for i=m.
For 7=1,2,...,n:
lujv;)) =a for i=2,...,m—1,
Uujvm,) = b, L(u;v1) = c.
end for

Then we have { is a zero sum Vj-magic labeling of C,, ® C,,.

(f(uj)=a+a+(m—-2)a+b+c=0, forj=1.2,...
(T(v))=a+b+c=0, fori=1,2...,m.
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Case 3: Suppose m and n are odd. In this case the labeling is exactly similar to Case 2.

Case 4: Suppose n is odd and m is even. In this case the labeling is exactly similar to Case
1.

This completes the proof. O

Theorem 3.2.18. If n(m + 1) is even, then C,, ©® Cy, € ¥40-

Proof. Proof follows from theorems [3.2.16] and [3:2.17] 0

Theorem 3.2.19. C,, © K,,, € ¥, if and only if n(m + 1) is even.

Proof. Observe that C,,® K, has n+mn vertices. If C,, 0 K,,, € ¥,, then we have (m+1)na = 0.
This implies that n(m + 1) is even. We consider 3 cases:
Let the vertices of C,, be uy,ua, . .., u,. We denote the j** copy of K,, by KJ,. Let the vertices

of Kﬁﬂ be {Uj’h’l)j,g, ey Uj,m}-

Case 1: Suppose n is even and m is odd. In this case label all the edges of K/, by a. Obviously,
this is an a-sum Vj-magic labeling of C), ® K,,.

Case 2: Suppose n is even and m is even. In this case, first we label all edges of K, by b,
7 =1,2,...,n. Next, label all edges of C,, by b, ¢, b,c, ... consecutively. Finally, label all
edges u;vj, by cfori=1,2,...,n; 7 =1,2,...,n;r=1,2,...,m. Obviously, this is an
a-sum Vy-magic labeling of C), ® K,,.

Case 3: Suppose n and m are odd. In this case, first we label all edges of KJ by b, j =
1,2,...,n. Next, label all edges of (', by a. Finally, label all edges u;v;, by a for
i=1,2,...,n; 5 =12 ....,n; r = 1,2,...,m. Obviously, this is an a-sum Vj-magic
labeling of C), ® K,,.

This completes the proof. O

Theorem 3.2.20. C,,© K,, € ¥, if and only if n(m+1) is even, where K,, is the complement

of the complete graph with m vertices.

Proof. Note that the graph C,, ® K,, has n(m + 1) vertices. If C,, ® K,,, € ¥, then we have
n(m + 1) is even. Conversely, assume that n(m + 1) is even. Consider n copies of K. Let
K,,” denotes the j copy of K,,. Let

V(Cy) ={u1,uz, ..., un}k,
V(Kimj) = {Uj,hvj,Qa s an,m}7 .] = 1727' RN

We consider 3 cases:
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Case 1: Suppose n is even and m is odd. Define £ : V(C,, ® K,,) — V4 \ {0} by

Fori=1,2,....,n:
luwjr)=a, j=1,2,....mr=1,2,...,m
Uuuip1) = a

end for

Then, we have £ is an a-sum Vj-magic labeling of C,, ® K,,.

Case 2: Suppose n and m are even. Define £ : V(C, ® K,,) — V4 \ {0} by

b, fori=13,...,n—1,

c, fori=2,4,...,n.

E(uiuiH) = {

Fori=1,2,...,n:
lujr)=a, j=1,2,...,n5r=1,2,...,m

end for

Then, we have £ is an a-sum V;-magic labeling of C,, ® K,,.

Case 3: Suppose n and m are odd. In this case, the labeling is exactly similar to case 1.

This completes the proof. O

Theorem 3.2.21. C,, ® K, ¢ % for all m and n.

Proof. Since it has pendant edges, C,, ® K,,, ¢ %, for all m and n. O

Theorem 3.2.22. If n(m + 1) is even, then C, ® K, € Ya.

Proof. Proof follows from theorems [3.2.20] and [3.2.21] O

Theorem 3.2.23. C,, o C,, € ¥, if and only if m + n is odd.

Proof. Let the vertices of C,,, and C), be respectively, ui, ug, ..., U, and vy, va, ..., v,. Assume
that u; and v; are identified with a new vertex w. Then we have, Y ", ¢ (u;) +> 1 5 1 (v;) +
¢ (w) = 0. This implies that (m + n) is odd.

Conversely, assume that m + n is odd. Then we consider two cases:
Case 1: Suppose m is even and n is odd. Define a mapping £ : E(C,, ¢ C,,) — V4 \ {0} by

b for i=1,3,....,m—1,

c for i=2,4,...,m,

€(uiui+1) = {
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c for i=1,3,...,n,
b for 1=2,4,...,n—1.

f(vivi+1) = {
Clearly / is an a-sum magic labeling of C,, ¢ C),.

Case 2: Suppose m is odd and n is even. The remaining part is exactly similar to Case 1.

This completes the proof. O

Theorem 3.2.24. o[Cy]m € ¥, if and only if m is odd and n is even.

Proof. Observe that o[C)],, has mn — m + 1 vertices. If o[Cy]m € ¥4, then we have [m(n —
1) + 1Ja = 0. This implies that m(n — 1) is odd. Consequently, m is odd and n is even.

Conversely, assume that n is even and m is odd. Consider m copies of C,,. Let the vertices
of the i*" cycle C% be (u},ub,...,u’,ul). First, consider the pairs (C},u}) and (C2,u?) and
construct Gy = (C},ut)o(C2,u?). Next consider the pairs (G1,u3) and (C3,u?}) and construct
Gy = (G1,ud) o (C3,u}). Proceeding like this, we finally arrive at G, 1 = (G2, ud ") o
(Crr u"). We need to show that G = G1 0 G20+ 0 Gy € ¥,. We label the edges of G by
the following table:

i\edge | wiud wbul wiui wlul  wlul  wiui o ... Wb _jul uiud
1 b c b c b c b c
2 b b c b c b c b
3 b c b c b c b c
4 b b c b c b c b
m b c b c b c b c

One can easily verify that this is an a-sum Vj-magic labeling of G. This completes the proof. [

Theorem 3.2.25. C,, ¢ C,, € ¥ for all m and n.

Proof. Label all the edges by a, we obtain T = 0. O

Theorem 3.2.26. If m +n is odd, then Cy, 0 C,, € ¥4 0.

Proof. Proof follows from [3.2.23] and [3.2.25] O

Theorem 3.2.27. <oC,, € %.

Proof. If we label all edges of ¢C, by a, we obtain a zero sum Vj-magic labeling of «C,,. O
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3.3 Wheel Related Graphs

Theorem 3.3.1. W,, € ¥, if and only if n is odd.

Proof. Suppose W,, admits an a- sum Vj-magic labeling. Then by lemma [3.2.1} we have
i € (u;) = €7 (u) which shows that na = a, a # 0. This implies that n is odd.

Conversely, assume that n is odd. We will prove that W,, admits an a-sum Vj-magic
labeling. Let ¢ : E(W,,) — V4 \ {0} be a labeling of W,, such that ¢(uu;) = a for all ¢ . Since n
is odd, .7, ¢(uu;) = a. Thus ¢*(u) = a. Note that ¢(u;u;41) € Vy for i =1,2,...,n, where
Up+1 = uy. Therefore, 23" | l(u;u;+1) = 0. This implies that Y ., £(wju;+1) = 0,a,b or c.
Without loss of generality assume that >\, ¢(u;u;41) = 0. The other cases are similar. Note

that .7, ¢(uju;1) = 0 can be written as:

n

Uuguz) + > Luguisy) = 0. (3.1)

=2

Let us take ¢(ujuz) = a. One can assign b or ¢ to £(ujug) instead of a. If (ujus) = a, the
second term in equation (3.1]) can be taken as a. That is,

> l(uiuigr) = a. (3.2)
=2

Note that equation (3.2)) can be written as:

n

E(UQUB) + Z@(uiulﬂ) = a. (33)

i=3
For an a-sum Vj-magic graph, we need
L(ugug) + L(ugug) + L(uug) = a.
This equation implies that ¢(uguz) = a. Hence £+ (uz) = a. From equation (3.3), we have
Yo g l(uwiuir) = 0. That is,
> luinigr) =0 (3.4)

i=3
Again, equation (3.4)) can be written as:

é(U3’UJ4) + Zé(uiuﬂ_l) =0. (35)

=4

For an a-sum V;-magic graph, we need

Luzug) + L(uuz) + £(ugug) = a
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This implies that £(uzus) = a. Hence £¥ (uz) = a, If we continue this process we finally arrive

at £(upu1) = a and £ (uy) = a. Thus £ is an a-sum Vj-magic labeling of W,. O

A step by step procedure for finding an a-sum magic map for W,,, when n is odd is given
below:

1. Fori=1,2,..., set {(uu;) =a or b or c.

2. Consider the equation Y., ¢(uju;+1) = 0. Assume that £(uw;) = a.

3. Split 0 into two parts. We have the following possibilities:
a+a=0, b+b=0, c+c=0

4. Consider the first sum a + a = 0 and take £(ujuz) as a. Then >, {(u;u;+1) = a. One

can consider the other two cases also.

5. Split the summation >, ¢(u;u;+1) = a in the following form

E(’U/QU?,) + Zf(ulqu) = Q.

=3

Find the value of ¢(usus) from the following equation:

Luqug) + L(uug) + L(ugusz) = a.

6. Continue this processes up to the (n— 1)th step. Finally the value of £(u,u; ) is determined
by the equation:
Lup—1un) + L uuy) + L uiu,) = a

Observe that a-sum Vj-magic labeling of W, is not unique. The following is another procedure

for obtaining an a-sum Vj-magic labeling of W,,.

(1) Consider the equation

n

ZE(UiU@_A’_l) =0,a,bor c. (3.6)

i=1

Without loss of generality assume that

The equation (3.7)) can be written as:

n

L(ujug) + Zﬁ(uiuiﬂ) =0. (3.8)

=2
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Assign a or b or ¢ to £(ujus). Let us assign a to £(ujus). Then from equation (3.8)) one

obtain,
Z((uﬂtﬂ_l) = a. (39)
i=2
Equation (3.9) can be written as:
g(’(@%g) + ZE(UZUZ+1) = aq. (310)
i=3

Assign any value to (ugusz) from the set {a,b,c}. Let us assume that £(ugusz) = b.
Choose £(uus) such that

C(uyug) + L(uug) + L(ugus) = a. (3.11)

Hence we have £ (us) = a.

(2) From equation (3.9)), we have

n

Zﬁ(uiuiH) =C (3.12)

=3

Applying the same procedure as explained above, one obtain:

0" (u3) = a.

(3) Continue the above processes. Finally, we obtain £t (u1) = a.

(4) Since £ is a labeling of W,,, by lemma we have
0 (u) = ZE+(ui) =na
i=1

Since n is odd, we have na = a. Therefore, we have T (u) = a.

Theorem 3.3.2. W,, € %, if n is odd.

Proof. Suppose n is odd. Define ¢ : E(W,,) — V4 \ {0} by

a, fori=1,2,....n—2,

luu;) =4 ¢, fori=n-—1,
b, fori=n.
b, fori=13,...,n—2
¢, fori=24....n—3

O(uiuivr) = .
a, fori=n-—1
¢, fori=n.
Obviously ¢ is a zero sum Vy-magic labeling of W,,. O
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Theorem 3.3.3. W,, € %, if n is even

Proof. Let £ : E(W,,) — V4 \ {0} be alabeling of W,,. Then 23" | ¢(u;u;+1) = 0. This implies
that 7" | €(ujuir1) = 0,a,b or c. Without loss of generality assume that

n

i=1

Rest of the proof is exactly similar to the algorithm for finding the a-sum Vj-magic labeling of
W, explained above subject to the condition that no element will repeat consecutively on the

outer circle of W,,. O

Theorem 3.3.4. If n = 0(mod 3), then W,, admits a zero sum Vy-magic labeling.

Proof. Define ¢ : E(W,,) — Vy \ {0} as follows:

b, fori=1,4,7,...,n—2,
Luuiv1) =% ¢, fori=2,5,8,...,n—1,
a, fori=3,6,9,...,n.

c, fori=1,4,7,...,n—2,
luu;) =< a, fori=2,5,8,...,n—1,
b, fori=3,6,9,...,n.
Obviously ¢ is a zero sum magic labeling of W,. O
Theorem 3.3.5. If W, is a-sum Vy-magic and if k is odd, then Wy is a-sum Vi-magic.

Proof. Assume that W, is a- sum V; magic. Then by theorem [3.3.1] we have n is odd. Since k
is odd this implies that nk is odd. Hence theorem [3.3.1]tells us that W, is a-sum V; magic. O

Next, we will explain a procedure for obtaining an a-sum Vj-magic labeling W, if an a-sum
Vi-magic labeling of W,, is known.

Let Cy.1 : v1,v2,v3,...,0y,v; and v be the center vertex of W,,. Let Cpi 1 : ut, Uz, ..., Unk, U1
and u be the center vertex of W, 1. Let £ : E(W,) — V4 \ {0} be an a-sum Vj-magic labeling
of W,,. Whenever m = i(mod n), define a function ¢’ : E(W,,x) — V4 \ {0} by

V' (uty,) = L(vv;), for m = i(mod n)
=/

O (UmUm 1) = L(v;vir1), for m = i(mod n).

If £'* is the induced vertex labeling of W, then £t (u) = kf*(v) = ka = a and

O () = 0 (U 1) + 2 (W) + € (U U y1)

= e(u(mfl)(mod n)Um(mod n)) + e(uum(mod n)) + E(um(mod n)U(m~+1)(mod n)) = a.

Hence ¢’ is an a-sum Vj-magic labeling of W,,.

29



3.3. Wheel Related Graphs

Figure 3.6: An m-level Wheel Graph: W, ,,

\|, /
e

Theorem 3.3.6. If W,, is zero-sum V3 magic, so is Wy, for every k > 2.

Let Cy 1, ...,Cy m represent the cycles of Wy, ,, at levels 1,...,m, respectively, as shown
in figure Let w1 j,u25,...,Un, j,u1,; are the vertices of the cycle C,, ; and u is the central
vertex of W, .

Theorem 3.3.7. W, ., € ¥, if and only if both m and n are odd.
Proof. If W, ., € ¥4, then by lemma [3.2.1} we have (mn)a = a. This implies that mn is odd
or equivalently m and n are both odd.

Conversely, assume that both m and n are odd. If we label all the edges of W, ,, by a,
then obviously ¢*(u) = a and (1 (u;) = a. O

Theorem 3.3.8. W,, ,,, € % for all m and n.
Proof. We consider the following cases.

Case 1. m is odd and n is even. Define a labeling ¢ : W, ,, — V4 \ {0} by:

L(uui;) =a
b, i=1,3,....n—1

c, 1=2,4,...,n

U(uijugivryy) = {

Case 2. m is even and n is odd.
Define a labeling ¢ : W, ,,, — V4 \ {0} by:

luuij) =a, i=1,4,...,n
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L(uug;) = b, l(uus;) =c
E(UQJ'USJ') =a
c, 1=146,....n—1
(s ; N — ) s Ey Yy )
(igti(ir;) { b, i=3.57.. . n
Case 3. m and n are even: The proof is similar to Case 1.

Case 4. m and n are odd: The proof is similar to Case 2.

This completes the proof. O
Theorem 3.3.9. If W,, ,,, € ¥, then Wipm € ¥, if k is odd.

Proof. Wy, ,m € ¥, implies that mn is odd. This implies that both m and n are odd. Now,
Win.m € Yo if mnk is odd. This implies that & is odd. O

Definition 3.3.10. A subdivided wheel graph denoted by SW, is obtained by dividing each
spoke wu;. Similarly, we can define the subdivided m-level graph SW,, .

Theorem 3.3.11. SW,, ¢ ¥, for any n > 3.
Proof. Assume that SW,, admits an a-sum V,-magic labeling. Then by lemma [3.2.1] we have
na + na = a. This implies that a = 0. The proof follows. O

Theorem 3.3.12. SW,, € ¥ for any n > 3.
Proof. We consider two cases:

Case 1: If n is even, define ¢ : E(SW,,) — V4 \ {0} as follows:

luv;) =a, fori=1,2,3,...,n,
L(viu;) = a, fori=1,2,3,...,n,

E(’U,Z’U/(hLl)) = {

b, fori=1,3,...,n—1,

c, fori=2,4,...,n.
Obviously ¢*(u) = ¢ (u;) = £*(v;) = 0. Hence SW,, € % if n is even.

Case 2: If n is odd, define ¢ : E(SW,,) — Vy \ {0} as follows:

a, fori =1,2,3,...,n— 2,

luv;) =< b, fori=n—1,

¢, for i =n.

a, fori=1,2,...,n—2,
lvu;)) =< b, fori=n—1,

¢, for i =n.
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b, fori=2,4,...,n—3,

c, fori=1,3,...,n—2,
flusivn) = a, fori=n—1
b, for i =n.

Observe that £+ (u) = £+ (u;) = £ (v;) = 0. Hence SW,, € ¥ if n is odd.
This completes the proof. O

Let uy j,u2,j,...,Un,j, u1,; are the vertices of the cycle Cy, j, v1,j,v2,5,...,Vpn ; are the sub-
divisions corresponding to the edges wu; ; and w is the central vertex of SW, p,.

Theorem 3.3.13. SW,, ,, ¢ ¥, for any n and m.

Proof. By lemma we have (2mn)a = a which is impossible. Hence the proof follows. [

Theorem 3.3.14. SW,, ,, € % for any n and m.
Proof. We consider two cases:

Case 1: If nis even, for j =1,2,...,m, define £ : E(SW,, ;) — V4 \ {0} as follows:

luwv; j) =afori=1,2,3,...,n,
O(v; jui ;) =afori=1,2,3,...,n,

b, fori=1,3,...,n—1,
E(uivjuwl,j) = {

c, fori=24,...,n.
Obviously / is a zero-sum magic labeling of SW,, ,,.

Case 2: If nis odd, for j =1,2,...,m, define £ : E(SW,,,,) — V4 \ {0} as follows:

a, fori=1,2,3,...,n—2,
l(uvi ;) =q b

¢, for i =n.

, fori=n—1
a, fori =1,2,3,...,n— 2,
(v jui ) = b fori=n—1,
¢, for i = n.
c,fori=1,3,....,n—2
bfort=2,4,....n—3
O(ui juivrg) = o
a,fori=n-—1

b, for i = n.

Obviously £ is a zero-sum magic labeling of SW,, ..
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This completes the proof. O

Theorem 3.3.15. H, ¢ ¥, for any n.

Proof. By lemma we have, >0 01 (u;) + Y i, 0T (v;) = £ (u) where uy,u, ..., u, are
the vertices of the cycle Cy, 1, v1,vg,. .., v, are the pendant vertices corresponding to the spokes
uu; and u is the central vertex of W,,. Suppose H,, € ¥, for some n. This implies na + na = a
which holds if and only if a = 0. Hence H,, ¢ ¥, for any n. O

Theorem 3.3.16. H,, ¢ ¥ for any n.

Proof. Since it has pendant edges, H,, ¢ ¥ for any n. O

Theorem 3.3.17. W(2,n) € ¥, if and only if n is odd.

Proof. Assume that W(2,n) € ¥,. Then from lemma we have Y0 0T (w;)+> 0 01 (vi)+
Yo 0t (w;) = €1 (u) where uy,ug, ..., u, are the vertices of the cycle C, 1, v1,v2,...,v, are
the vertices of Cy, 2, wy,ws, ..., w, are the pendant vertices and wu is the centre of W (2,n).

Thus we get na + na + na = a. This implies that na = a. This equation holds if and only if n
is odd.

Conversely, assume that n is odd. Define a mapping ¢ : E(W(2,n)) — V4 \ {0} by

Luu;) =a for i=1,2,...,n,
b, for i=1,3,...,n—2,
Lujuiy1) =< ¢, for i=2,4,...,n—1,
a, for i=n.
b, for i=1,3,...,n—2,
L(vivig1) =< ¢, for i=2,4,...,n—1,
a, for i=n.
c, for i=1,
lu;v;)) =1 a, for i=23,...,n—1,
b, for i=n.
L(v;w;) = a.
Obviously, £1(u) = a and €1 (u;) = €1 (v;) = l(w;) =afori=1,2,...,n O

An a-sum Vj-magic labeling is shown in figure [3.7}

Theorem 3.3.18. W(2,n) ¢ ¥, for any n.

Proof. Since it has pendant edges, W(2,n) ¢ ¥ for any n. O

Theorem 3.3.19. W(t,n) € ¥, if and only if n is odd and t is even.
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Figure 3.7: An a-sum Vj-magic labeling of W (2,n)

Proof. Assume that W(t,n) € ¥#,. Then by lemma we have 22:1 S 0 (u ) +
Yo 0T (v;) = €1 (u) where ug j,u2j, ..., Uy, ; are the vertices of the cycle C,, ;, j =1,2,...,t
and vy, va, ..., v, are the pendant vertices and w is the hub of W(2,n). That is n(t + 1)a = a.

This implies that n is odd and ¢ is even. Conversely, assume that n is odd and ¢ is even. Define
a labeling £ : E(W (t,n)) — Vi \ {0} by:

Fori=1,2,...,n do:
Luug 1) = L(u; ;) = a
O jug j41y) = a, for j=1,2,... ¢
end for
For j=1,2,...,t do:
b, 1=1,3,....,n—2

g(uiju(i-i-l)j) = c, 1=2,4,....,n—1
a, t=n.
end for
With this labeling W (t,n) € ¥, for all n and ¢. O

Theorem 3.3.20. W(t,n) ¢ % for any n and any t.

Proof. Since it has pendant edges, W (t,n) ¢ ¥, for any n and any ¢. O

Theorem 3.3.21. Wy(t,n) € ¥, if and only if n(t + 1) is even.
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Proof. First, assume that Wy(¢,n) € #,. Then by lemma we have nta + na = 0. This
implies that n(t + 1) is even.

Conversely, assume that n(t + 1) is even. We consider the following cases:

Case 1: If n and t are even, define ¢ : E(Wy(t,n)) — Vi \ {0} as follows:

C(uspugpry,) =afori=1,2,3,...,n
For 7=2,3,...,t:

Oug juitrj) = { ¢, for Z =13,...,n—1
b, fori=24,...,n
end for
For j=1,2,....,n:
O(uijuijr1) =afori=1,2,...,t—1
end for

lu;pv;)) =afori=1,2,3,4,... n.

Case 2: Assume that n is even and ¢ is odd. In this case the labeling is exactly similar to
Case 1.

Case 3: If n is odd and t is odd, define £ : E(Wy(t,n)) — Vi \ {0} as follows:

L(ui1u(ip1y,1) = afori=1,2,3,...,n
For j=23,...,t:
b, fori=1,3,...,n—2

O(u; iUin 5) =
(ws,j%it1,5) { ¢, fori=2,4,....n—1.
end for

Uupjury) =afor j=1,2,... .t

l(u;qpv;) = a, fori =1,2,...,n

For £k=23,...,n—1:
‘e(ukyjuk,ijl) =a, fOI‘j = 17273a"'7t_ ]-7
end for

a, for j=1,3,...,t =2,

flugungen) = { ¢, for j =2,4 t—1

a, fory=1,3,...,t—2,

E(un’jun’jﬂ) B { b, for j = 2,4 t—1

Obviously ¢*(u; ;) = a and £+ (v;) = a.
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O
Theorem 3.3.22. Wy(t,n) ¢ ¥ for any n and t.
Proof. Since it has pendant edges, Wy(t,n) ¢ ¥, for any n and ¢. O
Theorem 3.3.23. H(2,n) ¢ ¥, for any n.
Proof. Assume that H(2,n) € ¥,. Then by lemma we have Y 1 0T (u;)+ Y0 0 (v;) =
(" (w) where uy,us,...,u, are the vertices of the cycle C, 1, vi,ve,...,v, are the vertices of

the cycle C), 2 and w is the central vertex. From this we get na + na = a. This implies that

a = 0. This is a contradiction. O

Theorem 3.3.24. H(2,n) € ¥, for all n.

Proof. Case 1: Assume that n is even. Define a labeling ¢ : E(H (2,n)) — V4 \ {0} as follows:

For i=1,2,...,n,
L(u;w) = L(ujuirr) = L(uv) = a
end for

b, for 1=1,3,....,n—1,
¢, for 1=24,...,n.

E(vivi—i-l) = {

Obviously, ¢ is a zero- sum Vj-magic labeling of H(2,n).

Case 2: Assume that n is odd. Define a labeling ¢ : E(H(2,n)) — Vy \ {0} as follows:

U uw) = a, L(ugw) = b, L(usw) = c,
=aqa, for i=4,5,...,n,
=a for 1=1,2,...,n,
=a, l(ugvs) = b, L(usvs) = ¢,

)
)
)
)
lu;v;) =a, for i=4,5,...,n,
)
)
)

L(v1v2) = ¢, L(vavs) = a, L(vsvy) = b,
L(vivig1) =c for i=4,6,...,n—1,
L(vivie)=b for i=57,....,n

One can easily verify that ¢ is a zero sum magic labeling of H(2,n).

Theorem 3.3.25. H(t,n) € ¥, if and only if both n and t are odd.

Proof. First, assume that H(¢,n) € ¥,. Then by lemma we have 23:1 S 0 (u ) =
0" (w) where uq j,us j, ..., U ; are the vertices of the cycle C), ;, and w is the central vertex.

36



3.3. Wheel Related Graphs

Hence we get (nt + 1)a = 0. This implies that both n and ¢ are odd. Conversely, assume that
both n and t are odd. Define ¢ : E(H(t,n)) — V4 \ {0} by:

U(uy qw) = a,
lu;qw) =b, for i=2,3,...,n,
Forj=1,2,...;t—1:

Uuijuivr,;) =
(i juit1 ;) {b, for i=24,...,n—1n

end for

(g it t) { b, for Z:: L3,...,n,
; ’ a, for i=24...,n-1
For j=1,2,...,t—1:
L(u1,5u141) = a,
O(ui juijy1) =b, for i=2,3,...,n—1,
end for

¢, for j=1.3,...,1-2,
g(un,jumj""l) - b, for j=24 t—1

Obviously ¢ is an a-sum magic labeling of H (¢, n). O

Theorem 3.3.26. H(t,n) € ¥ for alln and t.

Proof. Case 1: Assume that n is even. Define ¢ : E(H(t,n)) — V4 \ {0} by:

K(umw) =a,
E(ui,jui,jﬂ) = é(ui7jui+17j) =a, for ] = 1, 2, e ,t — 1,

end for
f(ui,tuiﬂ,t) = {

Obviously, £ is a zero sum Vj-magic labeling of E(H (t,n).

Case 2: Assume that n is odd. Define £ : E(H(t,n)) — V4 \ {0} by:

lurgw) =a, Llugiw)=0>b Llugijw)=c
lujqw) =a, for i=4,5,...,n,
For j=1,2,...,t—1:

(u; juisr,j) =a, for i=1,2,... n,

U(ur jurjv1) = a, €(ugjuz j1) = b, L(usjus 1) =c,
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O(u;juiji1) =a, for i=4,5,,...,n,
end for
L(uygugy) = ¢, L(ugusy) = a, L(ususs) = b,
0w guits ) for i=4,6,,...,n—1,

= C7
l(ujpuipry) =0, for i=5,7,,...,n.

Obviously £ is a zero sum magic labeling of E(H (t,n).

Theorem 3.3.27. H(t,n) € ¥, 0 if and only if both n and t are odd.

Proof. Proof follows from theorems [3.5.25] amd [3.3.26] O

Theorem 3.3.28. Fl,, ¢ ¥, for any n.

Proof. Suppose Fl,, € ¥,. Then by 1emma we have >0 0T (u;) + Y iy 07 (v;) = 07 (w)
where wu; are the vertices on the cycle, v; are the corresponding vertices outside the cycle
and w is the central vertex. Thus we get na + na = a. This implies that a = 0 which is a
contradiction. O

Theorem 3.3.29. Fl, € ¥ for all n.

Proof. If we label all the edges by a, we obtain that, £+ (u;) = £*(v;) = (T (w) = 0. O

Corollary 3.3.30. Fl,, ¢ ¥, for any n.

Proof. The proof follows from theorems [3.3.28] and [3.3.29] O
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Chapter

Vi-Magic Labelings of Shell Related
Graphs

In the first section of this chapter, definition of some shell related graphs
are provided. In the second section of this chapter, we discuss some shell
related Vy magic graphs. In the last section of this chapter we discuss

some multiple shell related V4 magic graphs.

4.1 Introduction

For positive integers n,k, 1 < k <n—3, H(n, k) is used to denote the cycle C,, with k chords
sharing a common endpoint called the apex. In general H(n, k) represents a family of graphs.
For certain choices of n and k, the family H(n,k) may be singleton. For example, when
k = n — 3, the family H(n,n — 3) is singleton, called a shell (see figure [10]. Observe that
the shell H(n,n —3) is the same as the fan F},_y = P,_1 + K;. For, 2 <p <n-—r,let C,(p,7)

denote cycle C,, : (vo,v1,. .., Un—1,v9) With consecutive r chords vovp, VoUp+1, . .., VoUptr—1.

Definition 4.1.1. (see [14)]) An umbrella graph U(m,n) is defined to be a graph obtained by
joining a path P, with the apex of a shell H(m,m — 3).

Definition 4.1.2. (see [14]) An extended umbrella graph U(m,n, k) is a graph obtained by
identifying the pendant vertex of the umbrella U(m,n) with the center(apex) of the star K j.

Definition 4.1.3. (see [25]) A multiple shell MS(n'',nk?,... nir) is a graph formed by t;

r

shells of width n; each, 1 < i <r, which have a common apez.

Thus a multiple shell is a one point union of many shells. Observe that the multiple shell
MS(ni,nk?, ... ntr) has o0 (n; —1)t; +1 vertices. If there are k shells with a common apex,

? T

then it is called a k- tuple shell.
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Figure 4.1: The Shell graph H(n,n — 3)

Definition 4.1.4. (see [25)]) A multiple shell is said to be balanced if it is of the form MS(p")
or of the form MS(pt, (p+1)*).

4.2 Shell Related Graphs

Theorem 4.2.1. H(n,n — 3) € ¥, if and only if n is even.

Proof. Assume that H(n,n—3) € ¥,. Then £ (u;) = a fori =0,1,...,n—1. Then by lemma
3.2.1, we have

n—1
> e (u) =0. (4.1)
i=0

Thus we get na = 0. This implies that n is even.

Conversely, assume that n is even. We need to show that H(n,n — 3) € ¥,. Let the
vertices of H(n,n — 3) be vg,v1,...,v,_1. Assume that vy be the apex of H(n,n — 3). Define
¢:E(H(n,n—3)) = V4\ {0} by:

« ) ¢, fori=1,n—-1,
VoV;) =
a, fori=2,3,...,n—2,

l(vvip1) =b, fori=1,2,3,...,n—2.
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Then we have

c+c+(n—3)a=a, for i=0,
€+('Ui): b+c=a, for i=1,n—1,

b+b+a=a, for 1 =2,3,...,n—2.
This completes the proof. O
Theorem 4.2.2. (see [28]) H(n,n — 3) € ¥ if n is even.
Theorem 4.2.3. If n is even, H(n,n —3) € ¥,0.
Proof. From theorem we have H(n,n — 3) € ¥, if and only if n is even. From theorem
it follows that H(n,n — 3) € % if n is even. Combining this the proof follows. O
Theorem 4.2.4. U(n,m) ¢ ¥, if m > 2.
Proof. Since any graph with a path pendant of length at least two is non-magic, U(n, m) ¢ ¥,
ifm > 2. O
Theorem 4.2.5. U(n,1) € ¥, if n is odd.

Proof. Let the vertices of U(n, 1) be {vg,v1,v2,...,0n_1, Up}, where vg is the apex of H(n,n—3)
and w,, is the pendant vertex. Define ¢ : E(U(n,1)) — V4 \ {0} by

o ) ¢, fori=1,n—-1,n,
VoV;) =
' a, fori=2,3,....n—2,

f(’Uﬂ)H_l) = b, for i = 1,2,3, ey, — 2.
Then we have,

c+c+(n—3a+a=a, fori=0,
(tv)=Sb+c=a, fori=1,n—1,n,

b+b+4+a=a, fori=2,3,...,n—2.
This completes the proof. O
Theorem 4.2.6. U(m,n, k) ¢ ¥, if n > 2.
Proof. Assume that n > 2 and U(m,n, k) € ¥,. Let vy be the apex of H(m,m — 3) and u,_1
be the apex of K7 . Let V(H(m,m—3)) = {vo,v1,...,0m-1}, V(Pp) = {vo,u1,ug, ..., Up_1}
and V(K1) = {up—1, w1, wa,...,wi}. Since £ (v) = a for all v € V(U(m,n,k)), we can

label all pendant vertices of U(m,n, k) by a. Assume that {(u,_oun_1) = z, z € V3 \ {0}.
Since ¢t (u,—1) = a, ka + x = a. This implies that x = (k — 1)a. Hence, x = 0, if k is odd
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and r = a, if k is even. Observe that x = 0 is not admissible. Moreover, x = a implies that
l(tup_3un—_2) = 0. This is also not admissible. This completes the proof. O

Theorem 4.2.7. If U(m,1,k) € ¥, then m + k is odd.

Proof. Observe that U(m, 1, k) has m+k+1 vertices. If U(m, 1, k) € ¥,, then by lemma
we have (m + k 4+ 1)a = 0. This implies that m + k is odd. O

Theorem 4.2.8. If m is odd and k is even, then U(m,1,k) € ¥;.

Proof. Let V(H(m,m — 3)) = {vo,v1,...,Um-1} and V(K1) = {uo,u1,...,ur}. Define
:U(m,1,k) — V3 \ {0} by:

¢ fori=1,m-—1,
g('UOUi) = )
a, fori=2,3,...,m—2,
L(vivigr) =b for i =1,2,3,...,m — 2,
L(voug) = a.

lupu;) =a for j=1,2,... k.
Then we have,

cte+(m—3)a+a=a, for i=0,

0 (v) = b+c=a, for i=1,n—1,
b+b+a=a, fori=2,3,...,m—2,
ka4+a=a fori=0,
F(u;) =
a, fori=1,2,3,...,k.
This completes the proof. O

Theorem 4.2.9. If m is even and k is odd, then U(m,1,k) ¢ ¥,.

Proof. Label all the pendant edges of the star by a and label the edge voug by z. f U(m, 1,k) €
Y., then ka + x = a. This implies that x = 0. This is a contradiction. The result now
follows. O

Let B(t,n1,ne,...,n:) be the graph obtained by identifying each pendant vertex v; of the star
K, with apex of shells H(n;,n; —3),i=1,2,...,t. Then we have the following:

Theorem 4.2.10. If B(t,n1,na,...,n:) € Yo, then ny +ng + - - + ny is odd.

Proof. Observe that B(t,ni,na,...,n) has ny +na + -+ + ng + 1 vertices. So, we have by
lemma [3.2.1} (ny 4+ na + -+ + ny + 1)a = 0. This implies that ny + ng + - -+ + ny is odd. O
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Theorem 4.2.11. Ifn and t are odd then B(t,n,n,...,n) € ¥,.

Proof. Let the vertex set of K7, be {vo,v1,v2,...,v}, where vy is the apex. Consider ¢
copies of the shell H(n,n — 3). Let H'(n,n — 3) be the i*" copy of H(n,n — 3). Let the
vertex set of H'(n,n — 3) be {v;,vi, v}, ... v} _1}, where v; is the apex. Define a labeling
¢: E(B(t,n,n,...,n)) = V4 \ {0} by

Lvov;) = a, for i =1,2,...,t,
Fori=1,2,...,¢t

(v i)
O(v;0f _ )
(il ) = for]—12 n—2,
((vv}) = a, for j =2,3,...,n —2
end for
Obviously £ is an a-sum magic labeling of B(t,n,n,...,n). O

Let H(2n,n — 2) be the graph obtained by taking the cycle Cs, : (vg,v1,...,v2n—1,v0) and
its chords wvovs, vous, . .., Vova,—3. Observe that H(2n,n — 2) has n — 2 chords. We have the
following theorem:

Theorem 4.2.12. H(2n,n —2) € ¥, for all n.
Proof. We consider two cases.

Case 1: Assume that n is even. Let n = 2t. Observe that in this case, the graph H(2n,n —2)

has 4t vertices. Let the vertex set of H(2n,n — 2) be {vg,v1,...,v4:—1}, where vg is the
apex. For convenience, we denote the vertex vg by vgs. Define £ : E(H(2n,n — 2)) —
Vi \ {0} by:
¢ for i=1,4t—-1,
f(’l)i,ﬂ}i) =
for i =2,4t,
¢ for i=3,7,11,...,4t — 5,

E(vi,lvi) = é(viviﬂ) =
for ¢ =5,9,13,...,4t — 3,

L(vov;) = a for ¢=3,5,7,...,4t — 3.
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Obviously,

b+c+ (2t —2)a=a for i=0,
b+c=a, for i=1,2,4,6,...,2t +4,4t — 4,4t — 2 4t — 1,
c+c+a=a, for 1 =3,7,...,4t -5,

0t (v;) =

b+b4+a=a, for i=5,9,...,4t— 3.

Case 2: Assume that n is odd. Let n = 2¢+ 1. In this case, the graph has 4t + 2 vertices. Let

the vertex set of H(2n,n — 2) be {vp,v1,v2,...,v442}. For convenience, we denote the

vertex vg by vgryo. Define £: E(H(2n,n — 2)) — V4 \ {0} by:

o

for i =1,4t + 2,
b for i =2,4t+ 1,

g(viflvi) =

(9}

for i=3,7,11,...,4t — 5,4t — 1,
for i=5,9,13,... 4t — 3,

ﬁ(vi,wi) = ‘g(vivi+1) =

L(vgv;) = a, for i=3,5,9,...,4t — 1.

Obviously,

cte+ (2t —1)a=a, for i=0,

b+c=a, for 1 =1,2,4,6,...,4t, 4t + 1,
0 (v;) =

ct+c+a=a, for 1 =3,7,...,4t -1,

b+b+a=a, for i =5,9,...,4t — 3.

This completes the proof.

Theorem 4.2.13. H(2n,n —2) € ¥ for all n.
Proof. We consider two cases.

Case 1: Suppose niseven. Let n = 2t. Let the vertex set of H(2n,n—2) be {vg, v1, v,
Define ¢ : E(H(2n,n —2)) — V4 \ {0} by:

¢ for i=2,6,10,14,... 4t — 6,4t — 2, 4t,

g(’l)ifl’l)i) = £(vivi+1) =
b for i=4,8,12,... 4t — 4,

L(vov;) =a for i=3,5,7,...,4t — 3.
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where v4; = vg. Obviously,

c+c+(2t—2)a=0 for
c+c=0, for
0 (v;) =

a+b+c=0, for

b+b=0, for

i=0,

i =1,2,6,...,4t — 2,4t — 1,
i=3,57,...,4t — 3,
i=4,8,12,... 4t — 4.

Case 2: Assume that n is odd. Let n = 2t + 1. In this case, the graph has 4t 4+ 2 vertices.

Define ¢ : E(H(2n,n —2)) — V4 \ {0} by:

¢ for i=1,2,6,10,14,...,4t — 2,
b for i=4,8,12,... 4t — 4,4t 4t + 1,

6(’02'_1’1)1‘) = K(Uivi—i-l) =

L(vov;) =a for i=3,5,7,...,4t -1,

where v4s 49 = vg. Obviously,

b+c+ (2t —1)a =0,

+c=0,
i) = c+c

a+b+c=0,

b+b=0,

This completes the proof.

Theorem 4.2.14. H(2n,n —2) € ¥, 0.

for
for
for

for

i=0,
i=1,2,6,...,4t — 2,
i=3,5...,4t—1,

i =4,8,... 4t 4t + 1.

Proof. From theorem 4.2.12| we have, H(2n,n — 2) € ¥, for all n and from theorem 4.2.13| we

get, H(2n,n — 2) € ¥ for all n. Combining these results the proof follows.

O

Let H(2n,n — 1) be the graph obtained by taking the cycle Cy, : (vg,v1, ..., Van—1,v0) and its

alternate chords vgve, vovy, . . ., VU2, —2. Observe that H(2n,n — 1) has n — 1 chords. We have

the following theorem:

Theorem 4.2.15. H(2n,n — 1) € ¥, for all n.

Proof. Case 1: Assume that n is even. Let n = 2t. Observe that in this case, the graph
H(2n,n — 1) has 4t vertices. Define £ : E(H(2n,n — 1)) — V4 \ {0} by:

¢ for i=4,812,... 4t —4,4¢,
b for i=2,6,10,... 4t — 2,

((vi_lvi) = g(vivi—i-l) =

L(vov;) = a for i =2,4,6,...,4t — 2.
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Obviously,
c+c+(2t—1)a=a, for i=0,
b+ c=a, for 1 =1,3,5,7,...,4t — 3,4t — 1,
0 (v;) =
a+b+b=a, for ¢ =2,6,...,4t — 2,
c+c+a=a, for i =4,8,...,4t — 4.

Case 2: Assume that n is odd. Let n = 2t + 1. In this case, the graph has 4t 4+ 2 vertices.
Define ¢ : E(H(2n,n — 1)) — V4 \ {0} by:

c for i=1,
f(vi—lvi) =
b for i=4t+ 2,
c for i=4,8,12,...,4t — 4, 4t,

f(vi_lvi) = E(Uivi—i-l) =

(=

for i=2,6,10,...,4t — 2,
Lvpv;)) = a  for i=2/4,6,..., 4,

where v4; = vg. Obviously,

b+c+ (2t)a=a, for i=0,

b+ c=a, for 1 =1,3,5,7,...,4t — 1,4t + 1,
(vy) =
c+c+a=a, for ¢+ =4,8,...,4t,
b+b+a=a, for i =2,6,...,4t — 2.
This completes the proof. O

Theorem 4.2.16. (see [28]) H(2n,n — 1) € ¥ for all n.
Theorem 4.2.17. H(2n,n —1) € ¥, o for all n.

Proof. From theorem |4.2.15| we have H(2n,n — 1) € ¥, for all n and from theorem |4.2.16| it
follows that H(2n,n — 1) € ¥ for all n. Combining this the result follows. O

Let H(4n+1,2n) be the graph obtained by taking the cycle Cy,11 := (vo,v1, ..., Van, Vo), the
consecutive middle chords vgvg, and vgve,+1 and all alternate chords symmetrically placed

between the apex, that is, the chords:vgve, vovy, . .., VoV2n—2; VoV2n+3, VoU2n+5; - - - , V0Vdn—1-

Theorem 4.2.18. H(4n+1,2n) ¢ ¥,.

Proof. Since the order of the graph H(4n + 1,2n) is odd, H(4n + 1,2n) ¢ ¥,. O

Theorem 4.2.19. (see [28]) H(4n+ 1,2n) € %.
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Let U(4n + 1,2n,1) be the graph obtained by identifying the apex of H(4n + 1,2n) with a
vertex of K. Then we have the following:

Theorem 4.2.20. U(4n + 1,2n,1) € ¥, for all n.
Proof. We consider two cases:

Case 1: Suppose n = 2t. Then U(4n + 1,2n,1) has 8t + 2 vertices. Let the vertex set

2
of H(4n + 1,2n) be {vp,v1,v2,...,vs:} and let u be the pendant vertex. Define ¢ :
E(U4n+1,2n,1)) — V4 \ {0} by

cfori=2,6,10,...,4t — 2,4t + 3,4t +7,...,8t — 1,
bfori=4,8,10,...,4t — 4,4t 4t + 1,4t + 4,4t +8,...,8t + 1

K(Ui_ﬂ}i) = e(UﬂJH_l) =

Lvov;) = a for i =2,4,...,4t, 4t + 1,4t +3,...,8t — 1

)

L(vou) = a.
where vgi11 = vg and vgg4o = vy. We have,

a+b+4+b+4ta=a for i =0,
b+c=afori=1,3,5,...,4t — 1,4t +2 4t +4,..., 8,
c+ct+a=afori=26,10,...,4t — 2,4t + 3,4t +7,...,8t — 1,
b+b+a=uafori=4,810,...,4t —4,4t, 4t + 1,4t + 4,4t +8,...,8t—3

€+ (’Ul) =

Case 2: Suppose n = 2t + 1. In this case U(4n + 1,2n,1) has 8¢ + 6 vertices. Let the vertex
set of H(4n + 1,2n) be {vg,v1,...,,vst+4} and let the pendant vertex be u. Define
0:E(U(4n+1,2n,1)) — V4 \ {0} by

b, for i = 2,6,10,... 4t + 2,4t + 3,4t +7,...,8t + 3,
¢, for i =4,8,10,...,4t — 4,4t 4t + 5,4t +9,...,8t + 5

L(vi—1v;) = L(vivip1) =

where vg;y5 = vg and vgiyg = v and

lvov;)) =afori=2,4,... 4t + 2,4t + 3,4t +5,...,8t+3

L(vou) = a.
We have,
a+c+c+ (4t +2)a =a for i =0,
b+c=afori=1,3,...,4t+1,4t+6,4t+8,...,8t+4,
0 (v;) =

c+ct+a=afori=4,810,...,4t —4,4t, 4t + 5,4t +9,...,8t + 1,
b+b+a=afori=26,10,...,4t+ 2,4t + 3,4t +7,...,8t+ 3.
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This completes the proof. O

Let H(4n+3,2n+2) denotes cycle Cypi3 := (vo, 1, - - ., Vant2, Vo), the four consecutive middle
chords vyvan,, VoVant1, VoV2n+2, VoUan+3 and all alternate chords symmetrically placed between
the apex, that is, the chords : vgve, vovy, ..., VoV2p—2; VoU2n+5, VoV2n+T, - - - s VoUdn+1. Lhen we
have the following;:

Theorem 4.2.21. H(4n +3,2n+2) ¢ 7.

Proof. Since the graph has odd number of vertices, H(4n + 3,2n + 2) ¢ ¥, for any n. O

Theorem 4.2.22. (see [2§]) H(4n + 3,2n+ 2) € .

Let U(4n + 3,2n + 2,1) be the graph obtained by identifying the apex of H(4n + 1,2n + 2)
with a vertex of K. Then we have the following:

Theorem 4.2.23. U(4n +3,2n+2,1) € ¥,.
Proof. We consider two cases.

Case 1: Suppose n = 2t. Then U(4n + 3,2n + 2,1) has 8¢ + 4 vertices. Let the vertex set of
U(4n+3,2n+2) be {vg, v1,...,vst2}. Let u be the pendant vertex of U(4n+3,2n+2,1).
Define ¢ : E(U(4n + 3,2n +2,1)) — V4 \ {0} by

cfori=2,6,10,...,4t — 2,4t + 5,4t +9,...,8t + 1,
l(vi—1v;) = L(vivig1) = S b for i = 4,8, ..., 4t, 4t + 1,4t + 2,4t + 3,4t + 7,4t + 11,
., 8t+3.

where vgiy3 = vo and vg;44 = v and

O(vgv;) = a for i =2,4,6,... 4t — 2,4t 4t + 1,4t + 2,4t + 3,4t +5,... 8t + 1,

L(vou) = a.
We have, ¢*(u) = a and

a+ (4t +2)a+b+b=a for i =0,
btc=afori=123,5,... 4t — 1,4t +4,4t + 6,4t +8,...8t + 2,
tu)=Lc+ec+a=afori=2610,...,4t — 2,4t + 54t +9,...,8t + 1,
b+b+a=afori=4,8,... 4t 4t + 1,4t + 2,4t + 3,4t + 7,4t + 11,

8t —1.
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Case 2: Suppose n = 2t + 1. In this case, the graph has 8¢ + 7 vertices. Define ¢ : E(U (4n +
3,2n+2,1)) = V4 \ {0} by

bfori=2,6,... 4t +2,4t + 3,4t + 4,4t + 5,4t +9,...,8¢ + 5,

E(vi,lvi) = é(’l}i’l}prl) =
cfori=4,8,...,4t, 4t + 7,4t +11,... 8t + 7.
where vg;17 = vg and vg;+g = v1 and

L(vgvy) = a for i =2,4,6,...,4t + 2,4t + 3,4t + 4,4t + 5,4t + 7,...,8t + 5,

L(vou) = a.
We have,

c+c+ (4t+2)a+a=afori=0,
btbta=afori=26,... 4t +2,4t +3,4 +4,4t+54t+9,... 8 +5,

U(v;) =
c+ct+a=afori=4,8,... 4t 4t + 7,4t +11,...,8t+ 3,
b+c=afori=1,3,5,...,4t — 3,4t +6,4t+8,...,8t + 6.
This completes the proof. O

Theorem 4.2.24. C,,(2,7) € ¥, if n is even and 2 <r <n — 3.

Proof. Let the vertex set of Cy,(2,7) be {ug, ur,us,...,u,—1}, where ug is the apex. Here we

consider two cases:
Case 1: Suppose r is odd. Now, we give the labeling to the edges of G as follows:

K(uoul):b,

fori=1,2,...,r4+1:
E(uiuH_l) = C.

end for

fori=r+2,r+4,...,n—1:
Z(uiuiﬂ) =b.

end for

fori=r+3r+5....,n—2:
Luuiy) = c.

end for

fori=2,3,...,r+1:

L(upu;) = a.

end for
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Observe that,

b+b+ra=a, for i=0,
(Yu))=<c+c+a=a, for i=23,...,r+1,
b+c=a, for i=1r+2,r+3,...,n—1.

Case 2: Suppose r is even. In this case, labeling is similar to case 1.

This completes the proof. O

Theorem 4.2.25. If2<p<n—r andn is even, then C,(p,7) € ¥,.

Proof. Label the edges as follows:

L(uguy) = b,

fori=1,2,...,r+1:
E(uiqu):c.

end for

fori=r+2,r+4,...,n—-1:
E(uiuiﬂ) =b.

end for

fori=r+3,r+5,...,n—2:
E(uiuprl) = C.

end for

fori=pp+1,...,p+r—1:

Lupu;) = a.

end for

Observe that,

b+b+ra=a, for i=0,
(Y(ui)=<{c+c+a=a, for i=23,...,r+1,
b+ c=a, for i=1,r+2,r4+3,...,n—1.

O

Let G,.(n) denote graph P, _; + K, (see figure . Let the vertex sets of P,,_; and K, be

{v1,v2,...,0n—1} and {uy, us,...,u,}, respectively.

Theorem 4.2.26. G,.(n) € ¥, if and only if n+r is odd.
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Proof. Assume that G,.(n) € ¥,. Then by lemma , we have St (vi)+32 5y 0 (uy) =0
which implies that (n — 1)a + ra = 0. This shows that n + r is odd.

Conversely, assume that n + r is odd. We consider two cases.

Case 1: Suppose n is odd and r is even. Let n = 2s + 1. Now, we give the labeling to the
edges of G,.(n) as follows:

For j=1,2,...,r:
£(ujvr) = b,
L(ujv,) = c.
end for
luiv;) =a fori=23,...,2s -1,

a, fori=1,3,...,2s — 1,
fori=2,4,...,2s — 2,

L(viviy1) = {

For j =2,3,...,r:
lujv;)) =b fori=2,3,...,2s—1

end for
‘We have
rb+a=a fori=1,
Fr(vi): rc+a=a for ¢ = 2s,

at+c+a+(r—1b=a, fori=23,...,2s—1
b+c+(2s—2)a=a fori=1

€+(ul):
b+c+(2s—2)b=aqa, fori=23,...,r

Case 2: Suppose n is even and r is odd. Let n = 2s. Now, we give the labeling to the edges of
Gr(n) as follows:
l(vivigr) =clor i=1,2,...,25 — 2
For j=1,2,...,r:
E(Uj’Ul) = b,
g(“j”stl) =D,
L(ujv;) =a for i=2,3,...,2s - 1.

end for
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We have
rb+c=afori=12s—1
0 (v) =
c+c+ra=afori=2,3,...,2s —2
(F(u))=b+b+(2s—3)a=afor i=1,2,...,r
This completes the proof. O

Theorem 4.2.27. G,.(n) € ¥ if n+r is even.
Proof. Assume that n + r is even. We consider two cases.

Case 1: Suppose n and r are both odd. Let n = 2s + 1. Now, we give the labeling to the
edges of G,.(n) as follows:

b fori=1,3,...,2s — 1,
c fori=2,4,...,25 — 2,

L(vivigr) =

L(urv;) =bfor i=1,2s
Luyv;)) =afor 1 =2,3,...,2s —1
for j=2,3,...,7:
l(ujv;) =afor i=1,2,3,...,2s

end for

We have,

b+b+(r—1)a=0 fori=1,2s
b+c+ra=0for i=2,3,...,25—1,

£+ (Uz) =

() = b+b+(2s—2)a=0for j=1,

2sa=0for j=2,3,...,r

Case 2: Suppose both n and r are both even.

(

(

L(vivig1) =a, fori=1,2,...,2s5 -2

lugv;)) =b, Fori=1,2,3....,s—1,s+1,s+2,...2525—2
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for j=2,3,...,r:
Lujm) =c
L(ujvas—1) =
L(ujvs) =a

lujv;) =b, fori=2,3,...,s—1,s+1,5s+2,...,25—2

end for
We have,
a+b+(r—1ec=0 for i=1
ata+b+(r—1)b=0 for i=23,....,s—1,s+1,8s4+2,...,25—2
0 (v;) =

a+a+a+(r—1a=0 for i=s
c+a+(r—1b=0 for i=2s—1
0T (u;) =(25s —3)b+a+c=0 for i=1,2,....7

This completes the proof. O

Let G(n,n — 3, k) denote the graph obtained by taking the union of k copies of H(n,n — 3)
having the edges vgvy’s identified (see figure .
Let {v;,0,vi.1,0i2,0i3,--.,Vin_1} be the vertex set of the i*! copy of H(n,n — 3). Then

Theorem 4.2.28. G(n,n — 3, k) € ¥, if and only if nk is even.

Proof. Assume that G(n,n—3,k) € ¥,. Then by lemma we have na+(k—1)(n—2)a = 0.
This implies that nk is even.

Conversely, assume that nk is even. We consider the following cases:

Case 1: Assume that both n and k are even. In this case, we label the edges of G(n,n — 3, k)

as follows:

K(ULOULI) = a,
For i=1,2,...,k
Uv; jv;541) =¢, for j=1,2,3,...,n—2,
end for
For i=1,2,...,k

é(vl,ovi,jﬂ) = a, for ] = 1,2,3,...,”—3,

end for

E(U1701}i7n_1) =b for i= 1, 2, 3, ey k.
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So, we have (*(v; ;) = a for all 4, j.

Case 2: Assume that n is even and k is odd. In this case, the labeling is exactly similar to

case 1 with only difference is that £(v1 gv1,1) = a is to be replaced by £(vy gv1,1) = b.

Case 3: Assume that n is odd and k is even. In this case, the labeling is similar to case 1.

This completes the proof. O

Figure 4.2: The graph G, (n)

Theorem 4.2.29. G(n,n —3,k) ¢ ¥, if n and k are both odd.
Proof. Assume that G(n,n — 3,k) € ¥,. Since n and k are both odd, nk is odd. Then by

lemma we have 22:01 0 (v1,5) + ZLQ Z;:; 0% (v;, ) = 0 which implies that nka = 0.
In turn we get a = 0. This is a contradiction. The result now follows. O

Theorem 4.2.30. G(n,n —3,k) € % if n and k are odd.

Proof. Now, we give the labeling to the edges of G as follows:
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L\

N .Vk’3

Figure 4.3: The graph G(n,n — 3,k)

l(v1,0v1,1) =D,

E(vim_lvl,o) = b, for i = 1, 2, .

i=1,2,... . k:

for

((vijvijy1) =0, 7 =1,3,...
E(vi,jvi,jﬂ) = C,j = 2,4, v

ak)
7n_27
,’I’L—37

E(Ul,g’uiﬂ') = a,j = 2, 3, ey, — 2.

end for

Obviously,

k(n —3)a+2b =0,
b+b=0,

b+ kb=0,
b+c+a=0,

T (viy) =

This completes the proof.

fori=1,7=0,
fori=1,2,3,....k;j=n—-1
fori=1,7=1,

fori=1,2,...,k;j=2,3,...

,n— 2.
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Theorem 4.2.31. G(n,n—3,k) € ¥ if n is even and k odd.

Proof. Now, we give the labeling to the edges of G as follows:

lviovin) =c,

((Vin_1v10) =b, i=1,2.3 ..k

for i=1,2,...,k:
v jvi 1) =¢, j=1,3,...,n—3,
v jv;541) =0b, j=2,4,...,n—2,
l(v1ovij) =a, j=2,3,...,n—2.

end for
Obviously,

kn—3)a+kb+c=a+b+c¢=0, fori=1,57=0,
b+b=0, fori=1,2,3,...,k;j=n—1,
c+kec=0, fori=1,7=1,

b+c+a=0, fori=1,2,...,k;j=2,3,...,n—2.

0 (viy) =

This completes the proof.

Theorem 4.2.32. G(n,n —3,k) € % if n and k are even.

Proof. We give the labeling to the edges of G as follows:

U(v1,0v1,1) = a,

5(01,7171?)1,0) =D,

£(v1,5v1,541) = {

For i=2,3,...,k:

¢, for j=13,...,n—3,
b, for j=24,...,n—2,

U(vijvij1) =b, j=1,3,...,n =3,
C(v; jvij1) =¢, j=2,4,...,n—2,
end for
l(v1,0vipn-1)=c¢, for i=23,... .k

For i=1,2,3,...,k:

) )

e('Ul,O'Ui,j) =a, j = 2,3, ey — 2.

end for
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Then we have,

t+a+(n—3ka+(k—1)c=a+b+c=0, fori=1,7=0,
atct+(k-1b=a+b+c=0, fori=1,7=1,
Fij)=<{cte=0, fori=2.3,... kj=n—1

b+b=0, fori=1,j=n—1,

b+c+a=0 fori=1,2,....k;7=2,3,...,n— 2.

Theorem 4.2.33. G(n,n —3,k) € % if n is odd and k is even.

Proof. We give the labeling to the edges of G as follows:

g(”l,nflvl,o) =cC

5(111,0”01,1) =a

Fori=1,2,...,k:
lviovij) =a, for j=1,2,....,n—2,

end for

For i=2,3,...,k:
(v1,005n—1) =

end for
l(vijv1j41) =c, for j=1,3,....,n—2,
vy jvi 1) =b, for j=2,4,...,n—3,
l(v110;2) =b, for i=2,...k,

for i=2,3,...,k:
(v jvije1) =¢, j=2,4,...,n—3,
(i jvij11) =bj=3,5,...,n—2,

end for
Obviously,

c+(k—1b+(n—3)ka+a=0, fori=1,7=0,
at+c+(k-=1)b=0, fori=1j=1,

o)) =<b+b=0, fori=2,... k,j=n—1,

c+c=0, fori=1,7=n—-1,

a+b+c=0, fori=1,2,....k;7=2,...,n—2.

This completes the proof.
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4.3 Multiple Shell Graphs

Let G denotes the multiple shell M .S(nf*,n%, ... nir). Let {u, v?’j}, ji=12...,n,1<i<r
be the vertices of G with apex wu.

Theorem 4.3.1. If MS(ni*,n%,...,nlr) € ¥, then > i_ [(n; — 1)t;] is odd.
Proof. Let { : E(G) — V4\{0} is alabeling of G, then by lemma > S Z"“l (o) D+

¢+ (u) = 0. Hence if MS(n}',nk?,... nir) € ¥, it follows that Zz=1[(”z —1)t;]Ja+a = 0 which
implies that Y., [(n; — 1)¢;] is odd. O

Conjecture 4.3.2. If>,_ [(n; — 1)t;] is odd, then M S{n{*,n%, ... ,nir} € 7,.

We prove that the conjecture is true for r = 1.
Corollary 4.3.3. MS(n') € ¥, if (n— 1)t is odd.
Proof. Assume that (n — 1)t is odd. This implies that n is even and ¢ is odd. Observe that
M S(nt) is the one point union of ¢ shells Hi(n,n —3), i = 1,2,...,t. Let the vertex set of

Hi(n,n — 3) be {ug,0,%i1,Ui 2., Un1}, Where ugg is the apex of all shells. Now, we give
the labeling to the edges of G as follows:

For i=1,2,3,...,t

L(ug,0uin) = (U otipn—1) = b,
luijuij) =c¢, j=1,2,...,n—2,
luu;j) =a, 7=2,3,...,n—2.

end for
Then we have,

(n—=3)ta+th+tb=a+b+b=a, fori=0,7=0,
(M(uij)=<{b+c=a, fori=12.3,....t;j=1n—1,
c+ct+a=a, fori=1,23,...,t2,3,...,n—2.

This completes the proof. O

Next we prove that the conjecture is true for r =2, ny =n,no =n+1and t; =, = 1.

Corollary 4.3.4. MS(n,n+1) € ¥,.

Proof. Observe that M S(n,n+1) is the one point union of H(n,n—3) and H(n+1,n—2). Let
V(H(n,n—3)) = {ug,u1,ua,...,up—1} and V(H(n+ 1,n —2)) = {vg, v1,v2,...,0,}. Assume
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that u, = vg be the apex of both the shells H(n,n —3) and H(n+ 1,n —2). Now, we give the
labeling to the edges of MS(n,n + 1) as follows:

a, for i=23,...,n—2,
K(Uouz): .
b, for i=1n-1
L(vvirr) =¢, for j=1,2,3....,n—1,
fi =2,3 -1
E(UO/UZ): a’ Or Z. b 7” )
b, for i=1,n
We have,
(n=3)a+(n—2a+4b=(2n—5)a=a, fori=0,
(Y(u)) =S b+c=a, fori=1,n—-1
a+c+c=a, for2,3,...,n—2
b+c=a, fori=1,n
F(v;) =
a+c+c=a, for2,3,....n—1,
This completes the proof. O

Corollary 4.3.5. MS(nt,(n+ 1)*) € ¥, for all odd t.

Proof. Label the edges of all the ¢ copies of H(n,n —3), H(n 4+ 1,n — 2) as in corollary
The proof follows. O

Corollary 4.3.6. MS(n,m) € ¥, if and only if m + n is odd.

Proof. Assume that MS(n,m) € ¥,. Observe that M S(n,m) has (m + n — 1) vertices. Then
by theorem [4.3.1] m + n is odd.

Conversely, assume that m +n is odd. We need to show that MS(n,m) € ¥,. We consider

two cases.

Case 1: Suppose n is even and m is odd. Assume that vg is the apex of both the shells and,
let

V(H(n7n - 3)) = {'Uo,’l)l,l)g, e vvnfl}
V(H(mvm - 3)) = {'U(),Ul,’ll,g, s 7um—1}~

Now, we give the labeling to the edges of H(n,m,n — 3, m — 3) as follows:

“ ) a, fori=2....,n—2,
VoV;) =
0 b, fori=1,n—1.
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L(vjvigr) =¢, fori=1,2,...,n—2,
lujujpr) =¢, forj=1,2,...,m—2,
b, forj=1,m—1,
vou] =
a, forj=2,...,m—2.

We have
b+b+(n—3a+b+b+(m—3)a=a for i =0,

(t(v;)) =S b4+c=a for i=1n—1,
c+c+a=a for i=2,3,4,...,n—2.
b+c=a for i=1,m-—1,

0 (u;) =
c+ct+a=a for i =23,4,...,m—2.

Case 2: Suppose n is odd and m is even. In this case the labeling is exactly similar to case 1.

This completes the proof.

Conjecture 4.3.7. MS(n*,n%2 ... nlr) € ¥ for all n; and t;.

We prove some special cases of conjecture [4.3.7]

Corollary 4.3.8. MS(n') € ¥ for n even, t odd and n even, t even.
Now, we give the labeling to the edges of M S(n?) as follows:

ﬁ(uo,oui,l):b, for 1=1,2,...,1t,
E(UQ,oui,n_l)ZC, fOI‘ i=1,2,...,t,
For +=1,2,3,...,t
O(uijuijr1) =b, for j=1,3,....,n-3,
g(uiajuiijrl):Ca for j=24,...,n-2,
lugoui ;) =a, for j=2,3,...,n—2,
end for
Then we have,
(n=3)ta+th+tc=a+b+c=0, fori=0,j=0,
b+b=0, fori=1,2,3,...,t;5=1,
H(uig) = ’
c+c=0, fori=1,2,3,...,t;j=n—1,
b+c+a=0, fori=1,2,3,...,t;7=2,3,...,n—3.

This completes the proof.
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Corollary 4.3.9. MS(n') € ¥ for n odd, t odd and n odd, t even.

Proof. We give the labeling to the edges of M S(n') as follows:

E(Umoui,l) = b, for = 1, 2, e ,t,
K(uo,oui,n_l) = b, for i= 1, 2, “ee ,t,
For +=1,2,3,...,t

O(uijuij+1)=0b, for j=1,3,...,n—2,
O(uijuiji1) =c, for j=2,4,...,n—3,
l(uu; ;) =a, for j=2,3,....,n—3,

end for
Then we have,

(n—3)ta+th+thb=0, fori=0,7=0
luij)={b+b=0, fori=1,2,3,....t,j=1,n—1
b+c+a=0, forz:1,2,3,...,75,]:2,3,...,1172.

This completes the proof. O

Corollary 4.3.10. If m + n is even, then MS(n,m) € %.

Let the vertex set of the graph be as in corollary We consider two cases.

Case 1: Suppose both n and m are even. Now, we give the labeling to the edges of M S(n,m)

as follows:
b fori=1,
’U()'UZ
¢ fori=n-—1,
¢ forv=2,4,6,...,n—2,
Uzvz+1
fori=3,5,8,...,n — 3,
a fori=2,...,n—2,
U1U2) b,
b forj=1,
UouJ
¢ forj=m-—1,
¢ forj=2/4,6,...,m—2,
ujujJrl
for 7 =3,5,8,...,m—3,
luouj) =a for j=2,...,m—2.
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We have,

b+c+(n—3a+b+c+(m—3)a=0 for i=0,
b+b=0 for i =1,

c+C=0 for i=n-—1,

b+c+a=0 for i=234,...,n—2.

0t (v;) =

b+b=0 for j=1,
€+(uj): c+c=0 for j=m—1,

a+b+c=0 for j=2,3,4,...,m—2.
Case 2: Suppose both m and n are odd. In this case, the labeling is similar to case 1.
This completes the proof. O

Consider the multiple shell MS{n%' ,n%, ... nfr} with vertex set {u,vi’;j}, j=1,2,...,n;
1 <i<r. Let Ky, denotes the star graph with vertex set {v,v1,va,..., vy }. Here v denotes
the apex of Ky ,. Let MS{n'' ,n%, ... nlr} o K, ,, denotes the graph obtained by identifying
the vertices u and v.

Theorem 4.3.11. If MS{ni',n%2,....,nir} o K1, € Y4, then S i_,[(n; — 1)t;] +m is odd.

Proof. Suppose that MS{n* n%2 ... nlr}oK) ,, € ¥,. Let G denotes the graph M S{n!’ ,n2 yeontrto

T

Kj . Thenif ¢ : E(G) — V4\{0}isa labehng of G, then by lemma Zi:l S ijl + vy )+
Yo 0t (v;) + €1 (u) = 0. Thus we have >\ [(n; — 1)t;] + m + 1]Ja = 0. That is >.._,[(n; —
1)t;] + m is odd. O

Conjecture 4.3.12. If > [(n; — 1)t;] +m is odd, then MS{n{ ,n¥,...,ntr} o K1 ,, € ¥,.

We prove some special cases of the conjecture
Corollary 4.3.13. MS(n') o Ky, € ¥, if and only if (n — 1)t +m is odd.
Proof. Assume that M S(n')o Ky, € ¥,. Then by lemmal3.2.1] we have [(n—1)t+m+1]a = 0.
This implies that (n — 1)t +m is odd.

Conversely, assume that (n — 1)t +m is odd. Then we have the following cases:

Case 1: Suppose n is even, ¢ is odd and m is even. Let ug o be the apex of both MS(n') and
K1m. Let {uo,0,ui1,u%i2,...,Un-1} be the vertex set of the ith copy of H'(n,n — 3)
and let {uo,0,v1,1,v1,2,--,01,m} be the vertex set of K1 ,,,. Now, we give the labeling to
the edges of G as follows:

l(upu; 1) =b, for i=1,2,...,t,
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E(uoﬁoui,n,l) = b, for = ].7 2, . 7t,

For +=1,2,3,...,t:
luijuij41) =c¢, for j=1,2,...,n—2,
l(uoousj) =a, for j=2,3,....n—2,
end for
Lugovrg) =a, for k=1,2,3,...,m.

Then we have,

(n—=3)ta+th+thb+ma=a+b+b=a, fori=0,7=0
(t(uj) =< bdc=a, fori=1,2,...,t,j=1n—1

c+ct+a=a, fori=1,2...,t,7=1,2,3,...,n—2
(t(vig)=a fori=1;k=1,2,3,....m

Case 2: n is even, t is even and m is odd. In this case, the labeling is similar to case 1.
Case 3: n is odd, t is even and m is odd. In this case, the labeling is similar to case 1.

Case 4; m, n and t are odd. In this case, the labeling is similar to case 1.

This completes the proof. O
Corollary 4.3.14. MS(n,n+1)o Ky, € ¥, if m is even.
Proof. First, label all the edges of K1 ., by a. Next, label all edges of M S(n,n+1) as described

in Corollary Then we can easily verify that this labeling is an a-sum Vj-magic labeling
of MS(n,n+1) o Ky pm. O

Corollary 4.3.15. MS(n',(n+1)") o K1 m € ¥, if m is even and t is odd.

Proof. Labeling is similar to Corollary O
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Chapter

Vi-Magic Labelings of Some More
Graphs

In the first section of this chapter, definition of some more cycle re-
lated graphs and path related graphs are provided. Some wellknown book
graphs, ladder graphs and K,-related graphs are also included. In the
second section of this chapter, we discuss some cycle related Vyi-magic
graphs. In the third section of this chapter we discuss ladder related
Vy-magic graphs. In the fourth section path related Vy-magic and in the
fifth section some book related Vy-magic graphs are discussed. In the last
section of this chapter we discuss K, , and some K, -related Vi-magic
graphs.

5.1 Introduction

Here we need the following;:

Definition 5.1.1. (see [16]) The windmill graph D™ s the graph obtained by taking m copies
of the complete graph K, with a vertex in common.

The graph D:(,,m) is called the Dutch windmill graph or the friendship graph, Fy,, [22].

Definition 5.1.2. (see [28]) A snake graph is formed by taking n-copies of a cycle Cp, and
identifying exactly one edge of each copy to a distinct edge of the path P, 1), which is called
as the backbone of the snake. It is denoted by TT(Lm) (see figure .

Definition 5.1.3. (see (28]) The book By, is the graph S,0Ps where Sy, is the star with n+ 1
vertices.

64



5.1. Introduction

Figure 5.1: Snake Graph 7™

Definition 5.1.4. (see [15]) When k copies of Cy, share a common edge it will form the n-gon
book of k pages and is denoted by B(n,k).

Definition 5.1.5. (see [28]) One point union of any number of connected graphs is obtained

by identifying one vertex from each graph. One point union of t cycles each of length n is
denoted by Cy(t).

Definition 5.1.6. (see [21]) The sunflower graph SF, is obtained from a wheel with the central
vertex vy and the cycle C, : v1vs...vv1 and additional vertices wy,ws, ..., w, where w; is

joined by edges to v;,v;41 where vi41 is taken modulo n.

Definition 5.1.7. (see (17]) The Jahangir graph J, ., for m > 3 is a graph consisting of a
cycle Chpy, with one additional vertex called the central vertex which is adjacent to m vertices
of Cpm at distance n to each other on Chpy,.

Definition 5.1.8. (see [15]) Given a cycle C,, construct a cycle Cy, on each edge of this cycle.
The resulting graph is denoted by C,,QC,,.
Let Ny = {v1,v2} be the disconnected graph of order two.

Definition 5.1.9. (see [15]) Given a graph G, we can define the bipyramid based on G to be
G V Niy. This graph will be denoted by BP(G). The graph Cp, V Ny is called the bipyramid
based on C,, and is denoted by BP(n).

Definition 5.1.10. (see [15]) Given k natural numbers ay,as,---ay, if we connect the two
vertices of No = {u,v} by k parallel paths of length a1, a2, - - a, the resulting graph is called
the generalized Theta graph and is denoted by O(a1,as,- - ay).

Note that in this graph, deg(u)= deg(v)= k and all the other vertices are of degree two.

Definition 5.1.11. (see [28]) The graph P,OP, is called a ladder. It is denoted by Ly,
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Definition 5.1.12. (see [28]) The graph G with the vertex set {ug, U1, - Un41,V0, V1, Unt1}
and the edge set {ujuir1,v;vi401 : 0 < i < n}U{uv;/i =1,2,---n} is called ladder Lyyo.

Definition 5.1.13. (see [285/) The graph G with the vertex set {uy, us, - Uy, v1, V2, v, } and
edge set {uit(; 1y, ViV(ig1), Vitipr) : 1 < i <n— 1 H{uw; 0 1 < i <n} is called a semiladder
of length n.

5.2 Some More Cycle Related Graphs

Theorem 5.2.1. J,, », € ¥, if and only if both n and m are odd.

Proof. Let uy,us,---u,, are the m vertices of C,,, which is adjacent to the central vertex
w and vi1,Vi2, ** Vi(n—1) are the (n — 1) vertices between u; and w;y1,4 = 1,2,---m where
Um+1 = ui. Without loss of generality assume that u; = wi(mod m) and vij = Vi(mod m)j(mod n)-
First suppose that J,, ,, € ¥,. Then we have (nm + 1)a = 0. This implies that nm + 1 is even
which in turn implies that both n and m are odd. Conversely, assume that n and m are odd.
Define a labeling ¢ : E(Jy, ) — Vi \ {0} as follows.

Fori=1,2,---mdo:
L(u;w) = a,
K(uivﬂ) = b,

c, 7=13,---n—2,

0(viivis _
(wigvuts42)) {b, j=24,n-3.

end for

E(uiv(i_l)(n_l)) = b7i = 1, 2, 3, oM.

With this labeling we get ¢*(v) = a for all v € V(J,,). Obviously, £ is an a-sum Vj-magic
labeling of J,, . O

Theorem 5.2.2. J,, ,, € % for all n and m.

Proof. Let the vertices of J,, mm be as in the proof of theorem [5.2.1] We consider the following

cases.

Case 1: m is even.
Define a labeling ¢ : E(J,,m) — Vi \ {0} as follows.

luw)=¢, fori =1,2,---m,
For j=1,2,---n—2do:

a, fori=1,3,---m—1,

E(vijvi(]—H)) = { b

, fori=2,4,---m.
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5.2. Some More Cycle Related Graphs

E(ui+1vi(n—1)) { b, i=24.---m+1

Obviously, £ is a zero-sum Vj-magic labeling of J, .

Case 2: m is odd.
Define a labeling ¢ : E(J,,m) — Vi \ {0} as follows.

(u;w) = a, fori=1,4,5---m,
L(ugw) = b, £(uzw) = c,
For j=1,2,---n—2do:
(v2jv2(j41)) = @,
U(vijvij41)) = b, for i =3,5,---m,
0(vijvij41)) = ¢, for i=4,6,---m —1,m+1.
end for
Huzva) = st ) =
L(uvin) = £(U(i41)Vitn—1)) = b, for i = 3,5,---m,

L(uivir) = €(U(i41)Vi(n—1)) = ¢, for i =4,6,---m —1,m + 1.

Obviously, £ is a 0-sum Vj-magic labeling of J, »,. O

Theorem 5.2.3. J, ., € 7,0 if and only if both m and n are odd.

Proof. From theorem we have J,, ,, € ¥, if and only if both n and m are odd. From
theorem it follows that J, ., € % for all n and m. Combining this we get the result. [

Theorem 5.2.4. The windmill graph DSLm) € ¥, if and only if m is odd and n is even.

Proof. Suppose DY € #,. Then by lemma [m(n — 1) 4+ 1Ja = 0. This implies that
m(n — 1) is odd. This holds only when m is odd and n is even. Conversely suppose that m is

)

odd and n is even. Let uf, ub, - uf are the vertices of i*" copy of K, in ng and v is the

n—1)
common vertex. Define a labeling ¢ : E(D%m)) — V4 \ {0} by
Fori=1,2,---mdo:
E(ué-v) =a,j=1,2,---n,
K(U;-u;“) =a,j=1,2,---n.

end for
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Obviously £ is an a-sum Vj-magic labeling of Dﬁm). O

Theorem 5.2.5. D{™ ¢ Y for all n and m.
Proof. We consider the following cases.

Case 1: n is odd.
Label all the edges by a. Then we have £*(v) = 0 for all v € V(Dém)).

Case 2: n is even.
Define a labeling ¢ : E(Dflm)) — V4 \ {0} by
For:=1,2,---mdo:

a, j:1a37"'n_17

((ufus ) = { b

g(u;"u;ﬁ):C, jak:1a27"'na k%j+1

) j:2a47n

end for

Thus we get £7(v) =0 for all v € V(D,(Abm)). Obviously £ is a zero-sum Vj-magic labeling
of D™,
This completes the proof of the theorem. O
Theorem 5.2.6. Dﬁ[’” € Y40 if and only if m is odd and n is even.

Proof. From theorem we have the windmill graph D,(lm) € ¥, if and only if m is odd and

n is even. From theorem [5.2.5( we get D,(lm) € ¥ for all n and m. Combining this the result
follows. O

Theorem 5.2.7. F,, ¢ ¥, for any m.
Proof. Observe that F, is the one-point union of m copies of a rooted triangle. Let the vertices

of the i*" copy be 0,u; and v;. Assume that 0 is the common apex of the triangles. If F),

admits an a-sum Vj-magic labeling, then
0 (ug) = 1 (v) = a.

This implies that for all 4,
Uu;v;) = b, £(0u;) = £(0v;) =¢
or L(u;v;) = ¢, £(0u;) = £(0v;) =b.
In both the cases, £*(0) = 2ma = 0. This is a contradiction. O

Theorem 5.2.8. F,, € ¥, for all m.
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Proof. Label all the edges by a. Obviously this is a zero-sum Vj-magic labeling of F,,. O
Theorem 5.2.9. F,, ¢ ¥, o for any m.

Proof. From theorem we have F,,, ¢ ¥, for any m and theorem states that F,, € %
for all m. Combining both we get the result. 0
Theorem 5.2.10. C,,(t) € ¥, if and only if n is even and t is odd.

Proof. First assume that C,(t) € #,. Then by lemma [(n — 1)t + 1]a = 0. This equation

holds if and only if n is even and ¢ is odd. Conversely suppose that n is even and ¢ is odd.
Define a labeling ¢ : C,(t) — V4 \ {0} as follows:

For j=1,2,---tdo:
b, fori=1,3,---n—1,

c, fori=2,4,---n.

(uijugiyn;) = {
end for
Obviously (1 (u;j) = a, £t (v) =a. O
Theorem 5.2.11. (see [28]) C\(t) € ¥ for all n and t.

Theorem 5.2.12. C,,(t) € Y40 if and only if n is even and t is odd.
Proof. From theorem [5.2.10] C,,(t) € ¥, if and only if n is even and ¢ is odd and from theorem
5.2.11) we have C,,(t) € ¥ for all n and ¢. Combining all this the result follows. O
Theorem 5.2.13. Tém) € ¥, if and only if m is even and n is odd.

Proof. Suppose that T\™ € ¥,. Let uij,i = 1,2,---n,j = 1,2,---m be the vertices in the
graph. Without loss of generality assume that u(,11); = u1;. Then we have
n m m
Z Z£+(uij) + Z€+(u1j) =0
j=1

i=2 j=2

This implies that [(m — 1)n + 1] is even which again implies that m is even and n is odd.
Conversely assume that m is even and n is odd. Define a labeling ¢ : E(T,(Lm)) — Va\ {0} by

Fori=1,3,---ndo:

Uugjugirr)) = {

end for

Fori=2,4,---n—1do:

b, j=1,3,--m—1
¢, j=2,4,n
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¢ j=2,3m—2
M) =y 51 1m

end for
Clearly (+(v) = a for all v € V(T\™). 0
Theorem 5.2.14. (see [28]) ™ € ¥ for all n and m.

Theorem 5.2.15. Ty(Lm) € Yoo if and only if m is even and n is odd.

Proof. From theorem [5.2.13[ we get ™ € ¥, if and only if m is even and n is odd and from
theorem [5.2.14] we get T,(Lm) € ¥ for all n and m. Combining them the result follows. O

Theorem 5.2.16. For all m,n > 3, C,,QC,, € ¥, if and only if n(m — 1) is even.

Proof. Suppose that C,,QC,, € #,. Then [n(m — 1)Ja = 0. This implies that n(m — 1) is
even. Now let uy,usg,---u, be the vertices of Cp, and vyj,vaj, - v(m—2); be the vertices of
Cj,j =1,2,---n. We consider the following cases.

Case 1: n is even and m is odd.

For j=1,2,---ndo:
Uujuiiry) = a, Lujuiy) =,

E(u+1)vm—2)5) = b,
i =1,3,---m —4,
£(viv(j41)) { . B

end for
Case 2: Both n and m are even.

é(uju(j+1)) =a, ]: 1’2,...71’
For j=1,3,---n—1do:

E(Uijvi(j+1)) = {

end for

For j =2,4,---n do:

L(ijviiy1)) = {

end for

¢, i=1,3,---m—3,
b, i=2,4,--m—4.

b, i=1,3,---m—3,
¢, i=2,4,---m—4.
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Case 3: Both n and m are odd.

For j=1,2,---ndo:
Uujugiyny) = a, L(ujvrg) = b,

U(u+1)vm—2);) = ¢,

c, 1=13,---m—4,

Thus /¢ is an a-sum Vj-magic labeling of C,,,@C),. This completes the proof. O
Theorem 5.2.17. (see [13]) For all m,n > 3, C,,,QC,, € %.

Theorem 5.2.18. For all m,n > 3, C,,QC,, € ¥, if and only if n(m — 1) is even.

Proof. From theorem [5.2.16| we have for all m,n > 3, the C,,QC,, € ¥, if and only if n(m — 1)

is even and theorem [5.2.17|states that for all m,n > 3, C,,@C,, € ¥#;. Combining the theorems
we get the result. O

Theorem 5.2.19. For any n > 4, the bipyramid graph BP(n) is a-sum Vi-magic if and only

if n is even.

Proof. Suppose that BP(n) € ¥,. This implies that (n + 2)a = 0. Thus we obtained that n is
even. Conversely assume that n is even.

Fori=1,2do:
L(viuy) = ¢,
lvuj)=0b, j=2,3,---n
end for

b7 j:1,37""ﬂ—1,
(ujugipn) = {

c, j=2,4,---n.

Obviously BP(n) € ¥,. O
Theorem 5.2.20. (see [13]) For any n > 4, BP(n) is zero-sum Vi-magic.

Theorem 5.2.21. For any n >4, BP(n) € ¥, if and only if n is even.

Proof. Theorem [5.2.19| states that for any n > 4, the bipyramid graph BP(n) is a-sum Vj-

magic if and only if n is even and from theorem [5.2.20|we have for any n > 4, BP(n) is zero-sum
Vi-magic. Combining the two theorems the result follows. O
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Theorem 5.2.22. Consider the bipyramid graph BP(G) based on G. We have the following.

i) If G is a-sum Vi-magic and number of vertices in G is odd, then BP(G) is a-sum Vj-

magic.

it) If G is a-sum Vi-magic and number of vertices in G is even, then BP(G) is 0-sum

Vi-magic.

1) If G is 0-sum Vyi-magic and number of vertices in G is even, then BP(G) is both a-sum

Vi-magic and 0-sum Vy-magic.

w) If G is 0-sum Vy-magic and number of vertices in G is odd, then BP(QG) is 0-sum V-

magic.
Proof. Let uq,us,...,u, be the vertices of G and vy, vy be the remaining vertices in BP(G).

i) Suppose that G is a-sum Vj-magic and number of vertices in G is odd. Then (T (u;) = a
for all j = 1,2,...,n. Since |V(G)] is odd, deg(v;) is odd for ¢ = 1,2. Moreover,
deg(u;) in BP(QG) is [(deg(u;) in G) + 2]. Thus by defining a labeling ¢(u,v;) = a,j =
1,2,...,n, i = 1,2 the result follows.

ii) Suppose that G is a-sum Vj-magic and number of vertices in G is even. That is 1 (u;) = a
for all j =1,2,...,n. Define a labeling as follows:

Lujvr) = b, L(ujve) =¢, j=1,2,...,n.

Then BP(G) is 0-sum Vj-magic.

iii) Suppose that G is 0-sum Vj-magic and number of vertices in G is even. By defining a
labeling ¢(u;v;),j = 1,2,...,n i = 1,2, BP(G) becomes zero-sum Vj-magic. Moreover,
BP(G) is a-sum Vy-magic if we define a labeling as follows:

Lurvy) = ¢, (ugve) =b
For j=2,3,...,n
lujvr) = b, L(u;v) =c¢

end for

iv) Define a labeling as follows:

Fori=1,2,
L(v;ur) = b, L(vuz) =c,
lviuj) =a, j=1,2,...,n

end for
Then the result follows. O
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5.3 Ladder Graphs

Theorem 5.3.1. Ladders L, are a-sum Vi-magic for all n.

Proof. Let uy,ua,---u, and v1,vs,---v, be the vertices of a ladder L,, such that E(G) =
{wivgipry/i = 1,2,---n — 1} U{vjv41)/5 = 1,2,---n — 1} U{ww; /i = 1,2,---n}. Define a
labeling £ : E(L,) — V4 \ {0} by

L(ugvr) = l(unv,) =0,

l(uv;) = a,for i =2,3,---n—1,

(ugugiyry) = L(vivggr)) = c,fori=1,2,---n — 1.
Then clearly £ is an a-sum Vj-magic labeling of L,,. O
Theorem 5.3.2. (see [28]) L,, € ¥ for all n.
Theorem 5.3.3. L,, € ¥, for all n.
Proof. From theorem [5.3.1] we have ladders L,, are a-sum Vj-magic for all n. Theorem [5.3.2
states that L,, € 7{ for all n. From the two theorems the result follows. O
Theorem 5.3.4. (see [28]) L2 € ¥, for all n.

Theorem 5.3.5. L,,.o ¢ ¥ for any n.

Proof. Since the graph has pendant edges it is not zero-sum V;-magic for any n. O

Theorem 5.3.6. Semiladders are a-sum Vy-magic for all n.
Proof. Let G be a semiladder of length n. We consider two cases.

Case 1: nis odd
Define a labeling ¢ : E(G) — V4 \ {0} by

L(urv1) = l(upvy) =0,
((uwv;) = a,for i =2,3,---n—1,
L(viuiqry) = a,for i =1,2,---n — 1.
Fori=1,3,---n—2do:
Uuiugyn) = ¢,
{(viv(it1)) = .
end for
Fori=24,---n—1do:
(uiugiyn)) = b,
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l(viv(ip1)) = c.

end for

Thus ¢ is an a-sum Vj-magic labeling of G.

Case 2: n is even
Define a labeling ¢ : E(G) — V4 \ {0} by

l(urvy) = b, L(unvy,) = c,
l(ugv;) = a,for i =2,3,---n—1,
(o)) = a,for i =1,2,---n—1,
Fori=1,3,---n—1do:
U(uiuirn)) = ¢,
£(viv(it1)) = b.
end for
Fori=2,4,---n—2do:
E(uiu(i—i-l)) =b,
((viv(ig1)) = .

end for

Thus ¢ is an a-sum V;-magic labeling of G. O
Theorem 5.3.7. (see [28]) Semiladders are zero-sum Vy-magic for all n.

Theorem 5.3.8. If G is a semiladder, then G € ¥, .

Proof. By theorem semiladders are a-sum Vj-magic for all n. And by theorem [5.3.
semiladders are zero-sum Vj-magic for all n. Hence the proof follows. O

5.4 Path Related Graphs

Theorem 5.4.1. The composition P,[KS§] is a-sum Vi-magic for all n.

Proof. Let v1,vs,--- v, be the vertices of P, and x,y be that of K§. Let u; denote the vertices
(vi, ) and w; denote (v;,y) of P,[K$],1 <14 < n. Define a labeling ¢ : E(P,[K§]) — V4 \ {0}
by

L(uugipry) = b,for i =1,2,---n -1,
K(wlwz) = b,

lwjw(iqry) = ¢, for i =2,3,---n—1,
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L(ugws) = ¢,
L(ujw(iyry) = bfor i =2,3,---n—1,

Cugsnyw;) =c,fori=1,2,--n—1.

Thus ¢ is an a-sum Vj-magic labeling of P, [K$]. O
Theorem 5.4.2. (see [28]) P,|K$§] € % for all n.

Theorem 5.4.3. P,[K$§] € 7, for all n.

Proof. Combining theorems and we have P,[K$] € ¥, for all n. O

Theorem 5.4.4. The planar grid P,,00P, is a-sum Vy-magic if and only if mn is even.

Proof. Suppose that P,,00P, € ¥,. Let (,5),i=0,1,---m —1,7 =0,1,---n — 1 denote the
vertices of P,,00P,. By lemma we have 327" Z?;ll 7 ((i,4)) = 0. Thus we have mn is
even. For the converse consider the following cases.

Case 1: Both m and n are even.
Define a labeling ¢ : E(P,,0P,) — V, \ {0} as follows.

Fori=0,1,---m—2do:
0((0,5)(i+1,5)) = b,j = 0,n—1

end for

For j=0,1,---n—2do:
N0 +1)=ci=0m—1

end for

Fori=1,2,---m—2do:
6<<z‘,j><i,j+1>>—{ v
end for
For j=1,2,---n—2do:
a, 1=0,2,---m—2

E((z’,j)(i—Fl,j)):{ b, j=1,3,--m—3

end for

With this labeling P,,,[JP,, is a-sum V,; magic.
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Case 2: m is even and n is odd.
Define a labeling ¢ : E(P,,0P,) — V3 \ {0} as follows.

0((i,0)(i +1,0)) =b, i =0,1,---m — 2
b, i=0,2,--m—2

6((z,n1)(2+1,n1)){ 4, i=13--m—3
For j=0,1,---n—2do:
UG 5)( 5 +1)) = e i=0,m—1
end for
For j=1,2,---n—2do:

a, 1=0,2,---m—2

end for
Fori=1,2,---m—2do:

a, 7=0,2,---n—3

e((l,j)(l,]‘i’l))_{b j:13"'n_2

end for

Obviously P,,00P, is a-sum V,; magic.
Case 3: m is odd and n is even.
By interchanging the roles of m and n in Case 2, we get £*(v) = a for all v € V(P,,0P,).
This completes the proof. O
Theorem 5.4.5. (see [28]) P,,00P, € ¥, for all m and n.

Theorem 5.4.6. P,,00P, € 7, if and only if mn is even.

Proof. From theorem we have P,,[0P, € 7, if and only if mn is even and by theorem [5.4.5
we have P,,[0P, € ¥ for all m and n. Combining the two theorems the result follows. O

Theorem 5.4.7. If the generalized Theta graph ©(aq,ag, - - ay) is a-sum Vy-magic then either

odd number of a;’s are odd or even number of a;’s are even.

k
Proof. First suppose that ©(a1, as, - - ax) is a-sum V; magic. Then we have (Z a; — k) a=0.
i=1

i=1 i=1
simultaneously. This happens if and only if odd number of a;’s are odd or even number of a;’s

k k
This implies that (E ai> a = ka. This is if and only if both Y a; and k are odd or even

are even. O
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Theorem 5.4.8. Let O(ay,aq,---ay) be a generalized Theta graph. If k and even number of
a;’s are even then ©(ay,as, - - ay) is a-sum Vy magic.

Proof. Let v},vj,--- vl _; be the vertices of the i*" path and let u,w be the common vertices.
Define a labeling ¢ : O(a1,aq,---ar) — V4 \ {0} by

Fori=1,2,---k—1do:

{(uwvi) = b
end for
L(u®) = ¢

Fort=1,2,---k do:
j=13,---a; — 3, ifa;iseven

i b,
€(vjvj+1) = {

j=2,4,---a; —2, ifa;is even
j=2,4,---a; —3, ifa;is odd

Now label the edge vflk_lw,i =1,2,---k in the following way.
If £(vl, oui, 1) = b, let £(v}, _jw) = c and viceversa. Thus £ is an a-sum Vj-magic labeling
of ©(ay,aq, - -ag). O

Theorem 5.4.9. (see [13]) O(aq,as, - ai) is zero-sum Vy-magic for any sequence ay, ag, - - - Q.

Theorem 5.4.10. Let ©(a1, a9, --ag) be a generalized Theta graph. If k and even number of
a;’s are even then ©(a1,az,---ag) € Y40-

Proof. By theorem if k and even number of a;’s are even then ©(ay,as, - - ay) is a-sum

V4 magic. Also from theorem [5.4.9] it follows that ©(aq,ag, - -a) is zero-sum Vj-magic for
any sequence ai, ag, - - - ax. Combining both we get the result. O

5.5 Book Graphs

Theorem 5.5.1. For anyn >3 and k > 1, B(n, k) € ¥, if and only if (n — 2)k is even.

Proof. First assume that B(n,k) € ¥,. Then [(n — 2)k + 2]a = 0. This implies that (n — 2)k
is even. Conversely assume that (n — 2)k is even. We consider the following cases.

Case 1: Both n and k are even.
Define a labeling ¢ : E(B(n,k)) — V4 \ {0} by

L(uv) = a,

For j=1,2,---k do:
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((un) = K(vu{nfz)) =0,

o —4
l(uhud; q) =bfori=1,2,--- n 5
, . —4
Uuy; quy;) = c, fori=1,2,--- z 5
end for
Then ¢ is an a-sum Vy-magic labeling of B(n, k).
Case: 2 n is odd and k is even,
Define a labeling ¢ : E(B(n,k)) — V4 \ {0} by
L(uv) = a,
For j=1,2,---k do:
((uwd) = b,
E(Uuzn_Q)) =g
f(u%zu;l_H) =bfori=1,2,--- o ; 3,
O(ud, ud) =c fori=1,2,--- o ; 3.
end for
Case 3: n is even and k is odd
Define a labeling ¢ : E(B(n,k)) — V4 \ {0} by
L(uv) = ¢,
For j=1,2,---k do:
E(uu]l) = K(vu{nfz)) =,
o —4
(ug;ug;q) = b, for i = 1,2, & 5
, . -9
l(ud;, jul)=cfori=1,2--- & 5
end for
Thus ¢ is an a-sum Vy-magic labeling of B(n, k). O

Theorem 5.5.2. (see [15]) For any n >3 and k > 1, B(n, k) is zero-sum Vy magic.

Theorem 5.5.3. For anyn >3 and k > 1, B(n, k) € Y40 if and only if (n — 2)k is even.

Proof. From theorem B(n, k) € ¥, if and only if (n—2)k is even and from theorem [5.5.2]
for any n > 3 and k > 1, B(n, k) is zero-sum V; magic. Thus we have the result. O

Theorem 5.5.4. The book B,, is a-sum Vi-magic for all n.
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5.5. Book Graphs

Proof. Let wy,ws be the vertices of the common edge. Let {uy,ua, - uy} U {v1, v,
the vertices of B,,.

Case 1: n is odd.

L(wiwe) = ¢,
Fori=1,2,---ndo:
L(wiu;) = L(wav;) = b,
L(uv;) = c.

end for

Case 2: n is even.

L(wrws) = a,
For:=1,2,---ndo:
U(wiu;) = L(wav;) = b,
(u;v;) = c.

end for

Clearly £ is an a-sum Vj-magic labeling of B,,.

Theorem 5.5.5. B, € ¥, for all n.
Proof. We consider the following cases:

Case 1: n is odd.
Label all the edges by a. Then we get {7 (v) = 0 for all v € V(G).

Case 2: n is even.
Define a labeling ¢ : F(B,,) — V4 \ {0} by

L(wiwe) = a,

L(ugwy) = L(viwy) = L(urv1) = ¢,
Lwiu;) = L(wavy) = by =2,3,---n,
(uv;)) =b,i=2,3,---n

With this labeling we get £+ (v) = 0 for all v € V(G).

Corollary 5.5.6. B,, € ¥, for all n.

Proof. The proof follows from theorems and
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5.6 K,,, and K,-Related Graphs

Consider the complete bipartite graph K, .

Theorem 5.6.1. For m,n > 2, the complete bipartite graph K,, ,, is a-sum Vi-magic if and

only if m +n is even.

Proof. First assume that K, , is a-sum V4 magic. Let {u;,i =1,2,---m}U{v;,j =1,2,---n}
be the vertices of the graph with E(G) = {w;v; : i =1,2,---m,j = 1,2,---n}. Then we have
doimy €7 (ui) + 27—, €7 (vj) = 0. This implies that m 4 n is even. Conversely suppose that

m + n is even. Then we have the following cases.

Case 1: m and n are odd.
Define a labeling ¢ : E(K,, ) — Vi \ {0} by

Fori=1,2,---mdo:

luvj)=a, j=1,2,---n.

end for

Thus £*(v) = a.

Case 2: m and n are even.

Luva) = ¢,i=1,3,4,---m,
l(ugv;) =¢,j=1,3,4,---n,
{(ugv2) =0,
Fori=1,3,4,---mdo:
Luvj) =b,7=1,3,4,---n.

end for

Obviously, K, is a-sum V; magic. O
Theorem 5.6.2. (see [13]) K, », is zero-sum Vy-magic for all m and n.

Theorem 5.6.3. K., , € ¥, 0 if and only if m +n is even.
Proof. The proof follows from theorems [5.6.1] and [5.6.2} O

Now we discuss the classification of certain Vj-magic graphs obtained from K.
Consider the complete graph K, of order n > 4 with V(K,,) = {v1,ve,---v,} and for each
r such that 2 < r < n — 2, let G(n,r) be a spanning subgraph of K, with E(G(n,r)) =
E(K,) —{vv; : 1 <i < j <r} In [13], Sin Min Lee et al. proved that, for any n > 3,
K, \ e the complete graph with one edge removed is Vj-magic. Here we generalize this result

as follows.
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5.6. K, and K,-Related Graphs

Theorem 5.6.4. The graph G(n,r) is a-sum Vi-magic if and only if n is even.

Proof. Suppose G(n,r) € #,. Then by lemma [3.2.1) >°7 | ¢*(v;) = 0 where vy, v2,- -+ , v, are
the vertices of the graph G(n,r). That is na = 0. This implies that n is even. Conversely

suppose that n is even.

Case 1: r is odd
Label all the edges by a. With this labeling we have £t (v) = a for all v € V(G(n,r)).

Case 2: r is even
Define a labeling £ : E(G(n,r)) — V4 \ {0} by
Fori=1,2,--- ,r do:
bj=r+1,r+2,--- ,n—2,n
Z(’Ui’l}j): J
c,j=n—1
end for
Fori=r+1,r4+2,--- ,n do:
lvv;)=a,j=r+2,7+3,---,n

end for

One can easily verify that, £ (v) = a for all v € V. That is, £T(v) = a for all v € V(G (n,r)).
Thus £ is an a-sum Vj-magic labeling of G(n,r). This completes the proof. O

Theorem 5.6.5. The graph G(n,r) is zero-sum Vy-magic for all n.
Proof. Let vy,vs,--- ,v, be the vertices of G(n,r).

Case 1: r is even.

Subcase 1: n is odd.
Define a labeling ¢ : E(G(n,r)) — V4 \ {0} by

Fori=r—+1,---,n
Lvvj))=a,j=1+2,---,n

end for
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With this labeling we get £ is a zero sum Vj-magic labeling of G(n, ).

Subcase 2: n is even.
Define a labeling ¢ : E(G(n,r)) — V4 \ {0} by

Forj=r+1,---,n

L(vivy) =a

6(’021}]') =b
end for
l(vvj) =c,i=3,---,n

With this labeling we have ¢ is a zero sum Vj-magic labeling of G(n, r).
Case 2: r is odd.

Subcase 1 : n is odd.
Label all the edges by a. then we get £ (v) =0 for all v € V(G(n,r)).

Subcase 2 : n is even.
The edge labeling of the graph is shown in the following table.

v1 v2 v3 V4 e Uy Ur41 Ur42 VUr4+3 Vr44 e Un—-3 Un—2 Un—1 Un
v1 a a a a a c b a
) b b b b b a c b
V3 c c c c c b a c
V4 a a a a a c b a
U a a a a a c b a
V41 a b c a a a a a a a
Vp42 a b c a a a a a a a
V43 a b c a a a a a a a a
Vp44 a b c a a a a a a a a a
VUn_3 a b c a a a a a a a a a
Up—_2 c a b c c a a a a a a
Un—1 b c a b b a a a a a
Un a b c a a a a a a a

With this labeling we get £T(v) = 0 for all v € V(G). Thus £ is a zero-sum Vj-magic labeling
of G(n,r). This completes the proof. O

Theorem 5.6.6. The graph G(n,r) € Y40 if and only if n is even.
Proof. The proof follows from theorems and O

Consider the graph G(n,r) together with pendant edges at the vertices vy, ve,- - , v, and
triangles at the vertices v,41,Vyy2, -+ ,v,. We denote this graph by G*(G).
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Theorem 5.6.7. GI'(G) is a-sum Vy-magic if and only if both n and r are of the same parity.

Proof. First suppose that G(G) is a-sum V4 magic. Then by lemma Yo 0 (v) +
S U (ue) + 2004 25:1 ¢+(w!) = 0. That is [n +r + 2(n — r)]a = 0. This implies that
either both n and r are even or both are odd. Conversely assume that both n and r are of
same parity.

Case 1: n and r are even.
Define a labeling £ : E(GI(G)) — Vi \ {0} by

L)) =a,j=r+1,---,n
end for
Fori=r+1,---,n

Lvvj))=a,j=r+1,---,n

(oaw!) =b,j =1,2

U(wiwi) =c

end for

With the above labeling we have ¢*(v) = a for all v € V(G"*(G)). Thus ¢ is an a-sum
Vi-magic labeling of G'(G).

Case 2: n and r are odd.

Subcase 1: r=n—2
Define a labeling ¢ : E(G*(G)) — V4 \ {0} by

L(vp—1vp) =
Fori=r—+1,---,n
(ow]) =b,j =1,2
Uwiw}) = c

end for

With the above labeling ¢ is an a-sum Vj-magic labeling of G (G).
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Subcase 2: r # n — 2. Define a labeling ¢ : E(GI'(G)) — Vi \ {0} by

Lviw)) =a,i=1,2,---,r
Forj=r+1,---,n
Lvvj) =a,i=1,2,--- ,r—1
L vpv;) =b
end for
Forj=r+2,---,n
lvvj))=a,i=r+2,---,n
U(vpqv5) = ¢
end for
Fori=r—+1,---,n
(owl) =b,j =1,2
Uwiw}) = c

end for

With the above labeling we have ¢ is an a-sum Vj-magic labeling of G'(G).

Theorem 5.6.8. G(G) ¢ ¥, for any n and r.

Proof. Since the graph has pendant edges it can never be zero-sum Vj-magic for any n and
T. N
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Chapter

Vy-Barycentric Magic Graphs

In the first section of this chapter, we introduce a-sum and zero sum Vj
barycentric magic graphs. In the second section of this chapter, we dis-
cuss Vy barycentric magic star graph and complete bipartite graph. In the
third section of this chapter we characterize a-sum Vy barycentric magic
trees. In the fourth section we discuss Vi barycentric magic complete
graph and K,-related graph which is not V4 barycentric magic. In the
fifth section we include the definitions of splitting graphs and mycielski
graphs. Furthermore, we discuss Vy barycentric magic splitting graphs
and mycielski graphs of certain graphs. In the last section we discuss

some cycle related and some more special V4 barycentric magic graphs.

6.1 Introduction

A graph G is said to be A-barycentric magic if there exists a labeling ¢ : E(G) — A\ {0}
such that the induced vertex set labeling ¢+ : V(G) — A defined by

(T (v) = Z{E(uv) cuv € E(G)}

is a constant map and also satisfies £*(v) = deg(v)f(u,v) for all v € V', and for some vertex
u, adjacent to v [34].

In the definition of an A-barycentric magic graph instead of any abelian group we particularly
choose the Klein 4-group V, and then define the following:

Definition 6.1.1. A graph G is said to be Vy- barycentric magic if there exists a labeling
0: E(G) — Vi \ {0} such that the induced vertex set labeling ¢+ : V(G) — Vy defined by

F(v) = Z{E(uv) cww € E(G)}
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is a constant map and also satisfies £ (v) = deg(v)l(u,v) for allv € V, and for some vertex u,
adjacent to v. If this constant is some a € Vy, the graph G is said to be a-sum Vy barycentric
magic. When a =0, G is said to be zero-sum V4 barycentric magic.

In this chapter we investigate graphs that belong to the following classes:

(i) BV 4 the class of graphs that are a-sum Vj barycentric magic.
(ii) BV o: the class of graphs that are zero-sum Vj barycentric magic.

(iil) ABY 4,0 the class of graphs that are both a-sum and zero-sum Vj; barycentric magic.
And finally we come to the conclusion that the class £, o is empty.

This chapter is mainly built upon the following lemmas.

Lemma 6.1.2. If a graph G has a vertex of even degree, then G is not a-sum Vy-barycentric

magic.

Proof. Suppose that G is a-sum Vj-barycentric magic. Let v be a vertex of even degree, say
k. Then we have kl(u,v) = a, for some vertex u, adjacent to v. This implies that a = 0. This

is a contradiction to the fact that G is a-sum Vj-barycentric magic. O
Lemma 6.1.3. If a graph G has a vertex of odd degree, then G is not zero-sum Vy-barycentric

magic.

Proof. Suppose that G is zero-sum Vj-barycentric magic. Let v be a vertex of odd degree, say
k. Then we have kf(u,v) = 0, for some vertex u, adjacent to v. This implies that £(u,v) =0

which is not possible. O

Lemma 6.1.4. Let G be a graph such that all of its vertices are of even degree then G is

zero-sum Vy-barycentric magic.

Proof. If we label all the edges of G by a, then ¢*(v) = 0. Moreover, deg(v)¢(vu,) = 0. Thus,
G is zero-sum Vj-barycentric magic. O
Lemma 6.1.5. Let G be a graph such that all of its vertices are of odd degree then G is a-sum

Vy-barycentric magic.

Proof. If we label all the edges of G by a, then ¢ (v) = a. Moreover, deg(v)¢(vu,) = a. Thus,

G is a-sum Vy-barycentric magic. O
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6.2 Star and Complete bipartite graph

Theorem 6.2.1. The star K, € BV, if and only if n is odd.
Proof. Assume that K; , € #7,. Then by lemma [3.2.1] we have (n + 1)a = 0. This implies
that n is odd.

Conversely, assume that n is odd. Then deg(v) is odd for all v € V(K ,,). Then by lemma
we have Ky, € BY ,. O

Theorem 6.2.2. The star K1, ¢ $Y for any n.

Proof. Since K, has a vertex of degree 1, the proof follows from lemma O

Corollary 6.2.3. The star K1, ¢ BY o0 for any n.

Proof. The proof follows from theorems and O

Theorem 6.2.4. For m,n > 2, the complete bipartite graph K, , is a-sum Vy-barycentric

magic if and only if both m and n are odd.

Proof. Assume that K, , is a-sum Vj-barycentric magic. Then by lemma we have
(m +n)a = 0. This implies that (m + n) is even. That is, m and n are of the same parity.
Since Ky, is a-sum Vj-barycentric magic, we have, deg(v)f(u,v) = a for all v € V. This
implies that deg(v) is odd for all v € V' and ¢(u,v) = a. Hence m and n are odd. Conversely
assume that m and n are odd. Label all the edges by a. Then the result follows. O

Theorem 6.2.5. For m,n > 2, the complete bipartite graph K, ,, is zero-sum Vy-barycentric

magic if and only if both m and n are even.

Proof. Assume that K, , is zero-sum Vj-barycentric magic. Then we have, deg(v)¢(u,v) =0
for all v € V' which implies that deg(v) is even for all v € V. That is m + n,m and n are even.
Hence the proof. Conversely assume that m and n are even. Label all the edges by a. Then
the result follows. O

6.3 Trees

We define the following.

Definition 6.3.1. Let t be a (p,q) tree. For each vertex v; we define a new tree t x v; * Py
obtained by identifying v; with the end vertex of P3. Note that for each vertex v; we have a
tree t x v; x P3. Now consider all such trees t xv; x P3,;i = 1,2,...p. These trees form a class of
trees with (p + 2) vertices and (q + 2) edges. This class is denoted by t * Ps.
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A similar class of trees ¢ x M Ps is obtained by identifying v; with the middle vertex of Ps.

Definition 6.3.2. Let t be a (p,q) tree. Consider two copies of Py. For each of the vertices
v;,v; of t, we define a new tree t x v; x v; x Py obtained by identifying v; with a vertex of one
copy of P> and v; with a vertex of the other copy. Note that for each of the vertices v;,v; we
obtain a tree t x v; x v; * Po. Now consider all such trees t x vy xv; x Pp,i, j=1,2,...p, i # j.
We denote this class by t x Py % Po. They form a class of (p+2,q + 2) trees.

Theorem 6.3.3. A tree t is a-sum Vy-barycentric magic if and only if the number of vertices

of t is even and all its vertices have odd degrees.

Proof. If all the vertices of a tree ¢ have odd degrees, then by lemma te BY,.

Conversely, assume that ¢ is a-sum Vj-barycentric magic. Then by lemma [3:2.1] we have
na = 0. This implies that n is even. That is the number of edges of ¢t say ¢ is odd. We will
prove the theorem by induction on q. The statement is true for ¢ = 1. Consider trees with
3 edges. The possibilities are t = Py or t = K; 3. Since P, have vertices of even degree, by
lemma [6.1.2} P, is not a-sum Vj-barycentric magic. Obviously all the vertices of K; 3 are of
odd degree. Suppose the statement is true for all nontrivial trees ¢ with at most 2k 4+ 1 edges,
and let ¢’ be the class of all trees with 2k + 3 edges. Then t' = t* P3 or t * M P3 or t * Py * Ps.
Note that all these family of trees have 2k + 3 edges. Moreover, both the families ¢ x P; and
t* Py Py have vertex of degree two. So, by lemmal[6.1.2) these families are not a-sum V; magic.
Now consider the class t «* M Ps. By induction hypothesis all the vertices of this class of trees
have odd degrees. This completes the proof. O

Theorem 6.3.4. A tree is not zero-sum Vy-barycentric magic.

Proof. Since a tree has pendant edges it cannot be zero-sum Vj-barycentric magic. O

6.4 K, and K,-related graph

Theorem 6.4.1. Forn > 2, the complete graph K, € BY , if and only if n is even.
Proof. Suppose n is even. Then deg(v) is odd for all v € V(K,). Then by lemma
K, € #V,. Conversely assume that K, € ¥ ,. Then by lemma [3.2.1] n is even. O
Theorem 6.4.2. For n > 2, the complete graph K, € BV if and only if n is odd.
Proof. Suppose that n is odd. Then deg(v) is even for all v € V(K,). Then by lemma
K, € #Y . Conversely assume that K,,n > 2 € #%,. Then we have {*(v) = 0 =

deg(v)€(u,v). Without loss of generality assume that ¢(u,v) = a. That is, (n — 1)a = 0 which
implies that n is odd. O

Corollary 6.4.3. For any n > 2, the complete graph K, ¢ BY o0.
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Proof. From theorems and the result follows. O
Theorem 6.4.4. For any n > 3, K, \ e, the complete graph with one edge removed, is not
a-sum Vy-barycentric magic for any n.

Proof. Let V(K,,) = {v1,v2,...,v,}. We consider the following cases:

Case 1: Suppose n is even. Without loss of generality, we may remove the edge vivs. Then
deg(vy) = n — 2. This implies that degree of v; is even. So by lemma K, \ e is not

a-sum Vy-barycentric magic.
Case 2: Suppose n is odd. In this case, all vertices except v; and wvg are of even degree. So, by
lemma K, \ e is not a-sum Vj-barycentric magic.
This completes the proof. O
Theorem 6.4.5. For any n > 3, K,, \ e, the complete graph with one edge removed, is not
zero-sum Vy-barycentric magic for any n.

Proof. We consider the following cases:

Case 1: Suppose n is even. Without loss of generality, we may remove the edge vivy. Then
deg(v) = n — 1 for all v except v; and vy. This implies that degree of v is odd for all
v except v and vy. In this case, degvl(vu,) = 0 is not satisfied for any ¢(vu,). So by
lemma K, \ e is not zero-sum Vj-barycentric magic.

Case 2: Suppose n is odd. Without loss of generality, we may remove the edge vivs. Then
deg(vy) = deg(va) = n — 1. This implies that degree of v; is odd for ¢ = 1,2. Then
degu;l(v;uy,) = 0 is not satisfied for any ¢(v;u,,). So by lemma K, \ e is not

zero-sum Vj-barycentric magic.

This completes the proof. O

6.5 Splitting graphs and My-cielski graphs

Definition 6.5.1. (see [23]) For any graph G, the splitting graph S(G) is obtained by adding
to each vertex u; in G a new vertex v; such that v; is adjacent to the neighbours of u; in G.

Definition 6.5.2. (see [27]) The Mycielski graph u(G) is obtained by adding to each vertex
u; a new vertex v; such that v; is adjacent to the neighbours of u;. Finally, add a new vertex

u such that u is adjacent to each and every u;.

Theorem 6.5.3. S(K,, ) is zero-sum Vy-magic for all m,n > 3 and zero-sum Vy-barycentric

magic if and only if m and n are even.
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Proof. Let S1 = {ui,ug,...,un} and Sy = {v1,vq,...,v,} be the partite sets and 5] =
{uj,uh,...,u,} and S5 = {vi,v),...,v,} be the new vertices. The edge set is given by
E(S(K(mn)) ={uwj :1<i<m,1<j<n}U{uw;:1<i<m1<j<n}uU{yo;:1<

i <m,1 <j <n}. Without loss of generality assume that m > n. We consider 4 cases:

Case 1: Assume that both m and n are odd. Define a labeling ¢ : E(S(K,, ,)) — Va\ {0} by:

U1 (%) V3 (0 Vs V6 U7 s Un
vy |a b ¢ a a a a a
uy |[b ¢ a a a a a a
uy ¢ a b a a a a a
uy |la b ¢ a a a a a
ug a b ¢ a a a a a
ug |la b ¢ a a a a a
u.la b ¢ a a a a a

LV O /R VA VR V4 o,
w |a a a a a a a a
u |b b b b b b b b
us3 |¢c ¢ ¢ ¢ ¢ ¢ ¢ c
u |a a a a a a a a
us |a a a a a a a a
ug |a a a a a a a a
Uy | a a a a a a a

(5% U9 us Uy Uus Ug Uy Um
v | a b c a a a a e a
vy | a b c a a a a e a
v3 | a b c a a a a e a
vs | a b c a a a a - a
vs | a b c a a a a e a
vg | a b c a a a a e a
vy | @ b c a a a a e a

Obviously £*(v) = 0 for all v € V. Also by lemma S(K (m,n)) is not zero sum
V,-barycentric magic.

Case 2: Assume that m and n are even. In this case, label all the edges by a. Obviously this
is a zero sum Vj-magic labeling of S(K,, ) and by lemma S(Km,n) € BY 0.

Case 3: Assume that m is odd and n is even. Define a labeling ¢ : E(S(Knn)) — Vi \ {0}
by:
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V1 (%) V3 V4 Vs Vg U7 Un
uy |a a a a a a a a
uy |a a a a a a a a
uy |la a a a a a a a
wy |a a a a a a a a
up e a a a a a a a
ug e a a a a a a a
u,la a a a a a a a

viovh vy vy vl oug v o,
w |le a a a a a a a
up |b b b b b b b b
us3 |¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
w |a a a a a a a a
us & a a a a a a a
u |& a a a a a a a
Unp |G @ a a a a a - a

(751 U us U4 us Ue Uy Um
vwilae a a a a a a a
vo|la a a a a a a a
vs|la a a a a a a a
vyla a a a a a a a
vs |la a a a a a a a
% |ae a a a a a a a
vy l@ a a a a a a - a

Obviously ¢*(v) =0 for all v € V. Also by lemma S(Kmn) & BYo.

Case 4: m is even and n is odd.

This case is similar to case 3.

This completes the proof. O

Theorem 6.5.4. S(K,, ) is a-sum Vy-magic for all m,n > 3 and a-sum Vy-barycentric magic

if and only if m and n are odd.
Proof. We consider the following cases:
Case 1: Assume that m is odd and n is even. Define £ : S(K,, ) — Vi \ {0} by:
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U1 (%) U3 V4 Us Vg (% Un
u) b ¢ a a a a a - a
uh b ¢ a a a a a - a
uh b ¢ a a a a a - a
) b ¢ a a a a a - a
ub b ¢ a a a a a - a
ug b ¢ a a a a a - a
2 c a a a a
Wy b b b b b b
- c b ¢ ¢ ¢ ¢ ¢ c
v ovh vy vy vl owug v vl
w |e a a a a a a a
w |a a a a a a a a
u3 |la a a a a a a a
w |a a a a a a a a
us & a a a a a a a
u |& a a a a a a a
Up |G @ a a a a a - a
(5% u9 us Uy us Ug Uy Um
v | b b b b b b b )
va|lc ¢ ¢ ¢ ¢ ¢ ¢ - ¢
v3|a a a aa a a a - a
wwlae a a aa a a a - a
vs|a a a a a a a - a
v|la a a a a a a - a
vy la a a a a a a - a

Obviously, (1 (v) = a for all v € V(S(K,n)). By lemma|6.1.2) S(K,,.,) ¢ BY 4.

Case 2: Assume that m is even and n is odd. In this case the labeling is similar to case 1. By

lemma S(Kmn) & BY q.
Case 3: Assume that m and n are odd. Define ¢ : E(S(K,, ) = Va \ {0} by:
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V1 (%) V3 V4 Vs Vg U7 Un
uy |a a a a a a a a
uy |a a a a a a a a
uy |la a a a a a a a
wy |a a a a a a a a
up e a a a a a a a
ug e a a a a a a a
u,la a a a a a a a
L VA VA VA VA vl
v |a @ a a a a a a
U |a a a a a a a a
3 |a a a a a a a a
u |a @ a a a a a a
us |a @ a a a a a a
u |a @ a a a a a a
Unm | @& a a a a a - a
V1 V2 V3 V4 Vs Vg U7 Un
Uy a b c a a a a - q
Uo b c a a a a a e a
u3 c a b a a a a - a
Uy a a a a a a a - a
Uus a a a a a a a - a
Ug a a a a a a a - a
Um—2 | @ a a a a
Um—1 | @ b c b b b b - b
U, a b c c c c c e

Obviously ¢*(v) = a for all v € V. By lemma

S(Kpmn) € BY g

Case 4: Assume that m and n are even.

Define ¢ : E(S(Km.n)) — Va \ {0} by:
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V1 V2 V3 V4 Us Vg U7 Un,
up |b e b b b b b b
uy ¢ b ¢ ¢ ¢ ¢ ¢ c
ugy |b ¢ b b b b b b
wy |b e b b b b D b
ug |b e b b b b D b
ug |b ¢ b b b b b b
uw,|b ¢ b b b b b b

L VA VA VA VA vl
up |b ¢ b b b b b b
Uz | ¢ b c c c c c c
ug |b ¢ b b b b D b
ug |b ¢ b b b b b b
us |b ¢ b b b b b b
ug |b ¢ b b b b b b
Up | ¢ b b b b b - b
up Uz U3 Ug  Us U UT U

v |b b b b b b b - b

vo |b b b b b b b - b

vs |b b b b b b b - b

vae|b b b b b b b - b

vs | b b b b b b - b

vw|b b b b b b b - b

vy | b b b b b b - b

Obviously ¢ is an a-sum Vi-magic labeling of S(K, ) and by lemma S(Kmn) ¢
BY q.

O

Theorem 6.5.5. p(K,, ) is not a-sum Vy-magic and not a-sum Vy-barycentric magic for any

m,n > 2.

Proof. Suppose that p(K,, ) is a-sum Vj-magic. Then by lemma we have [2(m + n) +
1Ja = 0 which is a contradiction. Thus p(K,, ) is not a-sum Vj-magic and hence not a-sum

Vj-barycentric magic for any m,n > 2. O
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Theorem 6.5.6. (K, ) is zero-sum Vy-magic and zero-sum Vy-barycentric magic if and

only if m and n are odd.

Proof. Let V(u(Kipn)) = V(S(Kon)) U fu} and B(u(E0)) = E(S(Kpn)) U{u s 1< <
m}U{uv;:1<j<n} We consider the following cases:

Case 1: Assume that m and n are even.

For j=1,2,--- ,n, do:

N\ __ .
j)_avz_1747"' , M,

U(ugv}) = b, L(usv}) = c.

L(u;v

end for
Fort=1,2,--- ,m, do:
lufvj) =a,i=1,4,--- ,n,

L(ujvy) = b, L(ufvz) = c.
end for
Fort=1,2,--- . m
Forj=1,2,---,n
Uuju) = L(vju) = L(uv;) = a.
end for

end for

Case 2: Assume that m and n are odd.
Label all the edges by a.

Case 3: Assume that m is odd and n is even.

Fori=1,2,---,m

For j=1,2,---,n
((Viu;) = a.

end for

end for

For j=1,2,--- ,n
luvj) =a,i=1,4,5,---,m
E(UQ'U]‘) = b, E(Ug’Uj) = C.

end for

For j=1,4,--- ,n
l(ujv;) = a,i=1,4,5,---,m

Uuyvy) = b, Luoy) = c.
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end for
é(vgu/l = é(”Ug’U,S)
L(vaub) = L(vsu)) = ¢

Case 4: Assume that m is even and n is odd.

Interchange the roles of m and n in case 3.

This completes the proof. O
Theorem 6.5.7. S(K1 ) is a-sum Vi-magic if n is even.
Proof. Let V(S(K1,)) = {fu} U{e/}U{u; : 1 <i < n}uU{u;:1 <i<n} and edge set

E((S(K1,0))) = {uu; s 1 < i <n}U{uw,:1<i<n}U{wu:1<i<n}. Define a labeling
(: E((S(K1n))) — Va\ {0} by

luuy) =a,1<i<n
c, fori=1, 3<i<mn,
l(uu;) =
b, for i = 2.
, b, fori=1, 3<i<m,
¢, for i = 2.
With this labeling ¢+ (v) = a for all v € V. O

Theorem 6.5.8. S(K1 ) is not a-sum Vy-barycentric magic for any n.

Proof. By lemma S(K1,,) is not a-sum Vy-barycentric magic for any n. O

Theorem 6.5.9. S(K;,,) is not zero-sum Vy-magic and not zero-sum Vy-barycentric magic

for any n.

Proof. Since it has pendant edges, S(K1,,) is not zero-sum Vj-magic and hence not zero-sum
Vs-barycentric magic for any n. O

Theorem 6.5.10. u(K; ) is zero sum Vy-magic if n is odd.

Proof. Label all edges by a. The result follows. O

Theorem 6.5.11. u(Ky,,) is zero sum Vy-barycentric magic if n is odd.
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Proof. By lemma the result follows. O

Theorem 6.5.12. u(Ky ) is not a-sum Vy-magic and is not a-sum Vy-barycentric magic for

any n.
Proof. Suppose that (1(K ) is a-sum Vj-magic. Then by lemma (2n 4+ 3)a = 0 which is
a contradiction. Then the result follows. O

Theorem 6.5.13. C,,,S(Cy) € Y for all n.

Proof. Label all the edges by a. O

Theorem 6.5.14. S(C,,) is a-sum Vy-magic for all n but C,, S(Cy,) ¢ BY . for any n.

Proof. Let V(C,) = {v1,v2,...,v,}. Then the vertex set and edge set of S(C,,) are respectively
given by:

V(S(Cp))={v; : 1 <i<ntU{v):1<i<n},
E(S(Cpn)) ={vjviz1: 1 <i<n}U{vv,: 1 <i<n}U{vjvipr:1<i<n}

Without loss of generality assume that v,i1 = v1,v;, 1, = v;. Define £: E(S(Cy)) — Vi \ {0}
by:

L(vvi41) = a, for 1 <i < n,
(vivig1) = b, for 1 <i<mn,

l(vvj ) =¢, for 1 <i<n.

Observe that, £T(v;) = £T(v)) = a for 1 < i < n. Thus S(C,) is a-sum V; magic. But by
lemma6.1.2) C,, and S(C,,) are not a-sum Vj-barycentric magic. O

Theorem 6.5.15. u(C,) is zero sum Vy-magic for all n and is not zero sum Vy-barycentric

magic for any n.

Proof. The vertex set of u(Cy), V(u(Cn)) = V(S(Cn)) U {w} and edge set is given by
E(u(Ch)) = E(S(Cy)) U{wv : 1 <i<n}. We consider two cases:

Case 1: When n is even. Define ¢ : E(u(Cy,)) — Vi \ {0} by:

b, fori=1,3,5,...,n—1,
K('Ui'UiJrl> = .

¢, fori=2,4,6,....n.
l(vivip1) = b, for 1 <i<mn,
K('Ui’U§+1> = C, for 1 S 7 S n,

l(wv)) =a, for 1 <i<mn.
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Observe that ¢ (v;) =1 (v]) =0 for 1 <7 < n and £T(w) = 0.

Case 2: When n is odd. Define ¢(E(u(Cy,)) — Vi \ {0} by:

c, fori=1,n—2,n
l(vivit1) = S a, for i =2

b, for 3,4,...,n—3,n—1

)

c, fori=1,4,5,...,n

L(Vivig1) =% a, for i =2,
b, for i = 3,
c, fori=1,
E(UW;H) =4 a, fori=2,

b, fort=3,...,n—1,n,

)
a, fori=1,4,5,...,n,

l(wv)) =< b, fori=2,

¢, for i = 3.
Obviously, £*(v) = 0 for all v € V. Also by lemma w(Cy) & BY .

This completes the proof. O

Theorem 6.5.16. u(C,,) is not a-sum Vy-magic and not a-sum Vy-barycentric magic for any
n.

Proof. Suppose u(C,) is a-sum V; magic. Then (2n 4+ 1)a = 0. This implies a = 0 which is a
contradiction. Also by lemma w(Cp) & BY . O

Theorem 6.5.17. P, ¢ BY , and BY o for any n.

Proof. By lemmas and the result follows. O

Corollary 6.5.18. P, ¢ BV .0 for any n.

Proof. By theorem the proof follows. O

Theorem 6.5.19. S(P,) is a-sum Vy-magic for all n and does not belongs to the class BY .

Proof. We have V(S(P,)) ={vi:1<i<n}U{v.:1<i<n}and E(S(P,)) = {vjvit1:1<
i <n—1}U{vwj ;1 <i<n—1}U{vjvipr 1 <i<n—1}. Define £: E(S(P,)) — Vi \ {0}
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b, fori=1,
L(vivigr) =S¢, fori=mn—1,
a, for2<i<n-—2.
c, for1<i<n-—2,

E(vivg 1) =
- a, fori=n—1.

a, fori=1,

b, for2<i<n-—1.

L(vjvitr) =
Thus we get ¢ is an a-sum Vj-magic labeling of S(P,). Moreover, lemma implies that
S(P,) & BY .. O

Theorem 6.5.20. S(P,) is not zero-sum Vy-magic and not zero-sum Vy-barycentric magic for

any n.

Proof. Since it has pendant edges, S(P,) is not zero-sum Vj-magic and hence not zero-sum
V,-barycentric magic for any n. O

Theorem 6.5.21. u(P,) is zero-sum Vy-magic for all n and not zero-sum Vy-barycentric magic
for any n.

Proof. V(u(Py)) =V (S(P,))U{u} and E(u(P,)) = E(S(P,))U{w] : 1 <i < n}. We consider
two cases:

Case 1: Suppose n is odd. Define ¢ : E(u(P,)) — V4 \ {0} by

a, fori=1,3,--- ,n—2,

L(viviy1) =
c, fori=1,2,--- ,n—1,
Lvvi,) =a, fori=1,2,...,n—1,
((Vivig1) =c, fori=1,2,...,n—1,
((viu) =0b, fori=2,3,...,n—1,
)

L(viu) = ¢, £(v]u) = a.
We have £1(u) = 0 and ¢ (v;) = £1(v]) = 0 for all 4.

Case 2: Suppose n is even. Define ¢ : E(u(P,)) — V4 \ {0} by

b, for i = 1,n,

a, for2<i<n-1,

(viu) =
l(vvj,,) =b, for 1 <i<n-—1,
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Figure 6.1: A zero-sum Vj-magic labeling of u(P7)

Figure 6.2: A zero-sum Vj-magic labeling of p(Pg)

, b, fori=1,
L(vivigr) =
c, for2<i<n-—1,
b, for 1,2,4,6,...,n —2
(vivig1) =

¢, for 3,5,...,n—1.
Obviously, £*(u) =0 and ¢ (v}) = £*(v;) = 0 for all 4.
By lemma w(Ppn) & BYo. O

Theorem 6.5.22. u(P,) is not a-sum Vi-magic and not a-sum Vy-barycentric magic for any

n.

Proof. Suppose that u(P,) is a-sum Vz-magic. Then by lemma we have, (2n+ 1)a =0
which is not possible. Hence the proof. O
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6.6 Cycle related and some other graphs

Theorem 6.6.1. The sun graph C,, ® K; is a-sum Vy-barycentric magic for all n.

Proof. If we label all the edges by a € V4, we obtain an a-sum Vj-barycentric magic labeling
of C, ©® Kj. O

Theorem 6.6.2. The sun graph C,, ® K; is not zero-sum Vy-barycentric magic for any n.

Proof. By lemma [6.1.3] the sun graph C,, ® K is not zero-sum V,-barycentric magic for any
n. O

Theorem 6.6.3. The wheel W,, is a-sum Vy-barycentric magic if and only if n is odd.
Proof. Suppose that n is odd. Then by lemma W, is a-sum Vj-barycentric magic.

Conversely suppose that W, is a-sum Vj-barycentric magic. Then we have (n — 3)a = 0 which

implies that n is odd. O

Theorem 6.6.4. The wheel W,, is not zero-sum Vy-barycentric magic for any n.

Proof. By lemma the result follows. O

Theorem 6.6.5. For any n > 3 and k > 1, the n-gon book of k pages is zero-sum V-

barycentric magic if and only if k is odd.

Proof. Suppose that k is odd. Then by lemma the n-gon book of k pages is zero-sum
V,-barycentric magic. Conversely suppose that the n-gon book of k pages is zero-sum Vj-
barycentric magic. Let the edges be labeled a. Then we have (k + 1)a = 2a = 0 implies k is
odd. O

Theorem 6.6.6. For any n > 3 and k > 1, the n-gon book of k pages is not a-sum Vy-

barycentric magic.

Proof. By lemma the result follows. O
Theorem 6.6.7. For any n > 3, the bipyramid graph BP(n) is zero-sum Vy-barycentric magic

if and only if n is even.

Proof. Suppose that n is even. Then by lemma BP(n) is zero-sum Vy-barycentric magic.
Conversely suppose that BP(n) is zero-sum Vj-barycentric magic. If we label the edges by a,

then we have na = 2a = 0 which implies that n is even. O

Theorem 6.6.8. For any n > 3, the bipyramid graph BP(n) is not a-sum Vj-barycentric

magic.
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Proof. By lemma BP(n) is not a-sum Vj-barycentric magic. O

Theorem 6.6.9. The sunflower graph SF,, is zero-sum Vy-magic for all n but is not zero-sum

Vy-barycentric magic for any n.
Proof. We consider two cases:

Case 1: n is even.
Define a labeling ¢ : E(SF,,) — V4 \ {0} by

Fori=1,2,--- ,n do:
L(vov;) = a,
Lwv;) = U(wivigr) = a.

end for

b, i=1,3,---,n—1,
f(wviJrl):{ e P94 m

Case 2: n is odd.

L(vgv;) = a, for i =1,4,5,--- ,n
L(vovz) = b, £(vovs) = c.
Fori=1,2,---,n do:
Uwiv;) = L(wivig1) = a.
end for
L(v1v) = ¢, L(vavs) = a,

b7 i:375a"'7na
¢, i=4,6, . n—1.

L(vivig1) = {

Thus /¢ is a zero-sum Vj-magic labeling of SF,,. But by lemma [6.1.3] SF,, is not zero-sum

Vi-barycentric magic for any n. O

Theorem 6.6.10. SF,, is neither a-sum Vy-magic nor a-sum Vy-barycentric magic for any n.

Proof. Suppose that SF,, is a-sum Vj-magic. Then we have (2n + 1)a = 0 which implies that

a = 0. This is a contradiction. Hence the proof. O

Now consider the complete tripartite graph Ky, 5, ns-

Theorem 6.6.11. K, », n, is zero-sum Vi-magic for all ni,ng,ng and is zero-sum Vj-

barycentric magic if and only if ni,ns,n3 are of same parity.
Proof. We consider the following cases:
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Case 1: Assume that ni,no and ng are even.
Label all the edges by a. Then K, n, n, is zero-sum V; magic. By 1emma|@, Koy nans
is zero-sum Vj-barycentric magic.

Case 2: Assume that ni,no and ns are odd.

The case is similar to case 1.

Case 3: nq,ng are odd and ng is even. Define a labeling £ : E(Ky, nyon,) — Va \ {0} by:

w1 w9 ws cee Wng

Uy a a a a

Ug b b b b

(5% us us U4 s Un, us c ¢ ¢ ¢

v a b c a e a s a a a a
Vs b c a b --- b
V3 c a b c e

Uy a b c a e a Uny | @ a a a

U1 a a a a

Vg b b b b

Upy, | @ b c a e a Vs c ¢ ¢ c

vy a a a a

Upy | @ a a a

Case 4: ni,no are even and ng is odd.

The case is similar to case 3.

Case 5: ni,ng are odd and ns is even.

Take ny = ng3 in case 3.

Case 6: ni,ng are even and ny is odd.

Take no = n3 in case 4.

Case 7: no,ng are odd and n, is even.

Take n1 = ng in case 3.

Case 8: no,ng are even and nq is odd.

Take nqy = ns3 in case 4.

Hence K, n, n, is zero-sum Vy-magic for all n;,7 = 1,2, 3 and is zero-sum V,-barycentric magic

if and only if ny,n9,n3 are of same parity. O

Theorem 6.6.12. K, ,, n, 5 a-sum Vi-magic if and only if nq +na + ng is even and is not

a-sum Vy-barycentric magic for any n;,i = 1,2, 3.

Proof. First assume that Ky, n,n, is a-sum V4 magic. Then by lemma [3.2.T} we have n; +

no + ng is even.
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Conversely assume that ny + no + ng is even. Then the following cases arise:

Case 1: nq,neo,ng are even.
Define a labeling ¢ : E(K,, ny.ng) — Va \ {0} by:

Fori=1,2,...,n1, do:
l(uvj) =a, for j =1,4,...,ng,
L(u;va) = b, L(uvg) = c.
L(u;wg) = a, for k=1,2,... ngs.

end for

For j=1,3,...,n9, do:
lwpv;) = b, for k=1,3,...,n3,

L(wav;) = c.

end for
Lwgve) =¢, for k=1,3,...,n3,
E('LUQ’UQ) =b.

Case 2: ni,ns are odd and ng is even.
Define a labeling ¢ : E(Kp, ny.ng) — Va \ {0} by:

Fori=1,2,...,n1, do:
L(uvj) = a, for j=1,2,...,ng,
L(u;wg) = a, for k=1,2,... ns.

end for

For k=1,2,...,n3, do:
L(vjwy) = a, for j =1,4,...,n9,
L(vowy) = b, L(vswy) = c.

end for.

Case 3: ng,n3 are odd and nq is even.
Interchange the roles of n; and ng in case 2.

Case 4: ni,n3 are odd and ns is even.

Interchange the roles of ny and ng in case 2.

Thus ¢ is an a-sum Vj-magic labeling of Ky, n, n,. Also by lemma Ky, ns g 18 DOt a-sum

Vy-barycentric magic for any n;,7 = 1,2, 3. O

In previous chapters we have proved that there exist graphs which are both a-sum V;-magic
and zero-sum V; magic. That is the class 75 is nonempty. From lemmas and we
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6.6. Cycle related and some other graphs

can conclude that all the vertices of the graph must be of same parity in order to become a-
sum Vj-barycentric magic or zero-sum Vj-barycentric magic. Hence a graph cannot be a-sum
Vy-barycentric magic and zero-sum Vj-barycentric magic simultaneously. Thus we have the
following theorem:

Theorem 6.6.13. No graph belong to the class BY q0. That is, BY 0 = ¢.
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Chapter

Some Special Vy-Barycentric Magic
Graphs

In this chapter, we consider some special Vi barycentric magic graphs.

Line, middle and total graphs of some wellknown graphs are considered.

7.1 Introduction

In this chapter we investigate the line, middle and total graphs of some wellknown graphs

which are a-sum and zero-sum Vj-barycentric magic.

7.2 Line, Middle and Total Graphs

Theorem 7.2.1. A cubic graph is a-sum Vy-magic and a-sum Vy-barycentric magic.
Proof. Label all the edges by a. The result follows. O

A cubic graph and its line graph are shown in figure [7.1

Theorem 7.2.2. A cubic graph is zero-sum Vy-magic but not zero-sum Vy-barycentric magic.

Proof. A zero-sum Vj-magic labeling of a cubic graph is shown in figure By lemma [6.1.3

it follows that the cubic graph is not zero-sum V;-barycentric magic. O

Theorem 7.2.3. The line graph of a cubic graph is not a-sum Vi-magic and not a-sum V-

barycentric magic.
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7.2. Line, Middle and Total Graphs

Figure 7.1: Cubic graph and its line graph

Proof. Since the number of vertices is odd, the line graph of cubic graph is not a-sum Vj-magic

and by lemma |6.1.2] it is not a-sum Vj-barycentric magic. O

Theorem 7.2.4. The line graph of a cubic graph is zero-sum Vi-magic and zero-sum V-

barycentric magic.

Proof. Since all the vertices have degree 2 or 4, by labeling all the edges by a the proof
follows. H

The middle graph and total graph of a cubic graph is shown in figure [7.2]

AN
NN\ 2z

S

Figure 7.2: Middle graph of cubic graph (left), Total graph of cubic graph (right)

Theorem 7.2.5. The middle graph of a cubic graph is not a-sum Vi-magic and not a-sum

Vy-barycentric magic.

Proof. Since the number of vertices is odd, the middle graph of cubic graph is not a-sum

Vi-magic and by lemma [6.1.2] it is not a-sum Vj-barycentric magic. O

The middle graph of a cubic graph is not zero-sum Vy-barycentric magic since it has vertices

of odd degree.
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7.2. Line, Middle and Total Graphs

Figure 7.3: Middle Graph of Path M (P,) (left), Total Graph of Path T'(P,) (right)

Theorem 7.2.6. The total graph of a cubic graph is not a-sum Vi-magic and not a-sum

Vy-barycentric magic.

Proof. Since the number of vertices is odd, the total graph of cubic graph is not a-sum V;-magic

and by lemma [6.1.2] it is not a-sum Vj-barycentric magic. O

The total graph of a cubic graph is not zero-sum V;-barycentric magic since it has vertices
of odd degree.

Consider the path graph P,.
Theorem 7.2.7. The middle graph of P,, M(P,) is not a-sum Vi-magic and is not a-sum

Vy-barycentric magic for any n.

Proof. Suppose M(P,,) is a-sum Vj-magic. Then we have (2n — 1)a = 0 which implies a = 0.
This is a contradiction. Hence the result follows. O

Theorem 7.2.8. The middle graph of P,, M(P,) is not zero-sum Vy-magic and is not zero-

sum Vy-barycentric magic for any n.

Proof. Since it has pendant edges, the result follows. O

Theorem 7.2.9. The total graph of P,,T(P,) is not a-sum Vy-magic and is not a-sum V-

barycentric magic for any n.

Proof. Suppose T'(P,) is a-sum Vj-magic. Then we have (2n — 1)a = 0 which implies a = 0.
This is a contradiction. Hence the result follows. O
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7.2. Line, Middle and Total Graphs

Theorem 7.2.10. T(P,) is zero-sum Vy-magic for all n and it is not zero-sum Vy-barycentric
magic for any n.

Proof. Let the vertices of T(P,) be labeled as in figure Define a labeling ¢ : E(T(P,)) —
Vi \ {0} as follows:

Fori=1,2,--- ,n do:
C(uv;) = L(uvipr) = ¢
L(vivit1) = a
end for

E(Ul‘Ui_}'_l):?;:l’Q,... ’n_2

This is a zero-sum Vj-magic labeling of T'(P,). By lemma T(P,) is not zero-sum V-
barycentric magic for any n. O

Theorem 7.2.11. M(C,) is a-sum Vy-magic for all n > 3 and is not a-sum Vy-barycentric

magic for any n.

Proof. The vertices of M(C),) are labeled as given in figure Define an edge labeling
£ B(M(C)) = Vi \ {0} by:

Fori=1,2,--- ,ndo:
Luv;) =b
Luviq1) = c
Luuir1) = a
end for

This gives an a-sum Vj-magic labeling of M(C,). By lemma it is not a-sum V;-
barycentric magic for any n. O

Theorem 7.2.12. M(C,) is zero-sum Vi-magic for all n > 3 and zero-sum Vi-barycentric
magic for all n > 3.

Proof. Label all the edges by a. Then it is easy to see that M (C),) is zero-sum Vj-magic for
all n > 3. By lemma M(C,,) is zero-sum Vj-barycentric magic for all n > 3. O

Theorem 7.2.13. T(C,,) is a-sum Vy-magic for all n > 3 and is not a-sum Vy-barycentric

magic for any n.
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7.2. Line, Middle and Total Graphs

Figure 7.4: Middle Graph of Cycle M (C,,) (left), Total Graph of Cycle T'(C,,) (right)

Proof. The vertices of T(C,,) are labeled as given in figure Define an edge labeling ¢ :
E(T(Cy)) — Vi \ {0} by:

Fori=1,2,--- ,ndo:
E(UZ’UZ) = b, E(uiviH) =cC
Z(’UJZ‘U,'_H) = E(’Ui’UH_l) =a

end for

This gives an a-sum Vj-magic labeling of T'(C),). By lemma it is not a-sum Vj-barycentric
magic for any n. O

Theorem 7.2.14. T(C),) is zero-sum Vy-magic for all n > 3 and zero-sum Vj-barycentric

magic for all m > 3.

Proof. Label all the edges by a. Then it is easy to see that T(C,,) is zero-sum Vj-magic for all
n > 3. By lemma T(C,) is zero-sum Vj-barycentric magic for all n > 3. O

Consider the sun graph S,.

Theorem 7.2.15. L(S,) is not a-sum Vy-barycentric magic for any n.

Proof. The proof follows from lemma [6.1.2 O

Theorem 7.2.16. L(S,,) is zero-sum Vy-barycentric magic for all n.
Proof. The proof follows from lemma O

Next we prove similar results for middle and total graphs of sun graph.
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7.2. Line, Middle and Total Graphs

Figure 7.5: Line Graph of Sun Graph L(S,,) (left), Middle Graph of Sun Graph M (S,,) (right)
Theorem 7.2.17. M(S,,) is a-sum Vi-magic for all n and is not a-sum Vy-barycentric magic
for any n.

Proof. The graph of M(S,) with labeled vertices is shown in figure Define a labeling
¢: E(M(Sy)) — Vi \ {0} as follows:

C(uju) = L(viul) = a
C(viv;) = L(vjvit1) = a
L(vivip,) =a
(vjuiyy) =b
((viuh) =c
end for

Then with this labeling M (.S,,) is a-sum Vj-magic for all n and by lemma it is not a-sum
Vy-barycentric magic for any n. O

Theorem 7.2.18. M (S,,) is not zero-sum Vy-magic for any n and is not zero-sum Vy-barycentric

magic for any n.

Proof. Since M (S,,) has pendant edges, it is not zero-sum Vj-magic for any n and hence not

zero-sum Vy-barycentric magic for any n. O

Theorem 7.2.19. T'(S,,) is a-sum Vy-magic for all n and is not a-sum Vy-barycentric magic

for any n.
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7.2. Line, Middle and Total Graphs

Figure 7.6: Total Graph of Sun Graph T'(S,,)

Proof. The graph of T'(S,) with labeled vertices is shown in figure Define a labeling
C:E(T(S,)) — Vi \ {0} as follows:

Then with this labeling T'(S,,) is a-sum Vj-magic for all n and by lemma it is not a-sum

V,-barycentric magic for any n. O

Theorem 7.2.20. T(S,,) is zero-sum Vy-magic for all n and is zero-sum Vy-barycentric magic

for all n.

Proof. Label all the edges by a. Then the graph is zero-sum Vj-magic for all n. Moreover by
lemma [6.1.4} T'(S,,) is zero-sum Vj-barycentric magic for all n. O

Now we consider the wheel graph W,,.

Theorem 7.2.21. L(W,,) is not a-sum Vy-barycentric magic for any n.

Proof. By lemma the theorem holds. O
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Theorem 7.2.22. L(W,,) is zero-sum Vy-barycentric magic if and only if n is odd.

Proof. Suppose that n is odd. Then all the vertices of L(W,,) are of even degree. Then by

lemma [6.1.4] L(W,,) is zero-sum Vj-barycentric magic. For the converse we assume that n is
even. Then the graph has vertices of odd degree. By lemma “ L(W,,) cannot be zero-sum
V,-barycentric magic. This proves the theorem. O

The middle graph and total graph of W,, with labeled vertices are shown in figure

Theorem 7.2.23. M(W,,) is a-sum Vy-magic if and only if n is even and is not a-sum V-

barycentric magic for any n.

Proof. First suppose that M (W,,) is a-sum V; magic. Then by lemma 3na = 0 which
implies n is even. Conversely assume that n is even. Define a labeling ¢ : E(M (W,,)) — V4\{0}
by

U(viu;) =
Luvi41) = ¢

Ueiej) = L(eiv;) = L(usuit1) = a
Ulequi-1) = leu;) = a

This gives an a-sum Vj-magic labeling of M (W,). By lemma [6.1.2) M(W,,) is not a-sum
Vi-barycentric magic for any n. O

Theorem 7.2.24. M(W,,) is zero-sum Vy-magic if n is even and is not zero-sum Vy-barycentric

magic for any n.

Proof. For n even, label the edges as follows:

L(vu;) = a
L(u;viq41) = b
Lev;) =c
leu;) = Leip1u;) = L(ev) = a
)

Z(eiej :a?j:1a2a"' anal#J7l+17é]

a, 1=1,3,---,n—1
f(uiuzﬁrl):{b P94

a, i=1,3,---,n—1

) y Ay,

With this labeling, M(W,,) is zero-sum Vj-magic. It follows from lemma that M(W,,) is
not zero-sum Vj-barycentric magic for any n. O
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7.2. Line, Middle and Total Graphs

Figure 7.7: Middle Graph of Wheel Graph M (W,,) (left), Total Graph of Wheel Graph T'(W,,)
(right)

Theorem 7.2.25. T(W,,) is a-sum Vi-magic if and only if n is odd and is not a-sum V-
barycentric magic for any n.

Proof. Suppose that T'(W,,) is a-sum Vj-magic. Then by lemma (3n + 1)a = 0 which
implies n is odd. Conversely suppose that n is odd.

Fori=1,2,--- ,n do:

Lu;v;) = U(uivig1) = a
Uujuivr) = L(vvi41) = a

Le;v;) = L(e;v) = L(eju;) = b

L(vv) =L(ejui—1) = ¢

lee;)=a,j=1,2,--- ni#j

end for

With this labeling, T'(W,,) is a-sum Vj-magic. By lemma T(W,) is not a-sum V-
barycentric magic for any n. O

Theorem 7.2.26. T'(W,,) is zero-sum Vy-magic for alln and is zero-sum Vy-barycentric magic
if n is odd.

Proof. We consider the following cases:

Case 1: n is odd.

Label all the edges by a. This gives a zero-sum Vy-magic labeling of T'(W,,) and by lemma
6.1.4) T(W,,) is zero-sum Vj-barycentric magic.
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7.2. Line, Middle and Total Graphs

Case 2: n is even.

Define a labeling ¢ : E(T'(W,,)) — V4 \ {0} by:

b, i=24,--,n—1

With this labeling T'(W,,) is zero-sum Vj-magic. Furthermore, it follows from lemma
that T'(W,,) is not zero-sum Vj-barycentric magic.

Theorem 7.2.27. The helm graph H,, is not a-sum Vy-barycentric magic for any n.

Proof. By lemma[6.1.2] H,, is not a-sum Vj-barycentric magic for any n. O

Theorem 7.2.28. H, is not zero-sum Vy-barycentric magic for any n.

Proof. Since the graph has pendant edges, it is not zero-sum Vy-barycentric magic for any
n. O

The line and middle graphs of H,, are shown in figure

Theorem 7.2.29. L(H,) is a-sum Vy-magic if and only if n is even and is not a-sum V-
barycentric magic for any n.

Proof. Suppose that L(H,,) is a-sum Vj-magic. Then by lemma[3.2.1] (3n)a = 0 which implies
n is even. Conversely assume that n is even. Define a labeling ¢ : E(L(Hn)) — Vu \ {0} by:

For:=1,2,--- ,n do:

l(e;_ys:) = l(ejsi) = a
U(eis;) = U(ejei 1) = a
leiej) =a,j=1,2,--- ,ni#j
U(eie;) =
)

(elz 1

end for
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7.2. Line, Middle and Total Graphs

Figure 7.8: Line Graph of Helm Graph L(H,) (left), Middle Graph of Helm Graph M (H,)
(right)

By lemma it is not a-sum Vj-barycentric magic for any n. O

Theorem 7.2.30. L(H,) is zero-sum Vy-magic for all n and is not zero-sum Vy-barycentric
magic for any n.

Proof. We consider the following cases:

Case 1: n is even.

b, i=1,3,--- n—1
6826/7 — b )~ )
(si€i-1) {c, i=24,-.n
) .:1737"'7 -1
Usieh) =4 7 "
b, 1=2,4,---.,n

Label the remaining edges by a.

Case 2: n is odd.

U(sie;) = L(ejej ) =a
b(e;_ysi) = L(eie;) = b

l(ess;) = l(ejq1e;) = ¢

leiej)=a,j=1,2,--- ,ni#j

Therefore, L(H,,) is zero-sum Vj-magic for all n. By lemma L(H,) is not zero-sum
V,-barycentric magic for any n.
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7.2. Line, Middle and Total Graphs

O
Theorem 7.2.31. M(H,,) is a-sum Vi-magic if and only if n is odd and is not a-sum Vj-

barycentric magic for any n.

Proof. Suppose that M (H,,) is a-sum Vj-magic. Then (5n + 1)a = 0 which implies n is odd.
Conversely suppose that n is odd. Define a labeling ¢ : E(M (H,,)) — Vi \ {0} by:

Fori=1,2,--- ,n do:
€(e§71vi) =b
Lletv;) =c

end for

Label the remaining edges by a. By lemma[6.1.2] it is not a-sum Vj-barycentric magic for any
n. O

Theorem 7.2.32. M(H,,) is not zero-sum Vy-magic and is not zero-sum Vy-barycentric magic

for any n.

Proof. Since the graph has pendant edges, it is not zero-sum Vj-barycentric magic for any
n. 0

Definition 7.2.33. (see [29]) A gear graph G, is obtained from the wheel graph by adding a
vertex between every pair of adjacent vertices of the cycle where V(G,,) = {vU{vi, v, -+ ,vapn}.

Theorem 7.2.34. The line graph of gear graph L(G,) is a-sum Vi-magic if and only if n is
even and is a-sum Vy-barycentric magic for all n.

Proof. Suppose that L(G,,) is a-sum Vj-magic. Then by lemma n is even. Conversely
assume that n is even. Label all the edges by a. Then L(G,,) is a-sum Vj-magic. By lemma
L(G,) is a-sum Vj-barycentric magic for all n. O

The line and middle graphs of G,, are shown in figure

Theorem 7.2.35. L(G,,) is zero-sum Vi-magic for all n and is not zero-sum Vy-barycentric

magic for any n.
Proof. We consider the following cases:

Case 1: n is odd.

Fori=1,2,--- ,n, do:
lieej)=a,j=1,2,--- ,ni#j

Uese) = Lleief ) =a, j=1,2,---,2n where ¢; is adjacent to €} and €},
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7.2. Line, Middle and Total Graphs

Figure 7.9: Line Graph of Gear Graph L(G,) (left), Middle Graph of Gear Graph M(G,,)
(right)

b, k=1,3,---,2n—1
E I ! — ) b b b)
(€reli1) { e, k=24, 2n
end for

Case 2: n is even.

Fori=1,2,--- ,n, do:

!

Ueie)) = (e ) = a,j = 1,2,---,2n where ¢; is adjacent to €

!/
! and €,

b, i=1,3,--,n—1

e, i=2,4,--,n

€(€i€i+1) = {

b, k=1,3,---,2n—1
e, k=24,--,2n

g(e;ce;c—o—l) = {

lieej)=a,j=1,2,---,n, j#ii+1

end for

With this labeling, L(G,) is zero-sum Vj-magic for all n. By lemma L(Gy) is not
zero-sum Vy-barycentric magic for any n. O

Now consider the middle graph of G,,.

Theorem 7.2.36. M(G,,) is a-sum Vy-magic if and only if n is odd and is not a-sum Vj-

barycentric magic for any n.

Proof. Suppose that M(G,,) is a-sum Vj-magic. Then by lemma (5n + 1)a = 0 which
implies n is odd. Let the vertices of M(G),) be as shown in figure For the converse we
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7.2. Line, Middle and Total Graphs

define an edge labeling as follows:

i =1,3,---,2n—1
Ovsel) = a, 1 n
c, 1=2,4, ,2n
b, 1=1,3,---,2n—1
g X — K ) ) )
(Ul+1€z) { a, i=24,--,2n

L(viegi—1) = l(e;v) = a
eey;_q) =b
leieh; o) = ¢
lieej) =a,j=1,2,---,n, i#j

Thus M(G,) admits an a-sum Vz-magic labeling and by lemma it is not a-sum Vj-
barycentric magic for any n. O

Theorem 7.2.37. M(G,,) is zero-sum Vy-magic for all n and is not zero-sum Vy-barycentric
magic for any n.

Proof. We consider two cases:

Case 1: n is even.

For:=1,2,--- ,n do:
lew) = l(eje;) = (ejvai—1) = a

For k=1,2,--- 2n do:
l(vier,) =b

— 1,3, 2n—1
f(ekviﬂ):{b’ k=13, m

c, k=2,4,---,2n

3

k=1,3,---,2n—1
gelel — C7 & )
(zerl) {a, k:2,4,--~,2n
end for

end for

Case 2: n is odd.

Q

)

i=1,4,5,- ,n
i=2
i=3
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7.2. Line, Middle and Total Graphs

a, ©1=1,4,5,---,n
5(61"021‘—1) = b, 1=2
c, 1=3
Fori=1,2,--- ,n do:
e(eiej):aajzlaQW" , 1, Z#]

end for
c, 1=3
l(ee ., 1) = ’
(cicis1) a, otherwise

b, i=4,8,---,2n—1
g ll :g i i 1) = ’ 7 ’
(viet) = Hvirrcirr) {q i=6,10,---,2n
U(eyve) = €

evg
l(e5us) = £(

Leyvs) =a

l
l

esvy) = b
esvg) = ¢

b, i=6,10,---,2n

Uelvisr) = L€l 1vita) =
(€eivi1) = erprviee) {c, i=812,-,2n -2

Thus M(G,,) is zero-sum Vy-magic for all n. Moreover, by lemma M(G,,) is not

zero-sum Vy-barycentric magic for any n.
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Chapter

V,-Bimagic Graphs

In the first section of this chapter, we introduce a-sum and zero sum
Vy-bimagic graphs and define sizteen different classes of graphs. In the
second section of this chapter, we discuss the classification of star graph.
In the third section we discuss the classification of some cycle related
graphs. In the last section of this chapter we discuss the classification of

ladders and some special graphs.

8.1 Introduction

If a graph G and its line graph L(G) are both a-sum Vj-magic, then G is called an a-sum
Vi-bimagic graph. If a graph G and its line graph L(G) are both zero-sum Vj-magic, then G
is called a zero-sum Vj-bimagic graph. A graph G is called a Vj-bimagic graph if G and its
line graph L(G) are both a-sum Vj-magic or zero-sum V-magic. An example of a Vj-bimagic
graph is the cycle C,,. If G or L(G) is not Vj-magic, then G is called a non Vj-bimagic graph.

In this chapter we define the following classes of graphs:

(1) If both the graph G and its line graph L(G) are a-sum Vj-magic, we say that G belongs
to the class 7.

(2) If G is a-sum Vj-magic and L(G) is zero-sum Vj-magic, we say that G belongs to the
class #.

3) If both the graph G and its line graph L(G) are zero-sum Vj-magic, we say that G belongs
to the class €.

4) If G is zero-sum Vy-magic and L(G) is a-sum Vj-magic, we say that G belongs to the
class 2.

121



8.2. Basic Results

5) If G is a-sum Vy-magic and L(G) is not a-sum Vj-magic, we say that G belongs to the
class &.

6) If G is a-sum Vj-magic and L(G) is not zero-sum Vj-magic, we say that G belongs to the

class #.

7) If G is not a-sum Vj-magic and L(G) is a-sum Vj-magic, we say that G belongs to the

class 4.

8) If G is not a-sum Vj-magic and L(G) is zero-sum Vj-magic, we say that G belongs to the
class J7.

9) If G is zero-sum Vj-magic and L(G) is not a-sum Vj-magic, we say that G belongs to the
class .#.

10) If G is zero-sum Vj-magic and L(G) is not zero-sum Vj-magic, we say that G belongs to
the class #.

11) If G is not zero-sum Vj-magic and L(G) is a-sum Vj-magic, we say that G belongs to the
class % .

12) If G is not zero-sum Vj-magic and L(G) is zero-sum Vj-magic, we say that G belongs to
the class .Z.

13) If both G and L(G) are not a-sum Vy-magic, we say that G belongs to the class .#.

14) If G is not a-sum Vj-magic and L(G) is not zero-sum Vj-magic, we say that G belongs
to the class .1".

15) If G is not zero-sum Vj-magic and L(G) is not a-sum Vj-magic, we say that G belongs
to the class O.

16) If both G and L(G) are not zero-sum Vj-magic, we say that G belongs to the class &.

A graph is V,-bimagic if it belongs to the class o/ U %

8.2 Basic Results

Theorem 8.2.1. Let G be a Vy-bimagic (p,q) graph with vertex set V(G) = {u1,ug,...,up}
and edge set E(G) = {e1,es,...,eq}. Then

p q

ZE"‘(uZ) = Zﬁ'(el) =0
i=1 i=1
Proof. Proof follows from lemma [3.2.1 O

Theorem 8.2.2. Let G be an a-sum Vi-bimagic (p,q) graph. Then both p and q are even.
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Proof. Proof follows from theorem [8.2.1 O

Theorem 8.2.3. The star K1 ,, is not a-sum Vy-bimagic for all n > 1.

Proof. Proof follows from theorem [8.2.2) O
Theorem 8.2.4. (see [15]) The star K1, is a-sum Vy-magic if and only if n is odd.

Theorem 8.2.5. K, , is not zero-sum Vy-magic for any n.

Proof. Since the graph has pendant edges, it is not zero-sum Vj-magic for any n. O

Theorem 8.2.6. L(K;,) = K, is zero-sum Vy-magic for all n.
Proof. Let vy,vs,- - v, be the vertices of K,. We consider the following cases.

Case 1: n is odd. Label all the edges by a. Then we get T (v) =0 for all v € V(K,,).
Case 2: n is even.
Fori=1,2,---,n do:
E(’Ui’l}j) :a'aj = 1a27"' anaj 7é2+17.] 7&2
end for

b, i=1,3,---n—1

c, 1=2,4,---n

E('Ui’UiJrl) = {
Thus (*(v) =0 for all v € V(L(K1,)). O
Theorem 8.2.7. L(K; ) is a-sum Vi-magic if and only if n is even.

Proof. L(Ky,) =K, € ¥, = na=0= nis even. If n is even, label all the edges by a. The
result follows. O

Theorem 8.2.8. K, belongs to the class & if and only if n is odd.

Proof. The proof follows from theorems [8:2.4] and [8:2.6] O

Theorem 8.2.9. K, belongs to the class J if and only if n is even.

Proof. The proof follows from theorems [8:2.5] and [8:2.7] O

Theorem 8.2.10. K, belongs to the class £ for all n.

Proof. The proof follows from theorems [8:2.5] and [8:2.6] O
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8.3. Cycle Related Graphs

8.3 Cycle Related Graphs

Let S,, = C,,® K7 be the sun graph on 2n vertices. Let V(S,,) = {v1,v2, -+ , 05 JU{u1,u2, -+ ,un}
where v} s are the vertices of the cycle taken in cyclic order and u} s are the pendant vertices
such that each v;u; is a pendant edge. Let E(S,) = {e} : 1 <i<n}U{e :1<i<n}
where e; is the edge v;v;41 and €} is the edge v;u;(1 < i < n). By the definition of line graph
V(L(Sn)) = E(Sy) ={u; : 1 <i<n}uU{v]:1<i<n} where v and u} represents the edge e;
and €j(1 < i < n) respectively. The edge set E(L(Sy)) = {vjvi,; : 1 <i<n}U{vjuj ;1<

i <n}U{viu}:1<i<n}. Hence the line graph of the sun graph Sun,, is the graph C,,@QCs.

Theorem 8.3.1. L(S,,) is zero-sum Vi-magic for all n.

Proof. Label all the edges by a. Then we have the graph L(S,,) is zero-sum Vj-magic. O

Theorem 8.3.2. L(S,,) is a-sum Vy-magic for all n.

Proof. Define a labeling ¢ : E(L(S,)) — V4 \ {0} as follows:

Fori=1,2,---n do:
L(vpvi) = a, L(u;) =b
U(uzviyy) =c

end for

With this labeling ¢+ (v) = a for all v € V(L(G)). Hence the graph L(S,,) is a-sum Vj-magic
for all n. O

Theorem 8.3.3. Sun,, belongs to the classes &7, B, * and £ for all n.

Proof. The proof follows from theorems [3.2.9] [3.2.10] [8.3.1] and [8:3.2 O

BSun(n, k) denote the broken sun on n vertices. Let V(BSun(n,k)) = {v1,va, -+ , v} U
{u1,us2, - ,ur} where v s are the vertices of C,, and u; s are the pendant vertices such
that v;,u; is a pendant edge where v;; denote the particular vertex v; adjacent to u;. Let
E(BSun(n,k)) ={e;: 1 <i<njuU{e;:1<j <k} where e; is the edge vv;41(1 <i<n—1)
and e} is the edge v;;u;. The vertex v;; is a point of intersection of the edges e;_1,e; and
ei. By the definition of line graph, V(L(BSun(n,k))) = {v},v5, -, v} U {uj,uy, -, up}
where v represents the edge e;,1 < i < n and u; represents the edge 69,1 < j <k and
E(L(BSun(n,k))) = {vjviy; : 1 < i <npU{v;,_u):vj,_; is the edge e;—1 which is incident
towv;,j=1,2,-- ,k}U{vgJ_u; s v is the edge e; which is incident to v, j =1,2,--- , k}.

i

Theorem 8.3.4. BSun(n,k) is not zero-sum Vy-magic for any n.

Proof. Since it has pendant edges the result follows. O
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Theorem 8.3.5. The line graph of a broken sun BSun(n,k) is a-sum Vy-magic if and only if
n+k is even.

Proof. Suppose that L(BSun(n,k)) is a-sum Vj-magic. Then by lemma (n+k)a=0
which implies that n + k is even. Conversely suppose that n + k is even.
Define a labeling ¢ : E(L(BSun(n,k))) — V4 \ {0} as follows:

Case 1: Both n and k are even.

Subcase i: All the pendant edges v;;u; are on adjacent vertices of BSun(n, k).

Fori=1,2,--- 'n
For j=1,2,--- |k

(v, uf) =c
end for
end for

If £(viu}) = b, then vjv; , = b and viceversa. If £(vjvi, ;) = b then £(vj 0] 5) = ¢
and if £(vjvj, ) = c then (v, v, ,) = b.

Subcase ii: All the pendant edges are on alternate vertices of BSun(n, k).

Fori=1,2,---,n

For j=1,3,--- k-1

iy Uj

end for

end for

Fori=1,2, N

For j=2,4,--- |k
(0l yl) = o, (e}, _yu}) = e

vz, uf) =D
end for
end for

If £(vju}) = b, then vjv; ; = b and viceversa.

Subcase iii: The pendant edges v;;u; are on random vertices.

Fori=1,2,--- ,n
For j=1,2,--- )k

125



8.3. Cycle Related Graphs

Depending on the labeling of the edge v;v; 1, for some edges

Fori=1,2,--- 'n
For j=1,2,--- ,k
(vg, _quj) = b, L(vj uj) =c

end for

If £(vju’;) = b, then viv;,; = c and viceversa. If £(vjv; ;) = b then £(v], v ,) = c

and viceversa.
Case 2: Both n and k are odd.
The proof is similar to case 1.
This completes the proof. O

Theorem 8.3.6. L(BSun(n,k)) is zero-sum Vy-magic for all n and k.

Proof. Define a labeling ¢ : E(L(BSun(n,k))) — Vi \ {0} as follows:

Fori=1,2,--- ,n, do:
For j=1,2,--- Kk, do:
U(vi ug) = L(vi, 4 u) = a,
f(vgﬂz{ﬁl) =b, L(vvit1) =c
end for

end for
Hence the proof. O

Theorem 8.3.7. BSun(n, k) belongs to the classes o/, % and & if and only if n+ k is even.

Proof. The proof follows from theorems [3.2.11] [8.3.4] [8.3.5] and [8.3.6] O

Theorem 8.3.8. BSun(n, k) belongs to the £-class for alln and k.

Proof. The proof follows from theorems [8:3.4] and [8:3.6] O
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For n > 2 and 0 < k < n, a consecutive broken sun, denoted by CBSun(n, k) is the graph
belonging to BSun(n, k) such that the subgraph induced by the vertices of degree 2 is a path
on n — k vertices.

For n > 2 and 0 < k < n, the line graph of CBSun(n, k), denoted by L(CBS(n,k)) is the
graph belonging to the class L(BSun(n,k)) such that the subgraph induced by the vertices of
degree 2 is a path on n — k — 1 vertices.

The vertex set and edge set are similar to that of the line graph of BSun(n, k).

Theorem 8.3.9. CBSun(n, k) is not zero-sum Vy-magic for any n.

Proof. Since it has pendant edges the result follows. O

Theorem 8.3.10. L(CBSun(n,k)) is a-sum Vy-magic if and only if n + k is even.

Proof. Tt is already proved as subcase (i) in the proof of theorem O

Theorem 8.3.11. The line graph of CBSun(n, k) is zero-sum Vy-magic for all n and k.

Proof. The proof is similar to the proof of theorem [8.3.6] O

Theorem 8.3.12. CBSun(n,k) belongs to the classes &, % and JH if and only if n + k is

even.

Proof. The proof follows from theorems |3.2.12] [8.3.9} |8.3.10] and [8.3.11} O

Theorem 8.3.13. CBSun(n, k) belongs to the £-class for all n and k.
Proof. The proof follows from theorems [8:3.9] and B:3:11] O

W,, denotes the wheel graph on n + 1 vertices. Let V(W,,) = {u1,ug, -+ ,un } U{u} where
u is the central vertex and E(W,,) = {e; : 1 <i < n}U{e}: 1 <i < n} where ¢; is the edge
uu;, 1 < i < n and ¢ is the edge w;u;+1,1 < ¢ < n. Consider the line graph L(W,,). Then
V(L(W,)) = {v],vh, -, v, } U{vi,va, - ,v,} where v; represents the edge e;,1 <i < n and
v} represents the edge €},1 < i <n and E(L(W,,)) = {vv; : 4,5 =1,2,--- ,n,i # jU{vfviy1 :
1 <i<njU{vjv;:1<i<npU{vjvi,:1<i<n}

Theorem 8.3.14. L(W,,) is a-sum Vy-magic for all n.
Proof. Define a labeling ¢ : E(L(W,,)) — V4 \ {0} by

Case 1: n is odd.

Fori=1,2,--- ,ndo:

l(vv}) = b. L(vis1v)) = ¢

127



8.3. Cycle Related Graphs

Holol) = a
g(vivj) = aaj = 1327"' ,n

end for

Case 2: n is even.

Fori=1,2,--- ,ndo:

lvvj)=a,j=1,2,---,n, i#]
l(vpvi) = a

end for

Fori=1,3,--- ,n—1do:
L(vv]) = b, L(vip1v)) = ¢,

end for

Fori=2,4,--- ,ndo:
L(vv}) = ¢, L(vig1v)) = b,

end for

We can easily verify that £ is an a-sum Vj-magic labeling of L(W,,).

Theorem 8.3.15. L(W,,) is zero-sum Vy-magic for all n.
Proof. Define a labeling ¢ : E(L(W,,)) — V4 \ {0} as follows:

Case 1: n is odd.
Label all the edges by a. Then we get £+ (v) = 0 for all v € V(L(W,)).

Case 2: n is even.

Fort=1,2,--- ,n do:

L(vjv;) = L(vjvig) = a

U(viviy) =a
é(l}i’l}j) :avj = 172a"' 7naj 7524—1
end for

b, i=13,-,n—1

c, 1=2,4,---,n

L(vvig1) = {

Thus ¢ is a zero-sum Vj-magic labeling of L(W,,).

Theorem 8.3.16. W,, belongs to the classes o7 and B if and only if n is odd.
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Proof. The proof follows from theorems [3.3.1] [8:3.14] and [8:3.15] O

Theorem 8.3.17. W,, belongs to the classes € and 2 for all n.

Proof. The proof follows from theorems [3.3.2] [3.3.9} [§.3.14] and [8.3.15] O

Consider the graph C,,QC,,. Let V(C,,QC),) = {u;;1 <i < n}U{u;:1<i<n1<
Jj < m =2} and E(C,QC,) = {uuirr : 1 < i < npU{uguger) 1 <i<n, 1 <j<
m — 2} U{uug 0 1 <4 <nfU{ujm—2)uip1 : 1 < i < n}. Consider the line graph L(C,,QC,).
Then V(L(C,,QC)) ={v; : 1 <i <njU{v;; : 1 <i<n,1<j<m—-1}and E(L(C,QC,)) =
{vivigr 1 1< <nfU{vvn 0 1 <@ <nfU{vn-1) 1 1 <@ <nfU{vi vy 1 1<i<n, 1<

J<m =2 U{viwgqrny 1 <i <nfU{vipvim-1) 1 1 < i <n}.
Theorem 8.3.18. (see [13]) For all m,n > 3, C,,QC,, is zero-sum Vy magic.

Theorem 8.3.19. L(C,,QC,,) is a-sum Vy-magic if and only if mn is even.

Proof. Suppose that L(C,,QC),) is a-sum V; magic. Then by lemma n+n(m—1) is
even. This implies that mn is even. Conversely suppose that mn is even.
We consider the following cases:

Case 1: m is odd and n is even.
Define a labeling ¢ : E(L(C,,QC,,)) — V4 \ {0} as follows:

b, i=1,3,---,n—1
é Vi — ) ) ) )
(vivi41) { aan
Fori=1,2,---,n do:
e(vivi(mfl)) = f(viv(i+1)1) = é('Ui-i-l'Ui(mfl)) = l(viv) = E('Ui(mfl)v(iJrl)l) =b

C, j:1333”'7m_2
g(vijvi(jJrl)) = b j=24,---,m—3

end for

Case 2: m is even and n is odd.
Define a labeling ¢ : E(L(C,,QC,,)) — V4 \ {0} as follows:

Fori=1,2,--- ,n do:

L(viviqr) = E(’U(H»l)vi(mfl)) = g(viv(iJrl)l) = E(U(Hl)lvi(mq)) =a
l(vivi1) = b, f(vivi(m—l)) =c

¢, i=1,3 ,m—3
Qo) =9 o a o m—2

end for
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Case 3: Both m and n are even.
The proof is similar to case 2.

With the above defined labeling L(C,,@QC,,) is a-sum V; magic. O

Theorem 8.3.20. L(C,,QC,,) is zero-sum Vi-magic for all m,n > 3.

Proof. The proof is quite trivial. O

Theorem 8.3.21. C,,QC,, belongs to the < -class if and only if either m is odd and n is even

or both m and n are even.

Proof. The proof follows from theorems [5.2.16] and [8.3.19] O

Theorem 8.3.22. C,,QC,, belongs to the B-class if and only if n(m — 1) is even.

Proof. The proof follows from theorems [5.2.16] and [8.3.20] O

Theorem 8.3.23. C,,QC,, belongs to the €-class for all m,n > 3.

Proof. The proof follows from theorems [.3.18| and [8.3.20] O

Theorem 8.3.24. C,,QC,, belongs to the Z-class if and only if mn is even.

Proof. The proof follows from theorems [8.3.18| and [8:3.19] O

C,(t) denote the one point union of ¢ copies of cycle C,. Let V(C,(t)) = {w} U {w;; :
1<i<t,1<j<n—1}and E(Cp(t) = {wijwij41) : 1 <i <t,1 < j <n—2}U{ww; :
1 <i <t} U{ww;ip—1y : 1 < i < t}. Consider the line graph L(C,(t)). Then the vertex set
V(L(Ch(t) ={vij : 1 <i<t,j=1,2 U{u;; : 1 <i<t,1<j<n—2} where v;; denotes
the edge ww;1, vz denotes the edge ww;,—1) and u;; denotes the edge w;;jw;(;41). The edge
set is given by E(L(Cy(t))) = {vijvm :

1 <i,k<t,j,l =12 except for the case i = k,j =
l} U {U“Uﬂ 01 S ) é t} @] {'Uigui(n_z) 01 S )

§t}U{uijui(j+1) 1 <0<t 1 §]§n—3}
Theorem 8.3.25. (see [28]) C,(t) is zero-sum Vi-magic for all n and t.
Theorem 8.3.26. L(C,,(t)) is a-sum Vy-magic if and only if nt is even.
Proof. L(C,(t)) is a-sum Vj-magic implies that [2¢ 4+ ¢(n — 2)]a = 0. This implies that nt is
even. Conversely suppose that nt is even. Then the following three cases arise.

i) Both n and ¢ are even.

ii) m is even and t is odd.

iii) n is odd and ¢ is even
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i) Both n and ¢ are even.

For:=1,2,--- ,t do:
L(vi1vi2) = L(vigV(i41)1) = b
L(virusn) = L(VigUi(—2)) = b

O(uijuiGi41)) :{ o j:: b3
b, j=2,4,--- ,n—4
For k=1,2,---,t, 7,1 =1,2, do:
Lvijop) =c¢, vij Fvg, k#Ftandl#j+1, k#i+1landl#j—1
end for

end for

ii) n is even and ¢ is odd.

For:=1,2,--- ,t do:
g(vijvkl) :ba k= 1,2,--- 1, ]7l =1,2, Vij #vkl

b, j=1,3,---,n—3
Uuijuigvn)) = {

¢, j=24,,n—4

L(viruin) = L(vigUi(n—2)) = ¢

end for

iii) n is odd and t is even

E(viluﬂ) = b
g(viQUi(n—Q)) =c

c, j:1,37...,n—3
Cuijuigjrny) = b, j=2.4,-- .n—4

For k=1,2,---,t, 7,1 =1,2, do:
lvijo) = ¢, vij #F v, k#Fiandl#j+1, k#i+landl#j—1
end for
With the labeling defined above L(C,(t)) is a-sum Vj-magic.

Theorem 8.3.27. L(C,(t)) is zero-sum Vy-magic for all n and t.
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Proof. Label all the edges by a. Since all the vertices have even degree, (T (v) = 0 for all
v € V(L(C,(t))). O

Theorem 8.3.28. C,,(t) belongs to the classes &7 and B if and only if n is even and t is odd.

Proof. The proof follows from theorems [5.2.10] [8.3.26] and [8:3.27] 0

Theorem 8.3.29. C,,(t) belongs to the €-class for allm and t.

Proof. The proof follows from theorems [8.3.25] and [8.3.27] O

Theorem 8.3.30. C,,(t) belongs to the P-class if and only if nt is even.

Proof. The proof follows from theorems [§.3.25] and [8.3.26]

OJ

Jn,m denotes the Jahangir graph on nm + 1 vertices. Let V(J,m) = {ufU{u; 11 <i <
mpU{v; 11 <i<m,1<j<mn-—1} and edge set is given by E(J, m) = {uy; : 1 <7 <
mpU{uvir 0 1 <@ <mPu{uip1vi-1y 0 1 <@ <mp{viviger) 1 <i<m,1 < j <n—2}. By
the definition of the line graph, the vertex set of the line graph of J,, ,, is given by V(L(Jp m)) =
{vi:i=1,2,--- ,;m}U{w,up:i=1,2,--- mpU{w;:i=12,--- ,m,j=1,2,--- ,n—2}
where v; is the edge uu;,i = 1,2,--- ,m. u;; denotes the edge u;v(;_1)(m—1), ui2 denotes the
edge u;v;1, w;; denotes the edge v;;v;(;41). The edge set of the line graph E(L(.J,,m)) is given by
{viv; 11 <4,5 <myi # G U{vug; 0 1 <i<m,j = 1,2} U{ujuiz 0 1 <4 <m}U{wiw;giq) e
1<i<m, 1<) <n—=3}U{upwi:1<i<mpU{wjm_g)uiiiy 21 <i<m}.

Theorem 8.3.31. L(J, ) is a-sum Vy-magic if and only if m(n + 1) is even.

Proof. First assume that L(J, ) is a sum V4 magic.

L(Jnm) is a sum Vy-magic = [m +2m + m(n —2)ja=0
= [m+mnja=0

= m(n + 1) is even.

Conversely assume that m(n + 1) is even.

Case 1: m and n are even. Define a labeling ¢ : E(G) — V4 \ {0} by

For:=1,2,--- ,m do:
Lvvj)=a,j=1,2,---,m, i#j
lvuj) =a,j=1,2
L uiruin) =b

c, 7=13,---,n—-3

g(wijwi(j+l)>:{ b, j=2.4,---,n—4
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l(uipw;r) = b, g(wi(n—Q)u(i—o—l)l) =b

end for

With this labeling defined above £*(v) = a for all v € V(L (J,, 1m))-

Case 2: m is even and n is odd. Define a labeling ¢ : E(G) — V4 \ {0} by

Fori=1,2,--- ,m do:
lvv;)=a,j=1,2,---,m, i #j
L(viui;) =a,j =1,2

end for

b, i=13,---,m—1
c, i1 =2,4,---,m

g(uiluiQ) = {

b, i=1,3,--,m—1

c, i=2,4,---,m

U(ujpwir) = {

c, 1=13,---,m-—1

Uwi(n—2)u(it1)1) = { b i=24,---.m
Fori=1,3,---,m—1 do:

¢, j=1,3,,n—2

€(wijw7:(j+1)):{ b, i=2,4,--- ., n—3

end for
Fori=2,4,--- ,m do:

b7 j:1537"'an_2

Em@w““”:{c i—9.4. .n—3

end for

With this labeling defined above £*(v) = a for all v € V(L (J,, 1m)).
Case 3: m and n are odd. Define a labeling ¢ : E(G) — V4 \ {0} by
Fori=1,2,--- ,m do:
K(’Ui’l}j) = Cl,j = 1727"' , M, 7’75.]
E(viuﬂ) = b, E(viuig) =cC

é(uiluiZ) =
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With this labeling defined above £*(v) = a for all v € V(L (J,, 1n))-

Thus ¢ is an a-sum Vy-magic labeling of L(J(n,m)). O
Theorem 8.3.32. L(J(n,m)) is zero-sum Vy-magic for all n and m.
Proof. Case 1: Both m and n are odd.

Fori=1,2,--- ,m do:

(UZU] a’.]_1727' ,m,Z#j

0(viui L(vun) = a

)
) =
Luiue) = b, llupwpn) =c
Uwi(n—2)u(i+1)1) =
)

Uwijwii4ny) =¢, j=1,2,---,n—2

end for

Case 2: m and n are even.

Fori=1,2,--- ,m do:
Lvvj)=a,j=1,2,---,m, i #j

end for
b, i=1,3,---,m—1
c, 1=2,4,---.m

L(viun) = L(upwir) = {

-om—1
E(Uiuig) = »m

.’m

—N
“0“ \'Q
~
= |
T
\.l\D w
\n% .

Uuiuiz) =
For j=1,2,--- ;n—3 do:
b, i=1,3- . m—1
e(wijwi(jﬂ)) - { c 1 =24 ---.m
= L(Wi(n—2)U(i+1)1)

end for
Case 3: m is odd and n is even.
The proof is similar to case 1.

Case 4: m is even and n is odd.

The proof is similar to case 2.

One can easily verify that with the labeling defined above, £ is a zero-sum Vj-magic labeling
of L(Jp,m)- O
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Theorem 8.3.33. J, ,,, belongs to the classes o/ and % if and only if n and m are odd.

Proof. The proof follows from theorems [5.2.1] [8.3.31] and [8:3.32 O

Theorem 8.3.34. J, ,,, belongs to the €-class for all n and m.

Proof. The proof follows from theorems and [8.3.32 O

Theorem 8.3.35. J,, ., belongs to the P-class if and only if m(n + 1) is even.

Proof. The proof follows from theorems and [8.3.31 O

8.4 Ladder Graphs

The line graph of the ladder L,, is a graph with vertex set V(G) = {u; : i = 1,2,--- ;n—1}U{v; :
i=12---,ntU{u, : ¢ =1,2,---,n— 1} and edge set given by E(G) = {wv; : i =
1,2, n—1 U{ufw; : i =1,2,--- ;n =1} U{wwipr 1 i =1,2,-- ,n—1}U{ujviy1 : i =
L2, ,n—1}U{uwuigr :1=1,2,--- ,n =2y U{ujuj,q i =1,2,--- ,n — 2}

Theorem 8.4.1. (see [28]) L,, is zero-sum Vy-magic for all n.

Theorem 8.4.2. L(L,) is a-sum Vy-magic if and only if n is even.

Proof. Suppose that L(L,) is a-sum V4 magic. Then (3n — 2)a = 0. This implies that 3n is
even which again implies that n is even. Conversely assume that n is even. Define a labeling
: E(L(Lyn)) = Va\ {0} by

Fori=1,2,--- ,n—2do:
L(uvi) = L(usuipr) = b
uldy1) = ) = ¢
end for
Utup—1v,) = b, L(u,_qv,) =c
(urvg) = (ujva) = l(tup—_1vp—1) = L(ul,_1vp_1) =a

l(uvip1) =c¢, 1=2,3,--,n—2

Thus ¢ is an a-sum Vj-magic labeling of L(L,,). O

Theorem 8.4.3. L(L,) is zero-sum Vy-magic for all n.
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Proof. Define a labeling ¢ : E(L(L,)) — V4 \ {0} by

L(ugvr) = L(ujv1) = a
(tn—1vn) = L(uy,_0n) = a
Fort=1,2,--- ,n—1, do:
O(uguipr) = L(uzuig,) = ¢
end for
Fori=23,---,n—1, do:
C(uiv;) = L(ujvi) = b
end for
Fori=1,2,--- ,n—2, do:
U(uivisr) = L(ujvipr) = b

end for

Hence the labeling ¢ defined above makes the graph L(L,) zero-sum V; magic. O

Theorem 8.4.4. L,, belongs to the < -class if and only if n is even.

Proof. The proof follows from theorems and O

Theorem 8.4.5. L,, belongs to the classes B and € for all n.

Proof. The proof follows from theorems [5.3.1] [8.4.1 and [8.4.3] O

Theorem 8.4.6. L, belongs to the P-class if and only if n is even.
Proof. The proof follows from theorems and O

The line graph of L, is a graph with vertex set V(L(Ly42)) = {vi/t = 1,2,--- ,n} U
{u;/i=0,1,--- ,npu{u;/i =0,1,--- ,n} and edge set E(L(Lyp4+2)) = {uvit1/i =0,1,--- ,n—
B uU{uvigr/i=0,1,-- ,n—1}U{ww; /i =1,2, - ,n}U{uv; /i =1,2,--- ,n}U{uu, /i =
0,1,---,n—1}U{ujuj /i =0,1,--- ,n—1}.

Theorem 8.4.7. (see [28]) Ly 4o is a-sum Vy-magic for all n.

Theorem 8.4.8. L(L,12) is a-sum Vy-magic if and only if n is even.

Proof. Suppose that L(L,2) is a-sum V4 magic. This implies that (3n+2)a = 0 which implies
that n is even. Conversely suppose that n is even. Define a labeling ¢ : E(L(L,+2)) — V4 \ {0}
by

i=0,2,- ,n—2
b, i=1,3,,n—1
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. =0,2,---,n—2
E // — C’ 1 ) ) )
(uzuz+1> { b, 1:173’ ,'n,fl

€(uivi+1) :bvi:0717"‘ ,n_l

b, i=0,2-,n—2
¢, i=1,3,,n—1

U(uzvigr) = {

K(uivi):b,izl,l--- ,n—l

L upvy,) = c

é(u’ivi): c, i.:173,--~ ,n—1,n
b, i=2,4,---,n—2

With this labeling L(Lj,42) is a-sum V; magic. O

Theorem 8.4.9. L(L,2) is zero-sum Vy-magic for all n.

Proof. Label all the edges by a. Since all the vertices have degree either 2 or 4, it is easy to
verify that ¢*(v) =0 for all v € V(L(Ly42)). O

Theorem 8.4.10. L2 belongs to the classes & and & if and only if n is even.

Proof. The proof follows from theorems [8.4.7] [5.3.5] and [8.4.8] O

Theorem 8.4.11. Lo belongs to the classes B and £ for all n.

Proof. The proof follows from theorems [8.4.7] [5.3.5] and [8.4.9] O

Theorem 8.4.12. Path P, is non Vi-bimagic for n > 4.

Proof. The path graph P, is neither a-sum Vj-magic nor zero-sum Vy-magic. The line graph of

P, is P,,_1 which is again neither a-sum Vj-magic nor zero-sum V;-magic. Hence the proof. [

o ¢ g NEC
CnQC, CnQC, | C,al,

Cn(t) Cu(t) | Cn(t)

In,m In,m In,m
L, L, L,
Wy, Wy, Wy,

Sun,,

BSun(n, k)
CBSun(n, k)
Ln+2
Ky,
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In this chapter, we have classified a few cycle related graphs into a-sum V;-bimagic, zero-sum
V,-bimagic and graphs which are both a-sum and zero-sum Vj-bimagic. The classification is
shown in the above table. The graphs which we have discussed mainly belong to the classes
o, B, ¢ and 2. A few graphs which belong to some of the other classes are discussed below.
Moreover, from the above table we have &/ N6 = €. That is ¥ C /. Then a question arises

whether this is always true. The following theorems provide an answer to this question.
The labelings of diamond graph and its line graph are shown in Figure 8]

Theorem 8.4.13. The diamond graph belongs to the classes #,€,& and & .

Proof. A zero-sum V; magic labeling of diamond graph is shown in figure R} An a-sum V,
magic labeling is shown in brackets in the same figure. Also a zero-sum Vj magic labeling of
line graph of diamond graph is depicted in figure Moreover suppose it is a-sum Vj; magic.
Then we have 5a = 0 which is a contradiction. Then the result follows. O

The labelings of kite graph and its line graph are shown in Figure [8.2

Theorem 8.4.14. The kite graph belongs to the classes 4,7, % and L.

Proof. Since the kite graph has a pendant edge, it is not zero-sum V; magic and it is not a-sum
V4 magic as it has 5 vertices. A zero-sum V; magic labeling of its line graph is shown in figure
B2 and its a-sum Vj magic labeling is shown in brackets in the same figure. Obviously the

result follows. O

Figure 8.1: Diamond graph and its line graph
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Figure 8.2: Kite graph and its line graph

[ 2
o

Figure 8.3: Butterfly graph and its line graph(above), Cricket graph and its line graph(below)

The labelings of butterfly graph and its line graph are given in Figure [8.3]

Theorem 8.4.15. The butterfly graph belongs to the classes ¢, 2,9 and €.
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Proof. Since the number of vertices is odd, the butterfly graph is not a-sum V,; magic. By
labeling all the edges by a, we get a zero-sum Vj; magic labeling of the graph and its line graph.
An a-sum V; magic labeling of the line graph is given in figure [8.3] Then clearly the result
follows. O

The labelings of cricket graph and its line graph are shown in Figure [8:3]
Theorem 8.4.16. The cricket graph belongs to the classes 7, L, M and 0.

Proof. By similar arguments in the above theorems, the cricket graph is neither a-sum Vj
magic nor zero-sum V; magic. Its line graph is also not a-sum V; magic. A zero-sum V,; magic
labeling of the line graph is depicted in figure B:3] Then the proof follows. O

The labelings of moth graph and its line graph are shown in Figure
Theorem 8.4.17. The moth graph belongs to the classes B,&,L and 0.

Proof. An a-sum Vj; magic labeling of moth graph and a zero-sum Vj; magic labeling of its line
graph are shown in figure B4] As it has pendant edges the graph is not zero-sum Vj magic
and its line graph is not a-sum V; magic as it has odd number of vertices. Then we can easily
verify the result. O

Figure 8.4: Moth graph and its line graph

From theorems [8.4.13| and [8.4.15| we can conclude that ¢ ¢ & since diamond graph and

butterfly graph are zero-sum V4-bimagic but not a-sum Vz-bimagic.
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Chapter

On Zy-Barycentric Ring Magic Graphs

In the first section of this chapter, we define k—barycentric sequence
m a commutative Ting R with unity and introduce the concept of R-
barycentric ring magic graphs. In the second section of this chapter, we
characterize 2-barycentric and 3-barycentric sequence in fields. In the
last section of this chapter we characterize a class of Zy,-barycentric ring

magic graphs.

9.1 Introduction

Here we define k—barycentric sequence in a commutative ring R with unity.

Definition 9.1.1. Let a1, as,- - ,ax be k not necessarily distinct nonzero elements of a com-
mutative ring R with unity. This sequence is k—barycentric if there exist i such that ai + as +

o4 a;+ - +ap = ka; and ajas---a; - ap = af. The element a; is called a barycenter.

Definition 9.1.2. Let R be a commutative ring with unity. A graph G = (V, E) is said to
be R-barycentric ring magic if there exists a labeling £ : E(G) — R\ {0} of the edges of G
by nonzero elements of R such that the induced vertex labelings £ : V(G) — R defined by
0t (v) = Y l(uv) where (u,v) € Eand £* : V(G) — R defined by £*(v) = [[£(uv) where
(u,v) € E are constant maps and satisfies:

i) 0T (v) = deg(v)l(uyv), for all v € V(G), and for some vertez u, adjacent to v.

i) €% (v) = L(upv)?9W) | for all v € V(G), and for some vertex u, adjacent to v.

141



9.2. Basic Results

9.2 Basic Results

Here we need the following:

Lemma 9.2.1. In every commutative ring with unity R, a sequence a1, as, - ,ar where a; =

ag =+ =ap =a € R is k—barycentric.

Proof. We have

a+ay+---+a;+---+a=a+a+---+a+---+a=ka.

k terms
Moreover,
_ _ ok
a1a2...ai...ak =aa---a---a=a. .
|y —
k terms
This proves the lemma. O

Lemma 9.2.2. Let R be a field. Any sequence in R with 2 elements is barycentric if and only

if the elements are equal.

Proof. Let ay,as be any two elements in the field R which are barycentric. Without loss

of generality assume that a; + as = 2a; which implies a; = as. Again, ajas = a;? implies
a1 'aras = a1 'a12. That is, a; = ag. Conversely assume that a; = as. Then clearly,
a1+ as = a+ a = 2a and
a1y = aa = CLQ.
This proves the lemma. O

Lemma 9.2.3. Let R be a field. A 3-sequence in R is barycentric if and only if all the elements

are equal.

Proof. Suppose that a1, a2, as be a 3-sequence in R in which all the elements are equal. That
is a; = a for i = 1,2,3. Then it is clear that the sequence is barycentric. Conversely assume

that the 3-sequence in R is barycentric. Then consider the following three cases:

Case 1 : Suppose a; + as + a3 = 3a; and ajasas = a1°.

This implies

as + asz = 2a; and (9.1)

as0a3 — a12. (92)
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From equation 8.1 we have a3 = 2a; — as. Substituting this in equation 8.2 we get,

112(2(11 — CLQ) = CL12 = 2a1a0 — a22 = CL12
= a1 — 2a1a2 + a3 =0
= (a1 — a2)2 =0
= a] = as.
Substituting this in equation 8.1 we get, a1 = as = as.

Case 2: aj + as + ag = 3as and ajasas = as®.

The proof is similar to case 1.

Case 3: a1 + as + as = 3as and ajasas = as®.

The proof is similar to case 1.
This completes the proof. O

Since the last two lemmas work for only fields, in the foregoing sections we focus mainly
on Zy-barycentric ring magic graphs where p is prime.

9.3 Main Results

Theorem 9.3.1. Any graph G is Zs-barycentric ring magic with same additive and multi-

plicative constant 1 if and only if all the vertices of G have odd degrees.

Proof. First suppose that all the vertices of G have odd degrees.
deg(v;) =k; =2s+ 1 for all v; € V and for some s € N.
Then we have,
) =Y l(uw) =1, % (v;) = [ ] luv) = 1.
Moreover,
deg(v)0(uyv) = 1 and £(u,v)9™) =1,

Therefore G is Zo barycentric ring magic with the same additive and multiplicative constant
1. Conversely assume that G is Zs-barycentric ring magic with the same additive and mul-
tiplicative constant 1. Obviously deg(v) = k for all v € V where k is odd. This proves the

theorem. O

Corollary 9.3.2. Any graph G is Zs-barycentric ring magic with same additive and multi-
plicative constant 1 if and only if G is k-regular with k odd.
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Proof. First suppose that G is Zs-barycentric ring magic with same additive and multiplicative
constant 1. Then by theorem [9.3.1] all the vertices of G have odd degrees. This is true if G is
k-regular with k odd. Conversely assume that G is k-regular with & odd. Then clearly all the
vertices of G have odd degrees. Hence by theorem the result follows. O

Theorem 9.3.3. A regular graph G is R-barycentric ring magic for any ring R.

Proof. Label all the edges by a € R\ {0}. Then ¢£* and ¢* are constant maps and also
0+ (v) = deg(v)€(uyv) and £*(v) = £(u,v)4e9), O

Theorem 9.3.4. For every commutative ring R with unity, Py is R-barycentric ring magic

and P,,n > 3 is not R-barycentric ring magic.

Proof. Label the edge by a. Then Ps is R-barycentric ring magic for every commutative ring R
with unity. P,,n > 3 is in fact not even barycentric magic. Hence it cannot be R-barycentric

ring magic. O
Theorem 9.3.5. Fvery Zo-ring magic graph is Zo-barycentric ring magic.
Proof. Suppose that G is Zy-ring magic. Then the only possible edge label is 1. Thus we have

t(w) = Y l(ww) = Y21 = deg(v)f(uv) and £%(v) = []L(uv) = []1 = £(uv)?9™). The proof
follows. -

Theorem 9.3.6. Forn > 3, if K1, is Zy-ring magic then K, is Zp-barycentric ring magic.
Proof. Let vy,---,v, be the pendant vertices and vy be the central vertex of Kj,. First
suppose that K , is Zp ring magic. We can easily see that all the pendant edges must have
the same label. That is, £(vov;) = a,i = 1,2,--- ,n. Also deg(vg) = n and deg(v;) = 1 for all

1. Thus we have,
0t (v;) = a, £T(vo) = na, £*(v;) =a, £*(vo) = a"

Furthermore,

deg(vi)l(uy,v;) = l.a = a, deg(vo)l(ty,vo) = n.a

E(uvivi)deg(vi) = q = al’ é(uvgvo)de‘q(vo) — "

Hence the proof. O
Theorem 9.3.7. The cycle C,, is R-barycentric ring magic for every commutative ring R with
unity.

Proof. Label all the edges by the same element. The result follows. O
Theorem 9.3.8. (see [34]) C(n1,ns2) is Zp-barycentric magic if and only if h is even.

Theorem 9.3.9. (see [34]) C(ni,na, - ,ng) is Zyp-barycentric magic if and only if h is even.
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Theorem 9.3.10. C(n1,n2) is Z,-barycentric ring magic if and only if p = 2.
Proof. By lemma and theorem the result follows. O

The generalized form of the theorem [9.3.10]is as follows:

Theorem 9.3.11. C(n1,ng, -+ ,ng) is Zy-barycentric ring magic if and only if p = 2.
Proof. By lemma and theorem the result follows. O

Theorem 9.3.12. K5 3 is not Zy-barycentric ring magic for any prime p.

Proof. Let {u1,us} and {v1,v2,vs3} be the two partite sets of K5 3. By lemmas and
the edges incident to u; must have the same labels and those incident to v; must also have the
same labels. Let us label all the edges incident to w; by a. Then all the edges incident to wus
must also be labeled a since all the edges incident to v; must have the same label. Therefore

we have,

If the graph is Z,-barycentric ring magic, then it follows that a = 0 which is a contradiction.

Thus the graph K5 3 cannot be Z,-barycentric ring magic for any prime p. O

Remark 9.3.13. If a graph is not Zy-barycentric magic, then it cannot be Zy,-barycentric ring

magic.

From theorem 3.19 in [26] and remark [9.3.13] we obtain the following result:
Theorem 9.3.14. K 3 is not Zp-barycentric ring magic for any h.

Theorem 9.3.15. The sun graph C,, ® K; is Z,-barycentric ring magic if and only if p = 2.

Proof. Let ui,usa,--- ,u, be the vertices of the cycle C,, and vi,vs,--- ,v, be the pendant
vertices. Then deg(u;) = 3 and deg(v;) = 1. By lemma all the edges incident to uy is
labeled the same element a. Moreover, we get that the edge labels of all those incident to
u;,i = 2,3,--+,n are a itself. Hence we get, £T(u;) = 3a and £¥(v;) = a. If the graph is
Zy-barycentric ring magic we get the congruence, 3a = a(mod p) which implies 2a = 0(mod p)
which inturn shows that p is even. That is p is exactly equal to 2. From our assumption we
also have the congruence,

0% (u;) = £ (v;)(mod p) = a® = a(mod p)
= a(a® — 1) = 0(mod p).
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Since a = 0(mod p) is not possible, we have

(a® — 1) = 0(mod p) = a® = 1(mod p)
=a=1,p—1.

Since p = 2, a = 1. To prove the converse, simply label all the edges by 1. The proof
follows. O

Theorem 9.3.16. Let p be any prime number. Then the wheel graph Wy, is Z,-barycentric ring

n—3 —

magic if and only if there exists an a € Z, \ {0} such that n = 3(mod p) and o™ ° = 1(mod p).

Proof. Let uy,us, - ,u,,v be the vertices of W,, where v is the central vertex. We have
deg(u;) = 3,i = 1,2,--- ,n and deg(v) = n. First suppose that W,, is Z,-barycentric ring

magic. Then by lemma [9.2.3] all the edges incident to w;,s = 1,2,--- ,n are labeled by the

same element a. Thus we get (T (u;) = 3a, £+ (v) = na, *(w;) = a3, £X(v) = a". By

assumption, we obtain the congruence as follows:

na = 3a(mod p) = (n — 3)a = 0(mod p)

= n = 3(mod p).
Furthermore,
a™ = a®*(mod p) = a*(a"* — 1) = 0(mod p)

If a® = 0(mod p) then a = 0 which is a contradiction. Hence (a"~3 — 1) = 0(mod p) which
gives the congruence a3 = 1(mod p), where a € Z, \ {0}.

Conversely suppose that there exists an a € Z, \ {0} such that n = 3(mod p) and a"~3 =
1(mod p). Then we have,

n = 3(mod p) = n.1 = 3.1(mod p)

Obviously we can choose a to be 1 for which the congruence is satisfied. This gives a Z,-

barycentric ring magic labeling of W,,. O

Corollary 9.3.17. W, is Zy barycentric ring magic if and only if n is odd.

Proof. Suppose that W, is Zy barycentric ring magic. Then by theorem[9.3.16|we have n—3 =

0(mod 2). That is n — 3 is even which implies n is odd. Conversely suppose that n is odd. The

only possible edge label is 1. Then clearly n = 3(mod 2) and "3 — 1 = 0(mod 2). O
The following example illustrates theorem [9.3.16]

Example 9.3.18. Consider the wheel graph Wiy and the ring Z7. Here 10 = 3(mod 7). Let
a=1. Then a” =17 = 1(mod 7). Then Wiq is Z7 barycentric ring magic.
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Example 9.3.19. Consider the wheel graph Ws and the ring Zs. Let u; denote the outer
vertices and v denotes the central vertexr of W,. Here n — 3 = 2 is not congruent to 0
modulo 3 and a®> —1 =12 — 1 = 0(mod 3). If we label all the edges by 1, then

0 (u;) = 3(mod 3) =0
¢t (v) = 5(mod 3) =2

Hence Wy is not Zs-barycentric ring magic.

Remark 9.3.20. Ezxample shows that the condition n = 3(mod p) in theorem is

necessary.

Theorem 9.3.21. The splitting graph S(Ps) of the path graph Ps is Z,-barycentric ring magic
if and only if p = 2.

Proof. Let {u1,uz,uz} U{vi,ve,v3} be the vertex set of S(P3). By lemma all the edges
incident to wy are labeled by the same element a;. Similarly all the edges incident to each of
the vertices ug, v; and v are labeled by the elements as, a3 and a4 respectively. If the graph

is Zp-barycentric ring magic, then we get the congruence,
2a1 = 2a9 = 2a3 = 2a4 = ay + ag + az + ag(mod p). (9.3)

We consider the following cases:

i) pis odd.
From congruence[9.3| we get, a1 = as = a3 = a4 = a(say). Thus we have 4a = 2a(mod p)
which implies 2a = 0(mod p) which is a contradiction since p is odd.

i) p=2.
The only possible edge labeling is 1. This will give £+ (u;) = £+ (v;) = 0 and for all vertex
u in S(P3), deg(u)l(uy,v) = £+ (u). Also £*(u;) = £*(v;) = 1 and £(u,v)%9™) = 1. Thus
S(P3) is Zy barycentric ring magic.

The converse is trivial. Hence the proof. O
Theorem 9.3.22. The Mycielski graph pu(Ps) is not Z,-barycentric ring magic for any p.

Proof. We have V(u(P3)) = V(S(Ps)) U {u} where u is the newly added vertex. Suppose that
w(Ps3) is Zy-barycentric ring magic for all p. Since deg(u) = 3, by lemma all the edges
incident to u are labeled by the same element a; € Z, \ {0}. Then from our assumption it is

obvious that the edges incident to both vy and vs must have the same label. Let the edges

incident to u; be labeled as and those incident to ug be labelled a3. Then we have,

3a1 = 2as = 2a3 = 3aq + az + az = 2a;1 + as + az(mod p).
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Considering the congruence 3a1 + a2+ a3 = 2a1 + as +az(mod p), it follows that a; = 0(mod p)
which is not possible. O

Theorem 9.3.23. The planar grid P, x P, is not Zy-barycentric ring magic for all m,n

except m =n = 2 and for any p.

Proof. By lemma [9.2.2] two edges incident to the corner vertices of the planar grid can only be
labeled by the same element a. Moreover, by lemma the edges incident to the adjacent
vertices of degree 3 must also be labeled the same element a. Then if P, x P, is Z,-barycentric

ring magic, the following congruence holds.
3a = 2a(mod p)

which is not possible. Furthermore, for m = n = 2 the graph P, x P5 is the cycle Cy itself
which is R-barycentric ring magic for all commutative ring R with unity by theorem [0.:3.7] O

Consider the Dutch windmill graph Dém) or the friendship graph F,.

Theorem 9.3.24. The friendship graph F, is Zy-barycentric ring magic for all m and 7Z,-
barycentric ring magic for p odd if and only if there exists an a € Zy \ {0} such that m =

2m=2 = 1(mod p).

1(mod p) and a
Proof. Let u;j,i = 1,2,---,m,j = 1,2 be the vertices of the graph and v be the central
vertex. Let the edge uiiu12 be labeled a;. Then by lemma the edges wuqi; and wuqs
must also be labeled by the same element a;. By a similar argument we label the edges
Uit Ui, UUs1, U2, 1 = 2,3,--- ,m by ag,as, - ,a,,. Suppose that F,, is Z,-barycentric ring

magic. Then we get the congruences

201 =2a3 = - = 2a;,m, = 2(a1 + a2 + - -+ + an ) (Mmod p) and (9.4)
ai =a3=---=a2, =ajaza;--- a3, (mod p) (9.5)

We consider the following cases:

Case 1: p is odd.
2a1 = 2as = -+ = 2a,,(mod p) implies a; = az = -+ = a,, = a. Also, 2(3°1" | a;) = 2ma.
Hence we get
2ma = 2a(mod p) = (2m — 2)a = 0(mod p)

= m = 1(mod p).

2
1

Now consider the congruence From the congruence a? = a3 a2, (mod p),

there arises two cases:
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Subcase 1: a1 =as =---=a,, = a
Substituting in (9.5) we get, a?a3a?--- a2, = a®™. Thus we have

a®™ = a®(mod p) = a(a®™~? — 1) = 0(mod p)

= a2 = 1(mod p)

Subcase 2: Let 1 < k < m and choose a; such that

a, 1<:<k
a; =
! p—a=b, k+1<i<m

Therefore, a?a3a? - - - a2, = a®*b*™ %) (mod p). From the congruence (9.4, we have
a?*p2 M=k = 42 = v (mod p). (9.6)

Since a? = b?(mod p), we have

a?*p2m=k) = (42)*(a2) ™=K (mod p) = (a®)™ (mod p)
Qm(

a“™(mod p)

Substituting in congruence [0.5 we get,

a®™ = a®(mod p) = a*(a*™~? — 1) = 0(mod p)

= a®™2 = 1(mod p).

Case 2: p=2.

2a; = 2a3 = --+ = 2a;,(mod 2) implies that all a)s can be even distinct. There is

no restriction on ajs. If all are equal, we are done. Since we are considering only Zs-

barycentric ring magic graphs, all the edges must have the same label 1. Then we get
the following congruences.

2m = 2(mod 2) and 1™ = 1(mod 2).
which holds for all m.
Conversely assume that m = 1(mod p) and a*™~2 = 1(mod p). Then

m = 1(mod p) = 2m = 2(mod p) for all m
=p=2.

Choose a = 1. This choice satisfies the other assumption 12"~2 = 1(mod p). This gives a

Z,-barycentric ring magic labeling of Fj,. 0
We prove that the ladder graph L,, and semiladder are not Z,-barycentric ring magic for
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any n and p.
Theorem 9.3.25. The ladder graph L,, is not Zy-barycentric ring magic for any n and any
p.

Proof. Suppose Ly, is Zj,-barycentric ring magic for some n and p. Then by lemmas [9.2.2] and
9.2.3 all the edges must be labeled the same element say a. Then we get the congruence

3a = 2a(mod p) which is not possible. O
Theorem 9.3.26. L, is Zy-barycentric ring magic if and only if p = 2.

Proof. First we label all the pendant edges by the same element a. Then by lemma [9.2.3] all
the other edges of the graph admits the same labeling a. Assuming that L, is Z,-barycentric

ring magic, we end up in the congruence, 3a = a(mod p) which implies that 2a = 0(mod p) = p

is even. By labeling all the edges by 1 we can prove the converse. O
Theorem 9.3.27. Semiladders are not Z,-barycentric ring magic for any n and any p.
Proof. Suppose that semiladders are Z,-barycentric ring magic for some n and p. Then by

lemmas [9.2.2| and the corner vertices must have the same label, say a. Then we have the

congruence, 3a = 2a(mod p) which is not possible. O

Theorem 9.3.28. The graph C,,(t) is Za-barycentric ring magic for alln,t and Z,-barycentric
ring magic for p odd if and only if there exists an a € Z, \ {0} such that t = 1(mod p) and
a?*=2 = 1(mod p).

Proof. The proof is similar to theorem [9.3.24] O

Remark 9.3.29. Theorem[9.5.2]] is a special case of theorem [9.5.28

Theorem 9.3.30. Let p be an odd prime. Then the graph B(n, k) is Zy,-barycentric ring magic
if and only if the following holds:

i) (k—2)a+b=0(mod p)
i) a*=2b = 1(mod p)

Proof. Let uv be the common edge and u,u,--- ,u’_, be the remaining vertices of the j*
cycle C,. If we label the edge uul by a;, then by lemma [9.2.2] we must label the edges
ugu}+1,i = 1,2,--- ,n— 2 by a;. Similarly we have the edge labels ao,as, - ,ax for the

remaining cycles. Let the edge uv be labeled b. If it is Z,, barycentric ring magic, then we have

the congruences
201 =2a3 = =2ap = a1 +az + -+ + ai + b(mod p) (9.7)

- =a} = ajay - - apb(mod p) (9.8)

a3

a
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Since we are considering only the case where p is odd, considering 2a; = 2as = - - - = 2ax(mod p)
in the congruence 0.7 implies that a; = ag = -+ = a; = a. Then it follows that a; +az + -+
ax + b = ka + b(mod p). Combining all this, from congruence we get,

ka + b= 2a(mod p) = (k —2)a+ b= 0(mod p).
Now consider the congruence [0.8] There arises two cases.

Subcase 1: a1 = ag = -+ = a; = a.
From congruence we obtain,

a*b = a*(mod p) = a®(a*2b — 1) = 0(mod p)
= a"72b — 1 = 0(mod p)

= a*72b = 1(mod p).

Subcase 2:

Then the congruence become,
a™(p —a)*"™b = a® = (p — a)*(mod p).
We have (p — a)*~™ = a*~™(mod p). Then

a™a*="mb = a*(mod p) = a*b = a*(mod p)
= a?(a*2b — 1) = 0(mod p)
= a"72b = 1(mod p).

Assume the converse. We choose a = b = 1. By assumption we have (k —2)a + b = 0(mod p).

(k—2)a+b=0(mod p) = ka+ b= 2a(mod p)
=k + 1= 2(mod p).

Moreover, a*~2b—1 = 0 = 0(mod p). This implies a*b = a?(mod p). This gives a Z,-barycentric
ring magic labeling of B(n, k) where p is an odd prime. O

The following theorem characterizes Zs-barycentric ring magic n-gon book of k pages
B(n, k).

Theorem 9.3.31. B(n, k) is Zo-barycentric ring magic if and only if k is odd.
Proof. Suppose B(n, k) is Zo-barycentric ring magic. The only possible edge labeling is 1.
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Then we have

kE141=2(mod2)=k+1=2(mod 2)
=k —1=0(mod 2)
= k is odd.
Also the congruence, 1¥+1 = 12(mod 2) holds for all k. Conversely suppose that k is odd. Then
we have k = 1(mod 2). That is, k — 1 = 0(mod 2) which implies k + 1 = 2(mod 2). Again the

congruence 1¥+1 = 12(mod 2) is vacuosly true. Hence the graph is Zo-barycentric ring magic
for all n. ]

Similar characterization theorems hold for book graph B, = S, x P,. In fact, B, is a
special case of B(n, k). We state them as follows:

Theorem 9.3.32. Let p be an odd prime. B, is Zy-barycentric ring magic if and only if the
following holds:

i) (n—2)a+b=0(mod p)

i) a("=2b = 1(mod p)

Proof. The proof is similar to that of theorem [9.3.30 O

Theorem 9.3.33. B,, is Zs-barycentric ring magic if and only if n is odd.

Proof. The proof is similar to that of theorem [9.3.31 O

Theorem 9.3.34. C,,QC,, is Zy-barycentric ring magic for all m and n and if it is Z,-
barycentric ring magic for an odd prime p, then b; = b;(mod p),i # j where both i and j are

of same parity and b;’s are the edge labels of the cycle C,,.

Proof. Label the edges of the cycle C,, by by,bs,- - ,b,. Consider the cycle C,, on the edge
labeled by. Label one of its edge by a;. Then by lemma [9.2.2] all the remaining edges of the
cycle must have the same label a;. In a similar manner, we can label all the edges of the
remaining cycles by as,as,- - ,a, respectively. First assume that C,,QC,, is Z,-barycentric

ring magic. Then we have the following congruences.
201 =2a9 =---=2a,=a1+ax+bi +bo=ay+az+by+bs=---=a,_1+a, (9.9)

+bn71 + bn =an ta1+ bn + bl(mOd p)

—_ 2
...:an

al = a3 = ayagb1be = azagbabs = -+ = ap_1anbp—1by, = a1a,b1b, (mod p) (9.10)
Case 1: p=2.
The only possible edge label is 1. Then the congruences become 4 = 2(mod 2) and

1 = 1(mod 2) which is true. Hence the graph is Zg-barycentric ring magic.
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Case 2: p is odd.

From the congruence[9.9] 2a; = 2as = - - - = 2a,,(mod p) we get, a1 = as = -+ = a,, = a.
Substituting in we get,
b1 +be+2a=by+bs+2a=---=byp_1+by, +2a=b, + b +2a = 2a(mod p) Then it
follows that
by =bs3=---by_1(modp) . .
if n is even
by = by = -+ by (mod p)
by =bs=---b,(mod
! s ( 2 if n is odd
bg = b4 =" bn_l(mod p)
b; = bj(mod p) where both i, j are odd or both are even and ¢ # j.
Subcase 1: From congruence [9.10, we have a1 = ay = --- = a,, = a. Moreover,
bibsa® = bobsa® = - -+ = bybia® = a*(mod p) = biby = babz = - - - byby = 1(mod p)

= b; = b;y2(mod p) for all ¢

Thus we get b; = b;(mod p) where both 4, j are odd or both are even and i # j.
Subcase 2:

a, 1<i<k
a; =
! p—a, k+1<1<n.

Then from congruence [9.10] we get

a(p —a) = a® = a’biby = a’bobs =

=..-=a’bp_1bp = a(p — a)bpbr1 =
= a(p — a)bybi(mod p)
= biby = bobs =+ = br_1br, = 1(mod p) and bipbry1 = -+ = b,by = 1(mod p)

This implies b; = bj(mod p) where both i, j are odd or both are even and i # j.
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